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ABSTRACT. We classify singular fibers of C> stable maps of orientable 4-
manifolds into 3-manifolds up to right-left equivalence. Furthermore, we obtain
some results on the co-existence of singular fibers of such maps, and as a
consequence, we show that the Euler characteristic of the source 4-manifold
of such a stable map has the same parity as the number of singular fibers of
a certain type. We construct some explicit examples which indicate that the
study of such singular fibers is essential for a topological study of C*° stable
maps of negative codimension from a global viewpoint. In fact, for a generic
map of negative codimension, a similar consideration enables us to obtain
a stratification of the target manifold according to the fibers, which leads
us naturally to the notion of universal complexes of singular fibers similar
to Vassiliev’s universal complexes of multi-singularities. In this paper, we
develop a rather detailed theory of such universal complexes of singular fibers
in a general setting in order to apply it to several explicit situations. We also
show that the cohomology groups of such universal complexes of singular fibers
give rise to cobordism invariants of smooth maps with a given set of local and
global singularities.
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1. INTRODUCTION

Let f: M — N be a proper smooth map of an n-dimensional manifold M into
a p-dimensional manifold N. When the codimension p — n is nonnegative, for any
point y in the target N, the inverse image f~'(y) consists of a finite number of
points, provided that f is generic enough. Hence, in order to study the semi-local
behavior of a generic map f around (the inverse image of) a point y € N, we have
only to consider the multi-germ f : (M, f~1(y)) — (N,y). Therefore, we can use
the well-developed theory of multi-jet spaces and their sections in order to study
such semi-local behaviors of generic maps.

However, if the codimension p — n is strictly negative, then the inverse image
f~Y(y) is no longer a discrete set. In general, f~1(y) forms a complex of positive
dimension n — p. Hence, we have to study the map germ f : (M, f~1(y)) — (N, y)
along a set f~1(y) of positive dimension and the theory of multi-jet spaces is not
sufficient any more. Surprizingly enough, there has been no systematic study of
such map germs in the literature, as long as the author knows, although we can
find some studies of the multi-germ of f at the singular points of f contained in

).
In this paper, we consider the codimension —1 case, i.e. the case with n —
p = 1, and classify the right-left equivalence classes of generic map germs f :

(M, f~Y(y)) — (N,y) for n = 2,3,4. For the case n = 3, Kushner, Levine and
Porto [23, 25] classified the singular fibers of C*° stable maps of 3-manifolds into
surfaces up to diffeomorphism; however, they did not mention a classification up
to right-left equivalence (for details, see Definition 2.1 (2) in §2). In this paper, we
clarify the difference between the classification up to diffeomorphism and that up
to right-left equivalence by completely classifying the singular fibers up to these
two equivalences.

Given a generic map f : M — N of negative codimension, the target manifold
N is naturally stratified according to the right-left equivalence classes of f-fibers.
By carefully investigating how the strata are incident to each other, we get some
information on the homology class represented by a set of the points in the target
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FIGURE 1. The singular fiber whose number has the same parity
as the Euler characteristic of the source 4-manifold M

whose associated fibers are of certain types. This leads to some limitations on the
co-existence of singular fibers. For example, we show that for a C'°° stable map
of a closed orientable 4-manifold into a 3-manifold, the number of singular fibers
containing both a cusp point and a fold point is always even.

As an interesting and very important consequence of such co-existence results,
we show that for a C'>° stable map f : M — N of a closed orientable 4-manifold
M into a 3-manifold NV, the Euler characteristic of the source manifold M has the
same parity as the number of singular fibers as depicted in Fig. 1 (Theorem 6.1).
Note that this type of result would be impossible if we used the multi-germs of
a given map at the singular points contained in a fiber instead of considering the
topology of the fibers. In other words, our idea of essentially using the topology of
singular fibers leads to new information on the global structure of generic maps.

Furthermore, the natural stratification of the target manifold according to the
fibers enables us to generalize Vassiliev’s universal complex of multi-singularities
[50] to our case. In this paper, we define such universal complexes of singular fibers
and compute the corresponding cohomology groups in certain cases. It turns out
that cohomology classes of such complexes give rise to cobordism invariants for
maps with a given set of singularities in the sense of Rimdnyi and Szics [35].

The paper is organized as follows.

In §2, we give precise definitions of certain equivalence relations among the fibers
of proper smooth maps, which will play essential roles in this paper.

In §3, in order to clarify our idea, we classify the fibers of proper Morse functions
on surfaces. The result itself should be folklore; however, we give a rather detailed
argument, since similar arguments will be used in subsequent sections.

In §4, we classify the fibers of proper C*° stable maps of orientable 4-manifolds
into 3-manifolds up to right-left equivalence. Our strategy is to use a combinato-
rial argument, for obtaining all possible 1-dimensional complexes, together with a
classification up to right equivalence of certain multi-germs due to [8, 52]. After
the classification, we will see that the equivalence up to diffeomorphism and that
up to right-left equivalence are almost equivalent to each other in our case. Fur-
thermore, as another consequence of the classification, we will see that two fibers of
such stable maps are C° right-left equivalent if and only of they are C° right-left
equivalent. This is an analogy of Damon’s result [7] for C°° stable map germs in
nice dimensions. Furthermore, we give similar results for proper C°° stable maps
of (not necessarily orientable) 3-manifolds into surfaces and for proper C*° stable
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Morse functions on surfaces. For Morse functions on surfaces, we prove the follow-
ing very important result: for two proper C* stable Morse functions on surfaces,
they are C° equivalent if and only if they are C*° equivalent.

In §5, we investigate the stratification of the target 3-manifold of a C*° sta-
ble map of a closed orientable 4-manifold as mentioned above and obtain certain
relations among the numbers (modulo two) of certain singular fibers.

In §6, we combine the result of §5 with the result of Fukuda [11] and the author
[39] about the Euler characteristics to obtain a congruence modulo two between
the Euler characteristic of the source 4-manifold and the number of singular fibers
as depicted in Fig. 1.

In §7, we construct explicit examples of C°>° stable maps of closed orientable
4-manifolds into R3. Since (4,3) is a nice dimension pair in the sense of Mather
[27], given a 4-manifold M and a 3-manifold N, we have a plenty of C*° stable
maps of M into N. However, it is surprizingly difficult to give an explicit example
and to give a detailed description of the structure of the fibers. Here, we carry this
out, and at the same time we explicitly construct infinitely many closed orientable
4-manifolds with odd Euler characteristics which admit smooth maps into R3 with
only fold singularities. In the subsequent sections, we will see that such explicit
examples are essential and very important in the study of singular fibers of generic
maps.

In §8, we generalize the idea given in §85 and 6 in a more general setting to
obtain certain results on the co-existence of singular fibers.

In §9, we define the universal complexes of singular fibers for proper Thom maps
with coefficients in Zs, using an idea similar to Vassiliev’s [50] (see also [19, 33]).
Our universal complexes of singular fibers are very similar to Vassiliev’s universal
complexes of multi-singularities. In fact, we construct the complexes using the right-
left equivalence classes of fibers instead of multi-singularities, and this corresponds
to increasing the generators of each cochain group according to the topological
structures of fibers. In order to use such universal complexes in several situations,
we will develop a rather detailed theory of universal complexes of singular fibers.
Here, given a set of generic maps and a certain equivalence relation among their
fibers, we will define the corresponding universal complex of singular fibers.

In §10, we apply the general construction introduced in §9 to a more specific sit-
uation, namely in the case of proper C*° stable maps of orientable 4-manifolds into
3-manifolds. For such maps, we determine the structure of the universal complex
of singular fibers with respect to a certain equivalence relation among the fibers
and compute its cohomology groups explicitly.

In §11, we consider co-orientable fibers and construct the corresponding universal
complex of co-orientable singular fibers with integer coefficients. We also give some
important problems related to the theory of universal complexes of singular fibers.

In §12, we define a homomorphism induced by a generic map of the cohomology
group of the universal complex of singular fibers to that of the target manifold of
the map. This corresponds to associating to a cohomology class « of the universal
complex the Poincaré dual to the homology class represented by the set of those
points over which lies a fiber appearing in a cocycle representing a. We will see
that the homomorphisms induced by explicit generic maps will be very useful in
the study of the cohomology groups of the universal complexes. This justifies the
study developed in §7.

In §13, we define a cobordism of smooth maps with a given set of singular fibers.
We will see that the homomorphism defined in §12 restricted to a certain subgroup is
an invariant of such a cobordism. Furthermore, we will give a criterion for a certain
cochain of the universal complex of singular fibers to be a cocycle in terms of the
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theory of such cobordisms, and apply it to finding a certain nontrivial cohomology
class of a universal complex associated to stable maps of 5-dimensional manifolds
into 4-dimensional manifolds.

In §14, we consider cobordisms of smooth maps with a given set of local singular-
ities in the sense of [35]. We explain how a cohomology class of a universal complex
of singular fibers gives rise to a cobordism invariant for such maps. Note that
such cobordism relations have been thoroughly studied in [35] in the nonnegative
codimension case. Our idea provides a systematic and new method to construct
cobordism invariants for negative codimension cases.

In §15, we give explicit examples of cobordism invariants constructed by using
the method introduced in the previous sections. In particular, we show that this
method provides a complete invariant of fold cobordisms of Morse functions on
closed oriented surfaces.

In §16, we give explicit applications of the general idea given in §8 to the topology
of certain generic maps.

Throughout this paper, all manifolds and maps are differentiable of class C°°.
The symbol “=” denotes a diffeomorphism between manifolds or an appropriate
isomorphism between algebraic objects. For a space X, the symbol “idx” denotes
the identity map of X.

The author would like to express his sincere gratitude to Toru Ohmoto, Kazuhiro
Sakuma, Takahiro Yamamoto, Minoru Yamamoto, and Jorge T. Hiratuka for stim-
ulating discussions and their invaluable comments.

2. PRELIMINARIES

In this section, we give some fundamental definitions, which will be essential for
the classification of singular fibers of generic maps of negative codimensions.

Definition 2.1. (1) Let M; be smooth manifolds and A; C M; be subsets, i = 0, 1.
A continuous map g : Ag — A; is said to be smooth if for every point ¢ € Ag, there
exists a smooth map g : V' — Mj defined on a neighborhood V' of ¢ in Mj such that
Jdlvna, = glvna,. Furthermore, a smooth map g : Ag — A is a diffeomorphism if
it is a homeomorphism and its inverse is also smooth.

(2) Let f; : M; — N; be smooth maps, i = 0,1. For y; € N;, we say that
the fibers over yo and y; are diffeomorphic (or homeomorphic) if (fo)~t(yo) C My
and (f1)"(y1) C M; are diffeomorphic in the above sense (resp. homeomorphic
in the usual sense). Furthermore, we say that the fibers over yo and y; are C*
equivalent (or C° equivalent), if for some open neighborhoods U; of y; in N;, there
exist diffeomorphisms (resp. homeomorphisms) @ : (fo)™(Uo) — (f1)~1(U1) and
¢ : Up — Uy with ¢(yo) = y1 which make the following diagram commutative:

((fo)™H(Uo), (fo) " (wo)) —— (A" (UL, (f1) " (1))
(2.1) f{ lfl

(Uo,90) ‘ (U1, 91).

When the fibers over yo and y; are C* (or C°) equivalent, we also say that the
map germs fo : (Mo, (fo) " (y0)) — (No,yo) and f1 = (My, (f1)" (y1)) — (N1,91)
are smoothly (or topologically) right-left equivalent. Note that then (fo)~!(yo) and
(f1)~1(y1) are diffeomorphic (resp. homeomorphic) to each other in the above sense.

In what follows, if we just say “equivalent”, or “right-left equivalent”, then we
mean “C'*° equivalent” or “smoothly right-left equivalent”, respectively.

When y € N is a regular value of a smooth map f : M — N between smooth
manifolds, we call f~1(y) a reqular fiber; otherwise, a singular fiber.
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Example 2.2. If f : M — N is a proper submersion, then every fiber is regular.
Furthermore, by Ehresmann’s fibration theorem [10] (see also [4, §8.12]), the fibers
over two points yp and y; € N are equivalent, provided that yy and y; belong to
the same connected component of N. Thus each equivalence class corresponds to
a union of connected components of N.

Ezxample 2.3. Suppose that f : M — N is a Thom map, which is a stratified
map with respect to Whitney regular stratifications of M and N such that it is a
submersion on each stratum and satisfies a certain regularity condition (for more
details, refer to [12, Chapter I, §3], [9, §2.5], [6, §2], [46], for example).

Let X be a stratum of IV of codimension «. Take a point y € ¥ and let B, be a
small k-dimensional open disk in IV centered at y which intersects > transversely
at the unique point y and is transverse to all the strata of N. Then by Thom’s
second isotopy lemma (for example, see [12, Chapter II, §5]), we see that the fiber
of f over y is CY equivalent to the fiber of (flf-1(B,)) X idre-+» over y x 0, where
p = dim N. Thus, again by Thom’s second isotopy lemma, we see that the fibers
over any two points belonging to the same stratum X of N are C° equivalent to each
other. Thus, each C? equivalence class corresponds to a union of strata of N.

3. SINGULAR FIBERS OF MORSE FUNCTIONS ON SURFACES

Let us begin by the simplest case; namely, that of Morse functions on surfaces.

Let M be a smooth surface and f : M — R a proper Morse function. For its
critical points ¢1,c¢2,... € M, we assume that f(c¢;) # f(c;) for ¢ # j: ie., we
assume that each fiber of f contains at most one critical point. This is equivalent
to saying that f is C*° stable (see, for example, [9, §4.3], [13, Chapter III, §2B]),
so we often call such an f a stable Morse function.

By the Morse Lemma, at each critical point ¢;, f is C'*° right equivalent to the
function germ of the form

(z,y) = £2® £y + f(c)

at the origin. In particular, each singular fiber contains exactly one of the following
two:

(1) acomponent consisting of just one point (corresponding to a local minimum
or maximum),
(2) a “crossing point” which has a neighborhood diffeomorphic to

X ={(z,y) eR? : 2% —y*> = 0,22 +¢? < 1}
(corresponding to a saddle point).

Since f is proper, each fiber of f is compact. Furthermore, for each regular point
q € M, the fiber through ¢ is a regular 1-dimensional submanifold near the point.
Hence the component of a singular fiber of f containing a critical point should be
diffeomorphic to one of the three figures as depicted in Fig. 2 by a combinatorial
reason.

More precisely, we can show the following.

Theorem 3.1. Let f: M — R be a proper stable Morse function on a surface M.
Then the fiber over each critical value in R is equivalent to one of the three types
of fibers as depicted in Fig. 3.

Note that the source manifolds depicted in Fig. 3 are all open and have finitely
many connected components. In particular, the source manifold of Fig. 3 (3) is
diffeomorphic to the union of the once punctured open Mobius band and some
copies of ST x R.
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FicURE 3. List of equivalence classes of singular fibers for Morse
functions on surfaces

Proof of Theorem 3.1. If the corresponding critical point ¢ € M is a local minimum
or a local maximum, then the singular fiber is equivalent to that of Fig. 3 (1) by
the Morse Lemma together with Ehresmann’s fibration theorem [10].

Suppose that ¢ is a saddle point. By the Morse Lemma, the function germ of f at
c is right equivalent to the function germ of f; : (x,y) — 2? —y? at the origin up to
a constant: i.e., there exists a diffeomorphism @ : V' — V; such that @1 (c) = (0,0)
and f1 o091 = f — f(c) on V, where V is a neighborhood of ¢ in M and V; is a
neighborhood of the origin in R? of the form

Vi={(z,y) €eR® : 2® +y? <, |fa(x,y)| < 0}

for 1 >> Je >> 3§ > 0. In particular, there exists a diffeomorphism @g : V' — Vj

such that @o(c) = ¢p and foo @ = f+ (foleo) — f(¢)) on V, where fy is the Morse

function as in Fig. 3 (2) or (3), which will be chosen later, ¢ is the critical point

of fo, and Vp is the corresponding neighborhood of ¢y (see Fig. 4). Note that the
7



FI1GURE 4. The neighborhood Vy

maps

(3.1)  flovas-1((f@-s.1c)+6)) : OV N FTH(f(e) = 6, fc) +6))
— (f(c) =0, f(c) +9)

and

(3:2)  (fo)loven(fo)=1 ((fo(co)—8, fo(co)+6)) : OVo N (fo) " ((folco) = 6, fo(co) + 0))
— (fo(co) — 6, fo(co) +6)

are proper submersions.

Since a Morse function is a submersion outside of the critical points, the closure
of f~1(f(e¢))\V in M is a compact 1-dimensional smooth manifold whose boundary
consists exactly of four points, and hence it is diffeomorphic to the disjoint union
of two arcs and some circles. Therefore, f~1(f(c)) is diffeomorphic to the disjoint
union of (2) or (3) of Fig. 2 and some circles by a purely combinatorial reason.
At this stage, we choose fy to be the Morse function as in Fig. 3 (2) (or (3))
if the component of f~!(f(c)) containing c is diffeomorphic to (2) (resp. (3)) of
Fig. 2. Furthermore, we choose the number of trivial circle bundle components
appropriately.

When the component of f~1(f(c)) containing ¢ is diffeomorphic to (3) of Fig. 2,
we see easily that the diffeomorphism

(3.3) Gol 1 (sepnv : )NV = (fo) " (folco)) NV

between the local fibers extends to a diffeomorphism between the whole fibers
F1(f(c)) and (fo)~*(fo(co)). In the case of Fig. 2 (2), this is not necessarily true.
If such an extension does not exist, then we modify the diffeomorphism @y by
composing it with a self-diffeomorphism of V' corresponding to the diffeomorphism
hi : Vi — V; defined by (x,y) — (y,x) such that f; o hy = —f1. Note that
then we have foo @y = ro f, where r : R — R is the reflection defined by
x+— fo(co)+ f(c)— . Then we see that the diffeomorphism (3.3) between the local
fibers extends to one between the whole fibers.

Since the maps (3.1) and (3.2) are proper submersions, we see that f (resp. fo)
restricted to f~1((f(c) =9, f(¢)+9)) —Int V' (resp. (fo) ' ((fo(co) =, fo(co) +6)) —
Int Vp) is a smooth fibration over an open interval by virtue of the relative version
of Ehresmann’s fibration theorem (see, for example, [24, §3]). These fibrations are
clearly trivial, and hence the diffeomorphism @g : V' — Vj can be extended to a fiber
preserving diffeomorphism between f=1((f(c) — d, f(¢) +§)) and (fo) 1((fo(co) —
J, fo(co) +6)). Hence we have the desired result. This completes the proof. O
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Remark 3.2. Let ¢ € M be a critical point of a proper stable Morse function
f:M — R on a surface M. Then for § > 0 sufficiently small, the difference

bo(f 1 (f(e) +8)) = bo(F 7 (f(c) = 9))

is equal to +1 if ¢ is of type (1) or (2), and is equal to 0 if ¢ is of type (3),
where by denotes the 0-th betti number, or equivalently, the number of connected
components.

Now let us examine the relationship among the numbers of singular fibers of the
above three types. For a stable Morse function f : M — R on a closed surface M,
let 0,qq denote the closure of the set

{y € R : yis a regular value and bo(f*(y)) is odd}.

It is easy to see that 0,qq is a finite disjoint union of closed intervals. Furthermore,
a point y € R is in 00,44 if and only if y is a critical value of type (1) or (2). Since
the number of boundary points of a finite disjoint union of closed intervals is always
even, we obtain the following.

Proposition 3.3. Let f : M — R be a stable Morse function on a closed surface
M. Then the total number of singular fibers of types (1) and (2) is always even.

Since the number of singular fibers is equal to the number of critical points,
it has the same parity as the Euler characteristic x(M) of the source surface M.
Thus, we have the following.

Corollary 3.4. Let f : M — R be a stable Morse function on a closed surface
M. Then the Euler characteristic x(M) of M has the same parity as the number

of singular fibers of type (3).

Remark 3.5. Let M be a closed connected nonorientable surface of nonorientable
genus g: i.e., M is homeomorphic to the connected sum of g copies of the real
projective plane RP2. Then the number of singular fibers of type (3) of a stable
Morse function on M is always less than or equal to g, since M can contain at most
g disjointly embedded Mo6bius bands.

Since a neighborhood of a singular fiber of type (3) is nonorientable, we imme-
diately obtain the following special case of the Poincaré duality, using the fact that
every closed surface admits a stable Morse function.

Corollary 3.6. Every orientable closed surface has even Euler characteristic.

Remark 3.7. All the results in this section are valid also for maps into circles.

4. CLASSIFICATION OF SINGULAR FIBERS

In this section, we consider proper C*° stable maps of orientable 4-manifolds
into 3-manifolds, and classify their singular fibers up to the equivalences described
in Definition 2.1. We also pursue a similar classification of singular fibers for C'*°
stable maps of surfaces and 3-manifolds. We give several important consequences
of these classifications as well.

4.1. Stable maps of orientable 4-manifolds into 3-manifolds. Let M be a
4-manifold and N a 3-manifold. The following characterization of C'*° stable maps
M — N is well-known.

Proposition 4.1. A proper smooth map f : M — N of a 4-manifold M into a
3-manifold N is C'*° stable if and only if the following conditions are satisfied.
9
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(1) (2) 3)

(4) (5) (6)
FIGURE 5. Multi-singularities of f|sy)

(i) For every q € M, there exist local coordinates (x,y,z,w) and (X,Y,Z)
around ¢ € M and f(q) € N respectively such that one of the following
holds:

(Xof,Yof,Zof)

z,y, 24+ 222 4 yz +w?), q: definite swallowtail,
z,y, 24+ 222 4 yz —w?), q: indefinite swallowtail.

(x,y,2), q: regqular point,

(z,y, 2% + w?), q: definite fold point,
) (zy, 2% —w?), q: indefinite fold point,
) (my, 2+ —w?), g: cusp point,

(

(

(i) Set S(f) ={q € M : rankdf, < 3}, which is a reqular closed 2-dimensional
submanifold of M wunder the above condition (i). Then, for every y €
F(S(F), f~Hy)NS(f) consists of at most three points and the multi-germ

(flscps £ W) 0 S(f))

is right-left equivalent to one of the six multi-germs as described in Fig. 5:
(1) represents a single immersion germ which corresponds to a fold point,
(2) and (4) represent normal crossings of two and three immersion germs,
respectively, each of which corresponds to a fold point, (3) corresponds to a
cusp point, (5) represents a transverse crossing of a cuspidal edge as in (3)
and an immersion germ corresponding to a fold point, and (6) corresponds
to a swallowtail.

Remark 4.2. According to du Plessis and Wall [9, 51], if (n,p) is in the nice range
in the sense of Mather [27], a proper smooth map between manifolds of dimensions
n and p is C™ stable if and only if it is C° stable. Hence, the above proposition
gives a characterization of C° stable maps of 4-manifolds into 3-manifolds as well,
since (4, 3) is in the nice range.

Let ¢ be a singular point of a proper C*° stable map f : M — N of a 4-manifold

M into a 3-manifold N. Then, using the above local normal forms, it is easy

to describe the diffeomorphism type of a neighborhood of ¢ in f~*(f(g)). More

precisely, we easily get the following local characterizations of singular fibers.
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FI1GURE 6. Neighborhood of a singular point in a singular fiber

Lemma 4.3. Every singular point q of a proper C*> stable map f : M — N of
a 4-manifold M into a 3-manifold N has one of the following neighborhoods in its
corresponding singular fiber (see Fig. 6):
(1) isolated point diffeomorphic to {(x,y) € R? : x2+y? = 0}, if q is a definite
fold point,
(2) wunion of two transverse arcs diffeomorphic to {(x,y) € R? : 22 — 3% = 0},
if q is an indefinite fold point,
(3) cuspidal arc diffeomorphic to {(z,y) € R? : 23 —y? = 0}, if q is a cusp
point,
(4) isolated point diffeomorphic to {(z,y) € R? : 2*+y? = 0}, if ¢ is a definite
swallowtail,
(5) wunion of two tangent arcs diffeomorphic to {(z,y) € R? : * —y? =0}, if
q s an indefinite swallowtail.

Note that in Fig. 6, both the black dot (1) and the black square (4) represent
an isolated point; however, we use distinct symbols in order to distinguish them.
For the local nearby fibers, we have the following.

Lemma 4.4. Let f : M — N be a proper C* stable map of a 4-manifold M into
a 3-manifold N and q € S(f) a singular point such that f~'(f(q)) N S(f) = {q}-
Then the local fibers near q are as in Fig. 7:
(1) q is a definite fold point,
(2) q is an indefinite fold point,
(3) q is a cusp point,
(4) q is a definite swallowtail,
(5) q is an indefinite swallowtail,

where each 0- or 1-dimensional object represents a portion of the fiber over the corre-
sponding point in the target and each 2-dimensional object represents f(S(f)) C N
near f(q).

In the following, we assume that the 4-manifold M is orientable. Then we get
the following classification of singular fibers.

Theorem 4.5. Let f : M — N be a proper C* stable map of an orientable 4-
manifold M into a 3-manifold N. Then, every singular fiber of f is equivalent to
the disjoint union of one of the fibers as in Fig. 8 and a finite number of copies of
a fiber of the trivial circle bundle.

In Fig. 8, k denotes the codimension of the set of points in N whose corresponding
fibers are equivalent to the relevant one. For details, see Remark 4.7. Furthermore,
11



FIGURE 7. Local degenerations of fibers
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FIGURE 9. Degeneration of fibers around the fiber of type II*

I*, 11" and IIT* mean the names of the corresponding singular fibers, and “/” is
used only for separating the figures. Note that we have named the fibers so that
each connected fiber has its own digit or letter, and a disconnected fiber has the
name consisting of the digits or letters of its connected components. Hence, the
number of digits or letters in the superscript coincides with the number of connected
components.

It is not difficult to describe the behavior of the map on a neighborhood of
each singular fiber in Fig. 8. This can also be regarded as a degeneration of fibers
around the singular fiber, or a deformation of the singular fiber. In Fig. 9-12 are
depicted the nearby fibers for four of the 27 singular fibers (Fig. 7 (1) and (4)
can also be regarded as the deformations of the singular fibers of types I® and III¢
respectively).! Since we are assuming that the source 4-manifold is orientable, the
singular fiber as in Fig. 2 (3) never appears in the degenerations.

Remark 4.6. Each singular fiber described in Fig. 8 can be realized as a component
of a singular fiber of some C'™ stable map of a closed orientable 4-manifold into
R3. This can be seen as follows. Given a singular fiber, we can first realize it
semi-locally; i.e., we can construct a proper C* stable map of an open 4-manifold
My into R? such that its image coincides with the open unit disk in R? and that
it has the given singular fiber over the center. Such a map can be constructed, for
example, by using a 2-parameter deformation of smooth functions on an orientable
surface: in this case, the open 4-manifold My is diffeomorphic to the product of
an open orientable surface and an open 2-disk. Then we can extend the map to a
smooth map of a closed orientable 4-manifold M containing My into R3. Perturbing
the extended map slightly, we obtain a desired stable map. In fact, we can choose
an arbitrary closed orientable 4-manifold as the source manifold M of the desired
map.

IThe degenerations of fibers around all the singular fibers are described in detail in [17].
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FIGURE 12. Degeneration of fibers around the fiber of type III®

Proof of Theorem 4.5. Let us take a point y € f(S(f)). We will first show that the
union of the components of f~!(y) containing singular points is diffeomorphic to
one of the fibers listed in Fig. 8 in the sense of Definition 2.1 (2).

If y corresponds to Fig. 5 (1), then f~1(y) contains exactly one singular point,
which is a fold point. Thus, by an argument similar to that in the proof of The-
orem 3.1, we see that the component of f~!(y) containing the singular point is
diffeomorphic to one of the three figures of Fig. 2. If a fiber as in Fig. 2 (3) ap-
pears, then the 4-manifold M must contain a punctured Mobius band times D2,
and hence is nonorientable. Since we have assumed that M is orientable, this does
not occur. Hence, we see that the singular fiber f~1(y) is diffeomorphic to the
disjoint union of 1 (or I') and a finite number of nonsingular circles.

If y corresponds to Fig. 5 (2), then f~!(y) contains exactly two singular points,
say q1 and gz, which are fold points. Since they have neighborhoods as in Lemma 4.3
(1) or (2) in f~!(y), and since f is a submersion outside of the singular points, we
see that there are only a finite number of possibilities for the diffeomorphism type
of the union of the components of f~!(y) containing q; and gp: for example, if
both ¢; and ¢o are indefinite fold points, then it is obtained from two copies of
the figure as in Fig. 6 (2) by connecting their end points by four arcs. Then we
can use Lemma 4.4 to obtain the nearby fibers of each possible singular fiber: for
example, for the singular fiber of type II%, see Fig. 9. Excluding the possibilities
such that a singular fiber as in Fig. 2 (3) appears as a nearby fiber, we get the fibers
% 11°t, 11t 112 and I13.

By similar combinatorial arguments, we obtain the following singular fibers:

(1) if y corresponds to Fig. 5 (3), then we obtain I1%,
16



(2) if y corresponds to Fig. 5 (4), then we obtain IT1°%°, IT1°°* 11!, 1I1'*!,
1192, 111%3, 1112, 1113, 1114, 101°, 1116, 1117 and 1118,

(3) if y corresponds to Fig. 5 (5), then we obtain ITI1°®, III*® and III°,

(4) if y corresponds to Fig. 5 (6), then we obtain ITI¢, II1¢ and III¢.

Thus we have proved that every singular fiber is diffeomorphic to one of the
fibers listed in the theorem.

In order to complete the proof, we have only to show that if two singular fibers
are diffeomorphic to each other, then they are C'*° equivalent in the sense of Defi-
nition 2.1 (2), except for the two types of fibers I° and III°.

Let f; : M; — N;, i = 0,1, be proper C* stable maps of orientable 4-manifolds
into 3-manifolds. Let us take y; € f;(S(f:)) C N;. Suppose that the singular fibers
over yo and y; are diffeomorphic to each other.

If the singular fibers over yo and y; are of type I°, then let ¢; € S(f:)N(f;) ™ (v:)
be the unique singular point on the fibers. Since ¢; are definite fold points, there ex-
ist neighborhoods V; of ¢; in M;, U; of y; in N; and diffeomorphisms @g : (Vp, go) —
(Vi,q1) and ¢ : (U, yo) — (U1, y1) which make the following diagram commutative:

(Vo, o) e V1, q1)
fol lf1
(Uo,%0) — (U1,91)-

Furthermore, by taking the neighborhoods sufficiently small, we may assume that
(U;, U; N f:(S(f:))) is as described in Fig. 5 (1), that V; is a connected component
of (f)~Y(U;), U; 2 Int D3, V; = Int D*, and (fi) "' (y;) N Vi = {¢;}. Then the maps

filgo-rwov s F) T HU) N Vi = Ui, i=0,1
are proper submersions and their fibers are disjoint unions of the same number of
copies of the circle. Hence, by Ehresmann’s fibration theorem, the diffeomorphism
®o: (Vo,q0) — (V1,q1) extends to a diffeomorphism

@+ ((fo) " (Uo), (fo) " (w0)) — ((f1) 1 (U), (f1) " (w1))

so that the diagram (2.1) in §2 commutes. Hence, the fibers over yy and y; are
equivalent.

The same argument works when the fibers over yo and ¥, are of type III°.

When the fibers over yo and y; are of type I', we can imitate the above argument
for the case of I°; however, we cannot take V; to be a connected component of
(f:)~Y(U;), since the relevant singular points are indefinite fold points. So, we
first take V; sufficiently small, and then imitate the proof of Theorem 3.1. More
precisely, we modify the diffeomorphisms ¢y : Vo — Vi and ¢ : Uy — Uy, if
necessary, by using self-diffeomorphisms of V, and Uy corresponding to those defined
by (z,y,z,w) — (z,y,w,z) and (X,Y,Z) — (X,Y,—Z) respectively with respect
to the coordinates as in Proposition 4.1 (i) so that the diffeomorphism

Go: (fo) Mwo) NVo — (f1) M) N WA

extends to one between the whole fibers (fo) " (yo) and (f1) " (y1). Then we use the
relative version of Ehresmann’s fibration theorem to extend the diffeomorphism ¢y :
Vo — V1 to a fiber preserving diffeomorphism between (fo)~!(Up) and (f1)~1(Uy).
Hence, the fibers over yg and y; are equivalent.

The same argument works when the fiber over y; contains exactly one singular
point: namely, for the cases of I1¢, ITI¢ and III°.

Now suppose that the fibers over yo and y; are of type II°°. Then there ex-
ist neighborhoods U; of y; such that the sets U; N f;(S(f;)) are as in Fig. 5 (2).
In particular, there exists a diffeomorphism ¢ : (Up,yo) — (Ur,y1) between the
neighborhoods U; of y; such that o(Up N fo(S(fo))) = U1 N f1(S(f1)). Note that
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we can describe the degeneration of the fibers of f; over U; using Lemma 4.4
(for the case of I3, see Fig. 9). Then we see that the diffeomorphism ¢ can
be chosen so that it preserves the diffeomorphism types of the fibers: i.e., we
may assume that (fo)~!(y) is diffeomorphic to (f1)~*(¢(y)) for all y € Uy. Put
(f) " (y)NS(fi) = {q, .}, where ¢; and ¢/ are definite fold points. Then the multi-
germs ¢ o fo : ((fo)'(Uo), {q0.q0}) — (U1, 91) and f1 = ((f1)~'(U1), {a1,q1}) —
(U1,y1) have the same discriminant set germ (f1(S(f1)),y1) and they satisfy the
assumption of [8, (0.6) Theorem]. Hence they are right equivalent; i.e., there
exists a diffeomorphism @y : (Vb,{q0,¢0}) — (Vi,{q1,¢}}) between sufficiently
small neighborhoods Vy and Vi of {qo,q,} and {qi1,¢}} respectively such that
fiogo = po fo: (Vo,{q0,4,}) — (U1,y1) (see also [52]). Then the rest of the
proof is the same as that in the case of I°.

When the fibers over yo and y; are of type I, put (f;)~ ()N S(f;) = {a. qi},
where ¢; is a definite fold point and ¢} is an indefinite fold point. Then we can
imitate the above argument to obtain a diffeomorphism ¢ between neighborhoods
U; of y; and a diffeomorphism @y between neighborhoods V; of {g¢;, ¢;} such that
f1opg = o foonVy. If we choose the diffeomorphism ¢ so that it preserves the
diffeomorphism types of the fibers, then we see easily that the diffeomorphism @q
between the local fibers (fo) ™ *(yo) N Vo and (f1)~!(y1) N V1 necessarily extends to
one between the whole fibers (fo)~!(yo) and (f1)~*(y1); in other words, we do not
need to modify @y or ¢ as in the proof of Theorem 3.1. Then the rest of the proof
is the same as that in the case of I'.

A similar argument works also in the cases of II*t, TI1°%°, T11°°% 1%t Ittt
1% and IIT'*.

When the fibers over yo and y; are of type II?, we can use almost the same
argument. The only difference is that we have to choose the diffeomorphism
@0 : Vo — Vi so that the diffeomorphism @g : (o) 1(yo) N Vo — (f1) " *(x1) N V1
between the local fibers extends to a diffeomorphism between the whole fibers
(fo) " (yo) and (f1)~L(y1). For this, we can use the self-diffeomorphisms of each of
the neighborhoods of the indefinite fold points corresponding to those defined by
(x,y,z,w) — (z,y,+z, £w) with respect to the coordinates as in Proposition 4.1
(i). More precisely, we modify @y using these diffeomorphisms as we did in the
case of I'. Note that here, ¢ is chosen so that it preserves the diffeomorphism
types of the fibers, and is fixed. Therefore, we cannot use the self-diffeomorphisms
corresponding to those defined by (z,vy, z,w) — (z,y, tw, £2).

We can use similar arguments also in the cases of 113, 11°%, 1%, 12, 13,
14, 1a1°, 118, 117, 1118 and 111°.

In the above argument, we note the following. When the fibers over yy and v,
are of type ITI°%, TIT% TIT'2, TIT*3, TIT* or TIT7, put (f;)~(y:) N S(f:) = {ai, 4}, ¢’}
We name them so that

@(fo(Vo; N S(fo)) = f1(Vi; NS(f1)), 7=1,2,3,

where V; is the disjoint union of V1, Vi2 and Vi3 which are neighborhoods of ¢;, ¢, and
q! respectively. Then we see easily that the correspondence go — q1, ¢ — 41, ¢ —
q{ coincides with that given by @y and extends to a diffeomorphism between the
whole fibers (fo) (o) and (f1)~1(y1), since ¢ preserves the diffeomorphism types
of the fibers. (For the cases of IT%, II%, III°, II1° and IIT®, we do not need such
an argument by virtue of their symmetries. For the case of III°, we do not need it
either because the two singular points contained in a fiber are of different types.)
Therefore, we can apply the argument above.

This completes the proof of Theorem 4.5. (I
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Remark 4.7. Let f : M — N be a proper C* stable map of an orientable 4-manifold
M into a 3-manifold N and § the type of one of the singular fibers appearing in
Fig. 8. We define §(f) to be the set of points y € N such that the fiber f=1(y)
over y is equivalent to the disjoint union of § and some copies of a fiber of the
trivial circle bundle. As the above proof shows, each §(f) is a submanifold of N,
provided that it is nonempty, and its codimension is denoted by x(§), which is
called the codimension of the singular fiber of type § (or the codimension of the
disjoint union of § and some copies of a fiber of the trivial circle bundle). See
Fig. 8 for the codimension of each singular fiber. Note that the target manifold NV
is naturally stratified into these submanifolds.

Remark 4.8. As the proof of Theorem 4.5 shows, two singular fibers of proper C*°
stable maps of orientable 4-manifolds into 3-manifolds are diffeomorphic if and only
if they are C™ equivalent, except for the singular fibers of types I° and III°.

Furthermore, we also have the following.

Corollary 4.9. Two fibers of proper C'*° stable maps of orientable 4-manifolds into
3-manifolds are C™ equivalent if and only if they are C° equivalent.

Proof. We have only to prove the statement for arbitrary two fibers in the list given
in Theorem 4.5. Suppose that two fibers are C? equivalent. Then the degenerations
of the fibers around the singular fibers are also topologically equivalent, and their
nearby fibers must be homeomorphic. It is not difficult to check that this implies
that the two fibers are of the same C'*° type. O

Remark 4.10. Recall that Damon [7] (see also [6]) has shown that for nice dimen-
sions, two C'* stable map germs are topologically right-left equivalent if and only if
they are smoothly right-left equivalent. The above corollary shows that this is also
true for C*° stable map germs along fibers for the dimension pair (4, 3), which is in
the nice range, as long as the source manifold is orientable. (In fact, this is also true
for the dimension pairs (2,1) and (3,2) without the orientability hypothesis. See
§3 and Corollary 4.16 below.) Note that even for nice dimensions, this statement
for map germs along fibers is not true in general. For example, we can construct
two proper Morse functions of 8-dimensional manifolds such that one of them has
the standard 7-dimensional sphere as its regular fibers, and that the other has a
homotopy 7-sphere not diffeomorphic to the standard 7-sphere [28] as its regular
fibers. Then the map germs along (nonsingular) fibers are topologically right-left
equivalent, but not smoothly right-left equivalent.

Remark 4.11. Let us denote by 0 the smooth right-left equivalence class of a regular
fiber. Furthermore, for a fiber of type § and a positive integer n, we denote by §,
the smooth right-left equivalence class of the fiber consisting of a fiber of type §
and some copies of a fiber of the trivial circle bundle such that the total number
of connected components is equal to n. If we classify the singular fibers of proper
C™ stable maps of orientable 4-manifolds into 3-manifolds up to homeomorphism
in the sense of Definition 2.1 (2), then we get a smaller list than that given in
Theorem 4.5. In fact, we have the following, where “a~” means a homeomorphism:

(1) 10 ~ IS for n > 1,

(2) 19 ~ III¢ ~ 119 for n > 2,

(3) 1L ~ I ~ II1¢ ~ M1 for n > 1,

(4) 1L ~ T8 ~ TI1E ~ IT1¢ ~ TI1L* for n > 2,
(5) IS ~ 112 for n > 1,

(6) I} =~ 0, for n > 1.

3

19



Furthermore, it is not difficult to see that the above fibers exhaust all the repetitions
of the homeomorphism types in the list of smooth right-left equivalence classes of
fibers.

Remark 4.12. Suppose that a smooth map f : M — N between smooth manifolds
is given. For two points ¢,¢' € M, we define ¢ ~¢ ¢ if f(q) = f(¢’) and ¢ and ¢
belong to the same connected component of an f-fiber. We define Wy = M/~ to
be the quotient space and gy : M — Wy the quotient map. Then it is easy to see
that there exists a unique continuous map f : Wy — N such that the diagram

M o —1 N

Qf\ /?
Wy

is commutative. The space W; or the above commutative diagram is called the
Stein factorization of f (see [25]). It is known that if f is a topologically stable
map, then Wy is a polyhedron and all the maps appearing in the above diagram
are triangulable (for details, see [17]).

Kushner, Levine and Porto [23, 25] have determined the local structures of Stein
factorizations of proper C'* stable maps of 3-manifolds into surfaces by using their
classification of singular fibers. Similarly, by using our classification of singular
fibers, we can determine the local structures of Stein factorizations of proper C'*°
stable maps of orientable 4-manifolds into 3-manifolds. For details, see [17].

Remark 4.13. For proper C*° stable maps of possibly nonorientable 4-manifolds
into 3-manifolds, a similar classification of singular fibers is obtained in [53].

4.2. Stable maps of surfaces and 3-manifolds. In this subsection, let us men-
tion similar classifications of singular fibers of proper C'° stable Morse functions
on surfaces and those of proper C'*° stable maps of 3-manifolds into surfaces. Let
us begin by the following remark.

Remark 4.14. We can obtain a classification of singular fibers of proper C'*° stable
maps of orientable 3-manifolds into surfaces similar to Theorem 4.5. The list we
get is nothing but the singular fibers with x = 1 and 2 in Fig. 8. The list itself
was already obtained by Kushner, Levine and Porto [23, 25], although they did not
describe explicitly the equivalence relation for their classification.

In fact, we can easily get the following list of C'*° right-left equivalence classes of
singular fibers for proper C*° stable maps of (not necessarily orientable) 3-manifolds
into surfaces. Details are left to the reader.

Theorem 4.15. Let f : M — N be a proper C* stable map of a 3-manifold M
into a surface N. Then, every singular fiber of f is equivalent to the disjoint union
of one of the fibers as in Fig. 13 and a finite number of copies of a fiber of the
trivial circle bundle.

Note that the above list itself is mentioned in the introduction of [25]. As a
corollary to Theorems 3.1 and 4.15, we get the following, which we can prove by
an argument similar to that in the proof of Corollary 4.9. Details are left to the
reader.

Corollary 4.16. Let us consider two fibers of proper C'*° stable Morse functions
on surfaces, or two fibers of proper C* stable maps of 3-manifolds into surfaces.
Then, the following conditions are equivalent to each other.
(1) They are diffeomorphic.
(2) They are C° equivalent.
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F1GURE 13. List of singular fibers of proper C'*° stable maps of
3-manifolds into surfaces

(3) They are C* equivalent.

We warn the reader that the fibers as depicted in Fig. 2 (2) and (3) (or the
fibers I! and TQ) are homeomorphic to each other, although they are not C° equiv-
alent nor diffeomorphic to each other. Compare these results with Remark 4.8 and
Corollary 4.9.

As an important consequence of the above mentioned result, we show the fol-
lowing.

Corollary 4.17. Let fo : My — Ny and f1 : M1 — N1 be two proper C>° stable
maps of surfaces into 1-dimensional manifolds. Then, the maps fo and f1 are C°
right-left equivalent if and only if they are C*° right-left equivalent.

Proof. Suppose that fo and f; are C° right-left equivalent so that we have home-
omorphisms @ : My — M; and ¢ : Ny — Nj satisfying f1 o ¢ = @ o fy. Since
fo(S(fo)) and f1(S(f1)) are discrete sets and ¢ sends fo(S(fo)) homeomorphically
onto f1(S(f1)), we see that there exists a diffeomorphism ¢ : Ny — N; which
approximates ¢ such that ¥|z, (s(0)) = @l (s(f0))-

Then by Corollary 4.16 together with the proof of Theorem 3.1, we see that for
each point y € fo(S(fo)), there exist a small neighborhood U, of y in Ny and a

diffeomorphism ¢, : (fo)~1(U,) — (f1)~1(U,) such that the diagram

(o)™ (Ty), (F0) " () —2—  ((f1)" (Uy), (F1) 1)
fol lfl
(Uya y) L} (Uy’ ) y/)




is commutative, where y' = 9 (y) and U, = (U, is a neighborhood of 3’ in Nj.
Here, we choose the diffeomorphism Jy so that it approximates | fo)-1(U,)-

Since the collection of homeomorphisms @[(s)-1(v,), ¥ € fo(S(fo)), extends to
a homeomorphism ¢ such that f; o @ = ¢ o fy, the collection of diffeomorphisms
{Z;y, y € fo(S(fo)), also extends to a homeomorphism {/; such that f; o {/; =1 o fo.

Now, it is well-known that two C° S'-bundles are C° equivalent if and only
if they are C'*° equivalent. This is true also for C'*° bundles with fiber a union
of finite copies of S!. Hence the homeomorphism 12 above can be chosen to be a
diffeomorphism. Hence, the C*° maps fy and f; are C*° right-left equivalent to
each other. This completes the proof. (I

Problem 4.18. Let fo : My — Ny and f1 : M7 — Nj be two proper C'*° stable
maps of orientable 4-manifolds into 3-manifolds (or two proper C* stable maps of
3-manifolds into surfaces). If fo and f; are C° right-left equivalent, then are they
C* right-left equivalent?

For the above problem and Corollary 4.17, refer to [6, §4], for example. Note that
there have been known a lot of examples of 4-manifold pairs which are mutually
homeomorphic, but are not diffeomorphic. If the answer to the above problem is
affirmative, then such 4-manifolds would not admit C> stable maps that are C°
right-left equivalent.

5. RELATIONS AMONG THE NUMBERS OF SINGULAR FIBERS

Let f: M — N be a C™ stable map of a closed orientable 4-manifold into a
3-manifold. In this section, we consider a natural stratification of N induced by the
equivalence classes of fibers of f, and obtain some relations among the numbers of
singular fibers of codimension three.

Let f: M — N be a C° stable map of a closed orientable 4-manifold M into
a 3-manifold N and § the equivalence class of one of the singular fibers appearing
in Fig. 8. We define F(f) to be the set of points y € N such that the fiber f=1(y)
over y is equivalent to the union of § and some copies of a fiber of the trivial
circle bundle. Furthermore, we define §,(f) (resp. Fe(f)) to be the subset of F(f)
consisting of the points y € N such that by(f~!(y)) is odd (resp. even), where bg
denotes the number of connected components. We denote the closures of F(f),

Fo(f), and Fo(f) in N by F(f), So(f), and Fe(f), respectively. It is easy to see
that each of F(f), So(f), or Fe(f) is a (3 — k)-dimensional subcomplex of N, where
K is the codimension of §. In particular, if the codimension « is equal to two, then
Fo(f) and Fe(f) are finite graphs embedded in N. Their vertices correspond to
points over which lies a singular fiber with x = 3. For a singular fiber § of xk = 3,
the degree of the vertex corresponding to §.(f) (or §,(f)) in the graph Fo(f) is
given in Table 1, which can be obtained by using the description of nearby fibers
as in Fig. 10-12. Note that the degrees in the graph §.(f) can be obtained by
interchanging §.(f) with FL(f) in the table.

In the following, for a finite set X, we denote by | X| the number of its elements.
Since the sum of the degrees over all vertices is always an even number for any
finite graph, we obtain the following.

Proposition 5.1. Let f : M — N be a C* stable map of a closed orientable
4-manifold into a 3-manifold. Then the following numbers are always even.
(1) (LI (f)] + (L (f)] + [LL°(f)] + |TIECS)-
(2) [TI°(F)] + [T (f)| + I (f)] + [T ()]
(3) [ ()] + [TIL" ()] + |TIL( )]
(4) [ ()] + [T ()] + LI ().
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(5) [T ()] + [ ()] + T ()] + [T (f)].
(6) [T ()] + I ()] + [ ()] + L (f)].
(7) [T (f)] + [T ()] TG (f)] -+ [T ()] -+ [T ()] + [T ()] + [T ().
(8) [T (f)] + [T ()] + [T ()| + [T (f)] + [T ()] + [T (f)] + [T (f)].
(9) [ ()] + [T (f)] + (LI (f)] + [III7 ()] + [TII5(f)].

(10) [T (f)] + [T ()] + TS (f)] + [T (f)] + [ITIE(S)]-

(11) I (f)] + I (f)] + TP (f)]

In fact, items (1)—(10) of the above proposition correspond to the graphs I1°°( f),
(), M (), TEH(F), TG (F), Te' (), g(f), TIE(S), TI3(f), and II(f) respec-
tively. Item (11) corresponds to both IIS(f) and IIS(f).

Eliminating the terms of the forms |F,(f)| and |Fe(f)|, we obtain the following.

Corollary 5.2. Let f : M — N be a C* stable map of a closed orientable 4-
manifold into a 3-manifold. Then the following numbers are always even.

(1) [T (f)] + [II(f)]

(2) [HI°(f)] + I ()] + [T ().

(3) [TL*(f)] + [T (f)]

(4) I (f)] + [T(f)] + [P (f)] + [T f)].

(5) [TI°(f)] + [IL(f)]-

Remark 5.3. Tt is easy to see that the five numbers appearing in Corollary 5.2 are
all even if and only if the following five hold.

(1) (I (f)] = [II°(f)| (mod 2).

(2) |UI(F)] = |UI*(F)] (mod 2).

(3) [II°(f)| = II?(f)| (mod 2).

(4) [II°(f)| = [II*(f)] + [II°(f)| (mod 2).

(5) [II°(f)] + [II7(f)] + [II°(f)] = 0 (mod 2).
Note that the left hand side of congruence (5) is nothing but the total number of
swallowtails. Note also that item (11) of Proposition 5.1 represents the number of
cuspidal intersections as in Fig. 5 (5).

Remark 5.4. Adding items (2), (3), (6), (8) and (10) of Proposition 5.1, we obtain
()] I (1) 4 )] 4 I ()] + () )
HI2(f)] + [T ()] + [T (F)] + TP ()] + [IIL7(f)]
HIIE(f)] + [IIZ(f)] + |TIE(f)] =0 (mod 2).

This and congruence (1) of Remark 5.3 have also been obtained in [17] by using
methods different from ours.

Remark 5.5. By using the same method, we can obtain similar co-existence results
for singular fibers of proper C'*° stable maps of closed 3-manifolds into surfaces.
More precisely, using the notation introduced in Theorem 4.15, we have the follow-
ing.
~01 ~a
(1) I (Ol + M ()] =0 (wod 2).
~ ~a
@) [0 (P] +1 oDl =0 (god2)
(3) [0 ()] + I (H)] + 0°(f)] = 0 (mod 2).
Details are left to the reader (compare this with Table 3 of §10).
We end this section by posing a problem.

Problem 5.6. Let S be the Zs-vector space consisting of 38-tuples of elements of

Z> such that the congruences in Proposition 5.1 hold, where each of the 38 com-

ponents corresponds to [IIT2(f)|, [III2%°(f)|, etc. Then, for an arbitrary element
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FIGURE 14. Index of a swallowtail

of S, does there exist a C° stable map of some closed orientable 4-manifold into
some 3-manifold which realizes it as the parities of the numbers of corresponding
singular fibers? In other words, do the congruences in Proposition 5.1 exhaust all
the possible relations among the parities of the numbers of singular fibers of the

form §o(f) or Fe(f)?

6. PARITY OF THE EULER CHARACTERISTIC OF THE SOURCE 4-MANIFOLD

In this section, using the co-existence results for singular fibers obtained in the
previous section, we study the relationship between the number of singular fibers
of a certain type and the Euler characteristic of the source 4-manifold. In the
following, x will denote the Euler characteristic.

Let f: M — N be a C* stable map of a closed orientable 4-manifold into a
3-manifold. Set

00(f) {ye NN F(S(f) = bo(f'(y)) =1 (mod 2)},
0c(f) = {yeN~F(S()) + bo(f7'(y) =0 (mod 2)}.

It is easy to see that they are disjoint open sets of V. Furthermore, since M
is compact, the closure 0,(f) of 0,(f) is compact. Let y and y’ be points in N
belonging to adjacent regions of N ~\ f(S(f)). Since M is orientable, the difference
between the numbers of components of the fibers over y and v’ is always equal to
one. Hence, we have

Oo(f) N Oe(f) = aoo(f) = 00e(f) = f(S(f))a

where for a subset X of a topological space, X denotes X ~.Int X. In other words,
(N, f(S(f))) is two colorable in the sense of [31] (see also [30]).

Note that the map f|g(s) : S(f) — N is a topologically stable singular surface
in the sense of [31]. Then, for each cross cap y € f(S(f)), which corresponds to
a swallowtail point of f, we can define the index Indy(y) € {0,1} by using the
coloring (0,(f),0e(f)) of (N, f(S(f))). More precisely, it is defined as in Fig. 14
(for details, see [31]).

Then by Sziics’ formula [47] (see also [31]), we have

(6.1) T(F(S(f)+ D Inds(y) = X(S(f)) (mod 2),

where y runs through the cross caps of f(S(f)) corresponding to Fig. 5 (6), and

T(f(S(f))) denotes the number of triple points of f(S(f)) corresponding to Fig. 5

(4). On the other hand, by using the degenerations of the fibers around the singular
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fibers corresponding to swallowtails as in Fig. 12, we obtain the following:

0, ify e WIS UTI(H) U TIIE(S),
Ind‘f (y) = . c d e
1, ify e IIS(F) UTITY(f) U TIIE(f).
Hence, applying (6.1), we have

L0 (F)] A+ I ()| (I ()] [T ()] (T2 ()| + [T ()|
HIILZ ()] + [P + [T (f)| + [ (f)] + [T ()] + [T ()|
I ()] + [T + [T + TS| = x(S(f))  (mod 2).
On the other hand, adding items (1), (3), (5), (7), (9) and (11)
we obtain
LI (F)] + [T ()| [T ()] + [T ()] + [T ()] + [T ()]
HI2 ()] + [T ()] + [T (F)] + [T ()] + L7 (f)] + [IIE(S)]
HIIG(f) + [HIG(f) =0 (mod 2).

in Proposition 5.1,

Adding the above two congruences, we obtain
LI (f)] + [HI3(f)] + [TIY(F)| = X(S(f))  (mod 2).
Since |III°(f)| = |II1%(f)| (mod 2) by Corollary 5.2 (5), we get

UI(f)] = x(S(f))  (mod 2).

Since we always have

x(S5(f)) = x(M)  (mod 2)

by [11, 39], we finally obtain the following theorem, which can be regarded as a
4-dimensional version of Corollary 3.4.

Theorem 6.1. Let f : M — N be a C™ stable map of a closed orientable 4-
manifold into a 3-manifold. Then we have

(M) = |III3(f)| (mod 2).

Remark 6.2. The above theorem holds also for C'™° stable maps of closed (not
necessarily orientable) 4-manifolds into 3-manifolds such that every fiber has an
orientable neighborhood.

Remark 6.3. The results in the previous and the present sections can be generalized
to C*° stable maps of possibly nonorientable closed 4-manifolds into 3-manifolds.
For details, see [53] (see also Remark 4.13).

Remark 6.4. A result corresponding to Remark 3.5 does not hold for singular fibers
of types III* for C*° stable maps of 4-manifolds into 3-manifolds. This is because
we can increase the number of fibers of a given type of codimension three as much
as we want. For details, see Remark 4.6.

We end this section by posing a problem.

Problem 6.5. Is it possible to obtain an integral formula giving the signature of
the source oriented 4-manifold in terms of the algebraic numbers of some singular
fibers?

In order to appropriately define “algebraic numbers” of singular fibers, we should
probably determine those singular fibers which are “orientable”, and define their
signs.
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FIGURE 15. Boy surface

7. SOME EXPLICIT EXAMPLES OF STABLE MAPS OF 4-MANIFOLDS

In this section, we give explicit examples of C'*° stable maps of 4-manifolds into
R3. Note that there have already been known some explicit examples of such stable
maps that have only definite fold points as their singularities (see [43, 37, 38, 41,
42]). Such maps have singular fibers of types I, 1% and I11°°°, and have no other
singular fibers. Furthermore, the source 4-manifolds of such maps always have even
Euler characteristics. Here we construct more complicated maps having a singular
fiber of type III® such that the source 4-manifold has odd Euler characteristic.

Let us first construct a C™ stable map f : CP?§2CP? — R? which satisfies the
following properties.

(1) The map f has only fold points as its singularities.

(2) The singular set S(f) is the union of three 2-sphere components consist-
ing of definite fold points and a projective plane component consisting of
indefinite fold points.

(3) The discriminant set f(S(f)) is a disjoint union of three embedded 2-spheres
and the Boy surface in R? (see Fig. 15).

(4) The fibers of f can be completely described (details will be given in Fig. 16).

Recall that the Boy surface P, which is the image of an immersion RP? ¢ R3,
is constructed by attaching a 2-disk as in the right hand side of Fig. 15 to the image
of an immersion of the Mobius band as in the left hand side of Fig. 15, from the
front side.

Note that R3 \ P consists exactly of two regions. Let Sy be a 2-sphere embedded
in the unbounded region of R3\ P such that the bounded region of R~ Sy contains
P. Furthermore, let S; and S5 be two disjoint concentric 2-spheres embedded in
the bounded region of R? \. P such that Sy is contained in the bounded region of
R3 \ S1. Note that R3 ~\ (P U Sy U S; U S2) consists exactly of five regions and
that P U SpU S; U Sy naturally induces a stratification of R3: we have five strata
of dimension three, seven strata of dimension two, three strata of dimension one,
and one stratum of dimension zero. Let us denote by A; the strata of dimension 1.
We enumerate them as follows (see Fig. 16):

(1) the closure of A? contains A?UA}, j =1,2,3, and the closure of A% contains
AU Al U AL u AL
(2) A2 =18y, A2=25,A%2=25,,
(3) A3 is the unbounded region of R? \. S,
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FIGURE 16. Fibers over the points in R?

) A3 is the region between Sy and the Boy surface,
) A3 is the region between the Boy surface and S,
) Ai is the region between S; and S5, and

) A3 is the bounded region of R® \ Ss.

We shall construct a fold map f : CP?#2CP2 — R? such that f(So(f)) =
SoUS1 U S and f(S1(f)) = P, where a fold map is a smooth map with only fold
points as its singularities. In particular, Sy(f) is diffeomorphic to the disjoint union
of three 2-spheres and 91 (f) is diffeomorphic to R.P?.

Over the points on each stratum we put fibers as depicted in Fig. 16, where
the lower figure depicts a part of the 2-disk (contained in P) as in the right hand
side of Fig. 15 together with parts of S; and S,, which sit inside the bounded
region of R?® . P. It is easy to see that the regular parts of the fibers can be
oriented consistently. Hence, if such a smooth map is constructed, then the source
4-manifold will be orientable.

Let N(A?) be a small closed disk neighborhood of the zero dimensional stratum
A9 such that its boundary two sphere is transverse to the other strata. Let N (A]l) =

D? x [0, 1] denote the closure of N(Ajl) ~ N(AY), where N(AJI) is a small tubular
neighborhood of the 1-dimensional stratum A} such that its boundary is transverse
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FIGURE 17. Fibers over the points in B for g}

to the strata of higher dimensions (j = 1,2,3). We may assume that N(A}) >
D? x [0,1] is attached to N(AY) along D? x {0,1} and that N(A9) U N(A}) U
N(AL) U N(A}) is a regular neighborhood of A9 U A1 U AL U AL in R®. Similarly,
we construct N(A?), j=1,2,...,7, and N(A?), j=1,2,...,5, so that the family
of closed sets {N(A})}o<i<s covers R? and that distinct members intersect only
along their boundaries. Furthermore, we put /Tg = AL N N(A}). We may assume

that the natural projection N(A%) — Xé is a smooth (3 — 4)-disk bundle.

Let us now construct a closed orientable 4-manifold M and a C*° stable map f :
M — R? such that f(S(f)) and the fibers are as depicted in Fig. 16. Our strategy
is to first construct compact 4-manifolds M} and smooth maps f} : M} — N(Aj),
and then glue them together.

As we have noted in Remark 4.6, we can construct a compact orientable 4-
manifold M and a smooth map f{ : M — R3 which has only fold points as its
singularities such that fP(M{) = N(AY) and that the fibers are consistent with
Fig. 16 (see also Fig. 10). In our case, M} is diffeomorphic to T(23) x D?, where for
a surface I, we denote by F(,y the surface obtained from F' by taking off £ open
disks whose closures do not intersect each other, and T2 denotes the 2-dimensional
torus. R

Let Bj be a 2-disk fiber of the bundle N(A}) — A}, j = 1,2,3. Then we can
construct a compact orientable 3-manifold NV jl and a smooth map g]l : N jl — le
which has only fold points as its singularities such that its fibers are as depicted in
Fig. 17 (for details, see [23, 25, 36], for example). Then we can construct a smooth
map f} : Mj = Nj x[0,1] — N(Aj}) by putting f; = g; x id[ 1), where we identify
N(A}) with B} x [0,1]. Note that Mj1 is diffeomorphic to T(22) x [=1,1] x [0,1].

Similarly, for each of the four strata A? diffeomorphic to an open disk, j =
1,2, 3,4, by using a Morse function 5(23) — [=1,1] as in Fig. 3 (2), we can construct
a smooth map f7? : M? — N(A?) = [-1,1] x D? which has only fold points as
its singularities such that its fibers are as depicted in Fig. 16. Note that M J2 is
diffeomorphic to 5(23) x D?. For the other three strata A? diffeomorphic to a 2-

sphere, j = 5,6,7, we do not construct ff for the moment.

Now let us piece together the smooth maps constructed above. First, we attach
fP MY — N(AY) and ff : N} x[0,1] — N(A}), j = 1,2,3, by using appropriate
embeddings ¢} : N} x {0,1} — OM7. This is possible by the classification of
singular fibers of C'™ stable maps of 3-manifolds into surfaces (see Remark 4.14
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and Theorem 4.15), since fY and f]-1 have the same singular fiber of x = 2 on the
attaching part. Note that then the natural map

(7.1) (f9U FHTH((V(AD) U N(AD) N N (42)) — 042
is the projection of a smooth 5(23)—bundle over a circle, 7 = 1,2, 3.

Note that we have a nontrivial diffeomorphism ¢ : N — N} such that gj o ¢ =
gjl-. (This corresponds to the rotation through the angle 7 around the center of
the square representing T(22) in [36, Fig. 1].) Thus, we may assume that the 5(23)—
bundle (7.1) is trivial by changing the embedding ga; by gp; o ¢ if necessary, where
P le x {0,1} — le x {0,1} is the identity on le x {0} and is ¢ on le x {1}.
Let us denote the resulting map U f1 U f2 U f2 by f. Then, we can check that
the natural map
(7.2) (FH)7H(N(AD) U N(A}) U N(43) U N(A}) N N(4])) — DA
is also the projection of a trivial 5(23)—bund1e over a circle.

Since the 5(23)—bundles (7.1) and (7.2) are trivial, we can now attach f7 : M7 =
5(23) x D* — N(43), j =1,2,3,4, to f. Let us denote the resulting map f*U f2U
fZU U fE by

f2: M? — N(A) UN(AH UN(AD UN(A})

UN(A?)UN(A3)UN(A2)UN(A?) C RS
Note that the image X of the above map is nothing but the regular neighborhood
of the Boy surface P. Let 0X = 0y X U 01X be the connected components of X,
where
X =XNN(A3) and 0, X = X N N(AD),
both of which are diffeomorphic to the 2-sphere. Note that

(73) f2|(f2)*1(80X) : (f2)71(aOX) — 00X
is the projection of a smooth orientable S'-bundle over a 2-sphere, and that
(7.4) Pl -1 - (F7H01X) — X

is the projection of a smooth orientable (S U S!)-bundle over a 2-sphere. Note also
that the latter is a disjoint union of two orientable S'-bundles, since 9; X is simply
connected.

Let M2 be the total space of the D2-bundle associated with the S'-bundle (7.3),
and Mg, M2 the total spaces of the D?-bundles associated with the two S'-bundles

(7.4). Then, by extending the maps (7.3) and (7.4), we can construct smooth maps
(7.5) 2:MZ — N(AZ)UN(A)),

(7.6) e Mg — N(A7)UN(A3),

(7.7) f2:M? — N(A?)UN(A})UN(AZ) UN(A43)

with only definite fold points as their singularities such that their singular sets
correspond to the zero sections of the D?-bundles, f2(So(f2)) = A2, f2(So(f2)) =
A% and f2(So(f2)) = AZ. Then, their fibers are as depicted in Fig. 16. By our

construction, we can glue (7.5), (7.6), (7.7) and fQ to get a smooth map
f:M—R3

of a smooth closed 4-manifold M into R3.
Note that f has only fold points as its singularities and that its fibers are exactly
as depicted in Fig. 16. Then by Proposition 4.1, f is a C'*° stable map.
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FIGURE 19. Morse function h, : D? — [0, 1]

In order to prove that M is diffeomorphic to CP242CP2, let us consider a O
stable map g : M’ — R3 constructed as follows. Let Y = D? U (S! x [0,1]) U D2 be
a 2-sphere embedded in R? which intersects A%, A? and A2 transversely as shown
in Fig. 18, where D? and D2 are copies of 2-disks. We take Y so that the 3-disk Y’
bounded by Y contains A2 = S5 in its interior. Note that the natural map

FHSY % [0,1])—T 81 x [0,1]—™—8"
is a trivial D2-bundle, where 7, is the projection to the first factor. Note also that
the map hy = fl-1({a}x[0,1]) : D? — [0,1] is a Morse function as described in
Fig. 19 for all z € S* and is independent of the choice of z.
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FIGURE 20. Fibers of g5

FIGURE 21. Deformation of functions on the 2-disk

Let us replace the map f|f,1(17) by the smooth map gy whose fibers are as

described in Fig. 20 (in fact, the real figure is obtained by rotating the rectangle
around the vertical line in the center).

Let us explain the reason why such a replacement is possible. We identify Y
with D? x [0, 1] so that D? x {e} corresponds to D3__ for ¢ = 0,1. Let A be a small
concentric 2-disk in the interior of D?. By using a generic deformation of functions

ki : D* — [0,1], t € [1/2,1], as shown in Fig. 21, we can construct the smooth map
g1: 8t x [1/2,1] x D* = YV ~ (A x [0,1]) = S x [1/2,1] x [0, 1]

by putting ¢1(x,t,q) = (x,t,k:(q)). Note that g; has only fold points and cusp

points as its singularities and is consistent with f|f*1(R3\Int y) along (St x {1} x

D?) U (St x [1/2,1] x 0D?).

Then, using the Morse function ky /3, we define the smooth map gz : A x D? -
Ax[0,1] by g2(z,q) = (x,k1/2(q)). Obviously, this is consistent with 91|g;1(8A><[0,1])
along A x D? = St x {1/2} x D?, although we do not know if it is consistent with
f|f*1(R3\Int y) along
(7.8) g5 (A x {0}) = A xaD* = f~1(A x {0}).

However, we have a plenty of diffeomorphisms D? — D? that preserve the Morse
function k9. For example, all the diffeomorphisms in the rotation group SO(2)

satisfy this property. Hence, changing the identification g5 ' (A x [0, 1]) = A x D?
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FIGURE 22. Image of S(g) by ¢

if necessary, we can arrange so that go is consistent with f|f,1(R3\Imt ) along (7.8).
Therefore, we obtain a C* stable map ¢ : M’ — R? by gluing f|f,1(R3\In“~/), g1
and gz, where g = g1 U g2 (see Fig. 20 again). Note that the singular set S(g) is
the union of a 2-sphere component consisting of definite fold points and a projective

plane component containing the set of cusp points.

Lemma 7.1. The smooth closed 4-manifold M’ is diffeomorphic to CP? or CP2.

Proof. Let m : R®> — R be a projection. By locating g(S(g)) as in Fig. 22 by an
isotopy of R?, we may assume that mog : M’ — R is a Morse function with exactly
three critical points (for such a construction of Morse functions, refer to [11] for
more details). We see easily that their indices are equal to 0,2 and 4. Thus, M’
has a handlebody decomposition h° U h? U h?*, where h? denotes an i-handle. Let k
be the knot in R = S3 along which the 2-handle h? is attached to h°. Since the
resulting handlebody h° Uh? has boundary diffeomorphic to S3, the knot k& must be
trivial and the framing must be equal to £1 by [14, 15]. Hence, M’ is diffeomorphic
to CP? or CP? (for details, see [20]). O

Remark 7.2. In this way we have completed the construction of a C*° stable map
g : CP? — R3 with the following properties.
(1) The map g¢ has only fold and cusp points as its singularities.
(2) The set C(g) of its cusp points constitutes a circle, and the singular set
S(g) is the union of a 2-sphere component consisting of definite fold points
and a projective plane component which contains C(g).
(3) The discriminant set g(S(g)) is as described in Fig. 22.
(4) The fibers of g can be completely described.
Presumably, the C* stable map g : M’ = CP? — R? thus constructed coincides
with Kobayashi’s example presented in [21, 22].

By choosing an appropriate orientation for M’, we may assume that it is orien-
tation preservingly diffeomorphic to CP2. By our construction, it is easy to see
that g~(Y) is diffeomorphic to D*. Hence f~'(R3® \ IntY) is diffeomorphic to
CP2 —Int D*.
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Let us determine the dlffeomorphlsm type of f~ ( ). Take a properly embedded
2-disk D2 inY asin Flg 18, and let Y1 and Yg be the 3-disks such that Y = Y1 UYQ,
YiNnY, = D%, and Ys O S,. Then it is easy to see that f~ ( 1) and f~ ( 2)
are diffeomorphic to D? x D? and to the total space E of a D2-bundle over S2,
respectively. More precisely, f ’1(}7) is obtained from F by attaching a 2-handle
along the boundary of a D>fiber of the fibration E — $2. Hence, f~}(Y) is
diffeomorphic either to CP2#CP2 ~ Int D* or to S2 x S2 ~ Int D*.

Therefore, the source 4-manifold M = f~1(R3) of f is diffeomorphic either
to CP24(CP2{CP?) or to CP24(S? x S?). In both cases, M is diffeomorphic to
CP242CP2 (for details, see [20], for example). This completes the construction of
the desired C' stable map f : CP2§2CP2 — R? as promised at the beginning of
this section.

It is an easy task to check that all the results obtained in §§5 and 6 are valid for
the above constructed C'°° stable maps.

Remark 7.3. The author has shown that CP? does not admit a fold map into R?
(see [36, 39, 45, 1, 40, 34]). This implies that the normal bundle of the definite
fold component of f in M corresponding to S5 is nontrivial, for if it were trivial,
then we could construct a smooth map ¢” : M’ — R3 with only fold points as its
singularities. In fact, we can show that the normal Euler numbers of the definite
fold components of f in M corresponding to Sy, S; and S are equal to 1, —2 and
—2 respectively.

Using the example constructed above, we can show the following.
Proposition 7.4. For every n > 1, there exists a smooth map
fn :nCP%*(n+1)CP? — R3
with only fold points as its singularities.

Proof. Recall that there exists a smooth map ¢ : CP2#CP2? — R3 with only definite
fold points as its singularities (for example, see [37]). Note also that such a map
can be constructed explicitly. Then, we can construct the desired map f,, from
f=f1:CP?2CP2 — R? and n — 1 copies of £ by the connected sum construction
(for details, see [37]). O

Remark 7.5. Sakuma [44] had conjectured that no closed orientable 4-manifold with
odd Euler characteristic can admit a fold map into R3. The above proposition gives
explicit counter-examples to his conjecture. Note that a more precise result has been
obtained in [40] about fold maps of 4-manifolds into R?.

8. GENERALITIES

In this and the following sections, we formalize the idea used in §§5 and 6 in a
more general setting and develop a general theory.

First, let us prepare the following notation. For a pair of nonnegative integers
(n, p), we denote by 7y, (n, p) (or by Sg7(n, p)) the set of all proper Thom maps (resp.
proper C*° stable maps) between manifolds of dimensions n and p (for Thom maps,
see Example 2.3 of §2). Furthermore, we denote by Sp,(n,p) the set of all C? stable
maps which are elements of 7p,:(n,p). Note that we have S5Y(n,p) C Tp(n,p).
However, the author does not know if a proper C° stable map is a Thom map or
not, so that we adopt the above convention. Note also that Sg,(n, p) = Spy(n,p)
for nice dimension pairs (n,p) in the sense of Mather [27] by [9, 51] (see also
Remark 4.2).
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In the following, we call k = p — n the codimension of a map in these sets. For
a fixed k, we put

Tnk) = | Tu(n.p)
p—n=k

Swk) = |J Sxnp),
p—n=k

Sek) = U Sp(n.p).
p—n=k

In the following, for a Thom map f : M — N in T, (n,p), M and N will denote
Whitney stratifications of M and NN respectively such that f satisfies the Thom
regularity condition [12, Chapter I, §3] with respect to them. For a C° equivalence
class § of fibers, we denote by F(f) the set of points in N over which lies a fiber of

type §.

Lemma 8.1. The subspace F(f) of N is a union of strata of N and is a C°
submanifold of N of constant codimension if it is nonempty. Furthermore, this
codimension does not depend on a particular choice of f € Te(n,p).

Proof. The first assertion has already been shown in Example 2.3. In order to show
the second assertion, let us take a top dimensional stratum X contained in F(f).
Note that for each point y € 3, there exists a neighborhood U, of y in N such
that U, N §(f) = Uy, N X, since ¥ is top dimensional. On the other hand, by the
definition of C° equivalence, for each point 3’ of F(f), there exists a neighborhood
Uy of y in N such that (U, , Uy NF(f)) is homeomorphic to (Uy, UyNF(f)). Hence
the assertion about §(f) follows. Using a similar argument, we can prove the final
assertion. This completes the proof. (I

Note that by virtue of the above lemma, the codimension of a C" type § of fibers
makes sense, and we denote it by &(F).

Let us introduce the following notion which will play an important role through-
out the rest of the paper.

Definition 8.2. Suppose that an equivalence relation p = p, , among the fibers of
proper Thom maps between smooth manifolds of dimensions n and p is given. We
say that the relation p is admissible if the following conditions are satisfied.

(1) If two fibers are C equivalent, then they are also equivalent with respect
to p.

(2) Fof any two proper Thom maps f; : M; — N; in 7,.(n,p) and for any
points y; € N;, ¢ = 0,1, such that the fibers over y; are equivalent to
each other with respect to p, there exist neighborhoods U; of y; in Ny,
i = 0,1, and a homeomorphism ¢ : Uy — U; such that ¢(yo) = y1 and
©(Ug N %(fo)) =U; N %(fl) for every equivalence class 3 of fibers with
respect to p, where §( fi) is the set of points in N; over which lies a fiber of

fi of type §.

For example, the C° equivalence is clearly admissible in the above sense. We
denote the C° equivalence relation among the fibers of elements of 7, (n, p) by pgyp.

In the following argument, we fix an admissible equivalence relation p = p,, ;, as
in Definition 8.2.

Lemma 8.3. For every equivalence class § with respect to an admissible equivalence

relation p, and for every proper Thom map f: M — N in Ty (n,p), the subspace

S(f) of N is a union of strata of N and is a C° submanifold of N of constant
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codimension if it is nonempty. Furthermore, this codimension does not depend on
a particular choice of f € Tpe(n,p).

Proof. By Definition 8.2 (1) and Lemma 8.1, %(f) is a union of strata. Hence,
the rest of the assertion follows from an argument similar to that in the proof of
Lemma 8.1 together with Definition 8.2 (2). O

By virtue of the above lemma, the codimension of 5’ makes sense, and we denote

it by /@(@)

For an equivalence class § of fibers with respect to p with x = m(§), let 0§ be
the set of equivalence classes & of fibers with respect to p of codimension x+ 1 such
that &(f) C F(f) ~ 3(f) for every f € Tpe(n,p). For & € 9F, we take a proper
Thom map f € Tp(n,p) with (’g(f) # (). Then we take a top dimensional stratum
¥ C (75( f), and let By, be a small disk which intersects 3 transversely exactly at its

center and whose dimension coincides with the codimension of ¥. Then By NF(f)
consists of a finite number of arcs which have By, MY as a common end point. Let

n§(®) € Zs denote the number of such arcs modulo two, which clearly does not
depend on the choice of By, ¥ or f by Definition 8.2 (2). Then, by considering the

homological boundary of § (f), we have the following.

Proposition 8.4. For every equivalence class § of fibers with respect to an admis-
sible equivalence relation p, and for every f: M — N in Tp(n,p), the Za-chain

(8.1) > n5(6)8(f)

o
(of closed support) is a cycle in N and represents the zero homology class in the
homology Hy_,._1(N;Z2) of closed support, where x denotes the codimension of §.

Proof. By the definition of nz(&), we see that the Zz-chain (8.1) coincides the

boundary of the Zs-chain F(f) in N. Hence the result follows. O

Remark 8.5. In the above proposition, if 5’ does not contain the empty fiber and
the source manifold M is compact, then the Zs-chain (8.1) has compact support
and represents the zero homology class in the usual homology Hp_.—1(N; Z2).

We warn the reader that the sum appearing in the right hand side of (8.1) may
contain infinitely many terms if the source manifold M of f is not compact.

Note that all the results obtained in §5 are special cases of the above proposition.
Some applications of Proposition 8.4 to other specific situations will be given in §16.

9. UNIVERSAL COMPLEX OF SINGULAR FIBERS

In this section, based on the idea given in the previous section, we define a
complex of singular fibers for a specific map, and then we define its universal ver-
sions for various classes of maps. We will see later that this is a generalization of
Vassiliev’s universal complex of multi-singularities [50]. Here we develop a rather
detailed theory of such universal complexes in order to better understand what is
the essential point behind our results obtained in §§5 and 6, and to obtain further
related results.
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9.1. Complex of singular fibers for a specific map. Let f : M — N be
a proper smooth map of a smooth n-dimensional manifold M into a smooth p-
dimensional manifold N such that f is a Thom map in the sense of Example 2.3,
as in the previous section: in other words, f € Tp:(n,p).

In the following, we fix an equivalence relation p = p, , for the set of fibers
of such maps which is admissible in the sense of Definition 8.2. Let us construct
a complex of fibers for f with coefficients in Z, with respect to the admissible
equivalence relation p as follows.

For k > 0, let C*(f,p) be the Zs-vector space consisting of all formal linear
combinations,

Z m§§ (mz € Zy),
K(§)=r
which may possibly contain infinitely many terms if M is noncompact, of the equiv-
alence classes § of fibers of f with codimension s with respect to the equivalence
relation p. If there are no such fibers, then we simply put C*(f, p) = 0. Further-
more, for k < 0, we also put C*(f, p) = 0. For two equivalence classes of fibers §
and & of f with () = k(&) — 1, we define the incidence coefficient [J : Q~5]f €Zs
by putting [ ¢ ], = ns(®) € Zy if &(f) C () ~ F(f), and [§ : &)y = 0
otherwise. Define the Zs-linear map
8x(f) : C*(f,p) — C"*1(f,p)
by

(0.1) N = Y [§:6s8,

R(B)=r+1

for § with Ii(%) = K. We warn the reader that the sum appearing in the right
hand side of (9.1) may possibly contain infinitely many terms if M is noncompact.
Nevertheless, for a given equivalence class & of fibers of f with codimension k + 1,
the number of equivalence classes § of fibers of f with codimension  such that
[T : 8] # 0 is finite by virtue of the local finiteness of the Whitney regular
stratifications and the definition of an admissible equivalence relation. Hence, the
linear map 0, (f) is well-defined.

The following lemma can be proved by an argument similar to that in [50,
8.3.4 Lemma)] or [33, Lemma 1.5]. The details are left to the reader.

Lemma 9.1. 6,41(f) 0o d.(f) =0.

Therefore, C(f, p) = (C*(f, p), 0x(f))w constitutes a complex and its cohomology
groups H*(f, p) are well-defined.

9.2. Universal complex of singular fibers for Thom maps between mani-
folds of fixed dimensions. The above construction can be generalized to get a
“universal” complex of singular fibers for proper Thom maps between manifolds of
dimensions n and p as follows.

Let p be an admissible equivalence relation as in Definition 8.2 for the fibers
of elements of T, (n,p). For k € Z, let C*(Tpe(n,p),p) be the Zo-vector space
consisting of all formal linear combinations,

Z m§§ (m§ € 7o),
n(%):n

which may possibly contain infinitely many terms, of the equivalence classes § of

fibers of proper Thom maps between manifolds of dimensions n and p with x(F) = &

with respect to the equivalence relation p = p, ;. If there is no such equivalence
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class (for example, if K > p or K < 0), then we simply put C*(Zp(n,p),p) =
0. For two equivalence classes 5’ and & of fibers of elements of Tor(n, p) with
#(F) = k() — 1, we define the incidence coefficient [§ : &] € Zy by putting
[3:6] = n§(0~5) € Zy it (f) C F(f) ~T(f) for every f € Tp(n,p), and [F: 6] =0
otherwise. Then the Zo-linear map 4, : C*(Zpr(n,p), p) — C*TH(Tp(n,p), p) is
defined by

(9.2) 5.3 = Y. [§:88,

w(B)=r+1

for § with () = . (See (9.1) and the subsequent remark). Note that the incidence
coefficient, and hence the map d,, is well-defined by virtue of Definition 8.2 (2).
Furthermore, we can prove that d,,410d, = 0 as in Lemma 9.1. We call the resulting
complex C(Tpe(n,p), p) = (C*(Tpr(n, ), p), dx)x the universal complex of singular
fibers for proper Thom maps between manifolds of dimensions n and p with respect
to the admissible equivalence relation p = py, 5, and we denote its cohomology group
of dimension « by H"(Tp:(n,p), p)-

For f € Tpe(n,p), let C®(f€, p) be the linear subspace of C* (7, (n,p), p) spanned
by all the equivalence classes § of fibers of elements of 7,,,(n, p) of codimension x
with respect to p such that no fiber of f belongs to 3.

Lemma 9.2. For f € T,.(n,p), the following holds.
(1) We have 6,(C*(f¢,p)) C C5TL(f<, p) for every k € Z. Hence, C(f¢,p) =
(C*(f°,p), 0xlcn(fe.p))n constitutes a subcomplex of C(Tpr(n,p), p).
(2) The quotient complex

C(’];)r(nap)a p)/c(fca p) = (CK (%r(nap)a p)/ci{(fc’ p)ﬂglﬁ)ﬁ

is naturally isomorphic to C(f, p), where

b 2 C™(Tpe(n,p), p)/C*(f€, p) — C™FH(Tie (1, p), p) /CFH(f4, p)
1s the well-defined Zs-linear map induced by 0.

Proof. Let § € C"(f°, p) be an equivalence class of fibers of codimension x which
contains no fiber of f. For an equivalence class & € C**1(7,.(n,p), p) of fibers of

codimension & + 1, if [§ : &] # 0, then &(f) C F(f) ~ F(f). Since § does not
contain any fiber of f, we have @(f) = (), and hence Q;(f) = (. Thus, we have
& € CrH1(fe, p) and item (1) follows.

Let m, : C*(Tpe(n,p), p) — C*(f,p) be the natural projection: i.e., . is the
linear map defined by

m{(%) _ { 5, ifF € C(f,p),

0, otherwise,

for an equivalence class Fecr (Zpr(n, p), p) of fibers. Then, it is easy to see that the
system of Zy-linear maps {7, }, defines a surjective cochain map and the kernel of
7, coincides with C*(f¢, p). Hence, item (2) follows. This completes the proof. O

In view of the above lemma, the complex C(7,: (1, p), p) is universal in the sense
that the complex C(f,p) for a specific Thom map f is obtained as a quotient
complex.

Remark 9.3. We will see in §10 that the universal complex of singular fibers with

respect to the CY equivalence as defined above corresponds to increasing the gen-

erators of each cochain group of Vassiliev’s universal complex of multi-singularities
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[50] according to the topological structures of the fibers (see Definition 10.9 and
Remark 10.10).

9.3. Universal complex of singular fibers for Thom maps with fixed codi-
mension. As we have noticed in Remark 4.14, a singular fiber of a codimension k
map into a p-dimensional manifold can naturally be identified with a singular fiber
of a codimension k map into a (p + 1)-dimensional manifold. This is formalized as
follows.

Definition 9.4. Let f : M — N be a proper Thom map between manifolds of
dimensions n and p with £ = p — n. For a positive integer ¢, we call the map

fxidge : M x R® - N x R*

the £-th suspension of f. (When ¢ = 1, we sometimes call it the suspension of f
and denote it by X f.) Furthermore, to the fiber of f over a point y € N, we can
associate the fiber of f x idge over y x {0}. We say that the latter fiber is obtained
from the original fiber by the ¢-th suspension. Note that the ¢-th suspension of a
proper Thom map is again a proper Thom map.

By considering the suspension as above, we can define a cochain map

C(,Z;)r(n +4,p+ f), pn+€,p+€) - C(’Z},r(n,p), pn,p)

as long as the equivalence relations for the dimension pairs are consistent with each
other in a certain sense, which is specified as follows.

Definition 9.5. Let us fix an integer k. Suppose that for each dimension pair
(n,p) with p — n = k and min(n,p) > 0, we are given an admissible equivalence
relation p, , for the fibers of proper Thom maps between manifolds of dimensions
n and p. Such a system of equivalence relations

Ri =A{pnp : p—n =k, min(n,p) > 0},

which is often written simply as {pn p}p—n=k O {pPp—r,p}p, is said to be stable if
the following condition is satisfied: if two fibers of proper Thom maps between
manifolds of dimensions n and p are equivalent with respect to py, ;,, then their /-th
suspensions are also equivalent with respect to py4¢,p+e for all £ > 0. Note that the
{-th suspensions are fibers of proper Thom maps between manifolds of dimensions
n~+£¢and p+ /¢

For example, the set of C° equivalence relations { pg_ k. p}p gives a stable system of
admissible equivalence relations for the fibers of proper Thom maps of codimension
k, and we denote it by Rg.

Suppose that a stable system of admissible equivalence relations Ry as in Defi-
nition 9.5 is given for the fibers of proper Thom maps of codimension k. Then, for
every pair (n,p) with p — n = k and a positive integer ¢, the suspension induces a
natural map

(93) Sk CR(%I‘(” + €7p + 6)7 pn+€,p+€) - C”(’Z;r(n,p), pn,p)

for kK € Z. More precisely, when 0 < x < p, for an equivalence class § €
C*(Tpr(n+ £, p+£), pntepre) of fibers with respect to ppis pte, we define sﬁ(g) €
C*(Tpe(n, p), pn,p) to be the (possibly infinite) sum of all those equivalence classes
of fibers of codimension » with respect to p, , whose ¢-th suspensions are contained
in § For k > p or k < 0, we simply put s, = 0. Note that s, is a well-defined

Z-linear map by virtue of Definition 9.5.

Lemma 9.6. The Zs-linear map s, of (9.3) is a monomorphism for every k < p.
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Proof; For k < 0, the assertion is clear. Suppose 0 < x < p. For an equivalence
class § € C*(Tpe(n + £,p + £), pntep+e) of fibers, there exists a proper Thom map
f : M — N between manifolds of dimensions n+ ¢ and p+ £ such that its fiber over
a point y € N is a representative of § By the proof of Lemma 8.3, we may assume
that the stratum containing y is of codimension k. Let B be a small open disk
of dimension p embedded in N centered at y which is transverse to all the strata.
Then f|p-1(p) : f~Y(B) — B is a proper Thom map and the ¢-th suspension of
its fiber over y is CY equivalent to the fiber of f over y by Thom’s second isotopy
lemma. Moreover, the codimension of the equivalence class containing the fiber
of fly-1(p) over y is equal to k. Hence, s.(§) never vanishes. Since {pp_p}p is
stable, this shows that s, is a monomorphism.

Remark 9.7. We warn the reader that the equivalence class with respect to pp4r,pye
of the /-th suspension of a fiber whose equivalence class with respect to py ; is of
codimension k may not be of codimension k. The codimension can decrease by
suspension.

Remark 9.8. We see easily that for a x with 0 < kx < p, the Zs-linear map s, of
(9.3) is an isomorphism if and only if the following two hold.

(1) If an equivalence class of fibers with respect to p, , has codimension «, then
the equivalence class of their ¢-th suspensions with respect to p,y¢ p+e has
also codimension &.

(2) Two fibers whose equivalence classes with respect to p,, , have codimension
k are equivalent with respect to p, , if and only if their /-th suspensions
are equivalent with respect to ppn4¢,pye-

In particular, the Zs-linear maps s, are isomorphisms for all k with 0 < x < p if
and only if the following holds: two fibers are equivalent with respect to p, , if and
only if their /-th suspensions are equivalent with respect to ppye pte.

By virtue of Definition 9.5, we can prove the following.
Lemma 9.9. The system of Za-linear maps {s,}. defines a cochain map

C(,];)r (n +4,p+ 6), PnJré,erl) - C(,];)r (n,p), Pn,p)'

In other words, we have §,, 0 s,; = Siy1 09y for all k € Z.

Proof. We may assume that 0 < x < p—1. Let § be an equivalence class of fibers in
C*(Tpe(n+ €,p+£), pntepre), and & an equivalence class in C* (7. (n, p), pn.p)-

Let us consider the coefficients of & in 4, 0 $,,(F) and in $,41 0 §,(F).

Cuase 1. The equivalence class of the ¢-th suspension of ® has codimension strictly
smaller than x + 1.

The relevant coefficient in s,41 0 (%) is clearly zero by the definition of s,41.
On the other hand, if the relevant coefficient in 6§, o sﬁ(§) is not zero, then there
is a codimension k equivalence class S% whose coboundary contains ® and whose
{-th suspension is contained in § By our assumption, the ¢-th suspension of ® has
codimension strictly smaller than x + 1, and hence either the ¢-th suspension of 9
has codimension strictly smaller than x, or the ¢-th suspension of & is equivalent
to the ¢-th suspension of 5

The first case does not occur, since the ¢-th suspension of $ is contained in §,
which is of codimension .

If the second case occurs, then the equivalence class of the ¢-th suspension of
® has codimension x. Since by Lemma 8.3, the equivalence class determines a
topological submanifold of codimension x, there must be a unique codimension
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equivalence class f)' (# f)) whose coboundary contains ® and whose /-th suspension

is contained in S Hence, we see that the coefficient of ® in 0, 0 s,@(g) is equal to
Z€ro.
Hence, the relevant coefficients coincide with each other in this case.

Case 2. The equivalence class of the ¢-th suspension of ® has codimension &+ 1.
The coefficient of & in 4, o sﬁ(§) is equal to the number of codimension s
equivalence classes whose coboundaries contain ® and whose (-th suspensions are
contained in S On the other hand, the coefficient of & in Sk4100x (%’) is not zero if

and only if the ¢-th suspension of & is contained in the coboundary of §. Hence, the
relevant coefficients coincide with each other in this case as well. This completes
the proof. (I

It follows easily from the definition of s, that the composition of

St C"(Tor(n+ L+ p+ L+ L), prire preve) = C%(Tor(n+ £,p + £), prtepie)
and
skt C"(Tpe(n + £,p +0), pryepre) — C*(Toe(n, p), pnp)
coincides with
Sk - C'{(Tpr(n L+l p+ L+ 6/), Pn+€+€’,p+€+€’) — C"( pr(n ), Pn,p)-
By this observation together with Lemma 9.9, for a fixed integer k, the projective
limit

(9.4) C(Tpr(k), Ri) = lim C(To(p — k., 1) pp—r.p)

is well-defined as a cochain complex. We call C (’f;r(k),Rk) the universal complex
of singular fibers for codimension k proper Thom maps with respect to the stable
system of admissible _equivalence relations Ry. We write its cohomology group of
dimension & by H"(T,:(k), R).

Remark 9.10. Recall that the projective limit

C*(Tpr (k) Rir) = lim C*(Toe (p = ) pp-i.p)
D

is identified with the subspace of the product
I, C™(Tor(p = k. P), Pp—1.p)
consisting of all elements (c,), with s.(cp4e) = ¢p for all p and .
As a direct consequence of Lemmas 9.6 and 9.9, we have the following.
Lemma 9.11. The natural map
(9-5) p# O (Tpr(k), Ri) — C" (T (n, ). pnp)

induced by the projection is a monomorphism if kK < p. Furthermore, the system of
Zy-linear maps {®;; ,}. defines a cochain map

C(Tpre(k), Rie) = C(Tpu(n, D), pup)-

The Zs-linear map ®;; , defined above can be identified with the map (9.6) which
will be defined in §9.4.
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9.4. Another description of the universal complex of singular fibers for
Thom maps with fixed codimension. The complex C(7y:(k), Ri) can also be
constructed by using another method, as explained below.

Definition 9.12. Let f; : M; — N;, i = 0,1, be proper Thom maps with the same
codimension k£ = dim N; —dim M;. We say that the fibers over y; € N;, 7 = 0,1, are
stably C° (or C°°) equivalent if the fibers of f; X idge; : M; x R% — N; x RY% over
y; x {0} are C° (resp. C°) equivalent to each other for some nonnegative integers
gi; 1= 0, ]., with dlI'IlNO + EO = dlI'IlNl + £1~

Definition 9.13. Suppose that an equivalence relation 7%;C among the fibers of
proper Thom maps of codimension k is given. We say that the relation ﬁk is stably
admissible if the following conditions are satisfied.

(1) If two fibers are stably CY equivalent, then they are also equivalent with
respect to ﬁk.

(2) For every positive integer £, two fibers are equivalent with respect to ﬁk if
and only if their /-th suspensions are equivalent with respect to ﬁk.

(3) For any proper Thom maps f; : M; — N;, ¢ = 0,1, of codimension k
and for any | points y; € N; whose corresponding fibers are equivalent with
respect to Rk, there exist neighborhoods U; of y; x {0} in N; x R for
some nonnegative integers ¢;, ¢ = 0,1, with dim Ny + ¢y = dim Ny + 41,
and a homeomorphism ¢ : Uy — Uy such that ¢(yo x {0}) = y1 x {0} and

w(UpN {S’(fo X idge)) = U N S(fl x idge, ) for every equivalence class {S’ of
fibers with respect to ﬁk, where §(f1 xidge, ) is the set of points in N; x R%
over which lies a fiber of f; x idgre; of type §

For example, the stable C° equivalence is a stably admissible equivalence rela-
tion, and we denote it by 7%2

The following lemma can be proved by an argument similar to that in the proof
of Lemma 8.3.

Lemma 9.14. For every equivalence class 3 with respect to a stably admissible
equwalence relation Rk, and for every proper Thom map f: M — N in ’Z;r( ), the
subspace S(f) of N is a union of strata of N'. Furthermore, we have the following.
(1) For everyy € §(f), there exists a nonnegative integer £ such that §(f) xRf
is a C° submanifold of N x R’ at y x {0}.
(2) The codimension of F(f) x R in N x R at y x {0} does not depend on
the choice of y or f.

By virtue of the above lemma, the codimension of § makes sense, and we denote
it by /@(@)

Let ﬁk be a stably admissible equivalence relation among the fibers of proper
Thom maps of codimension k. Then, we can naturally construct the cochain com-
plex C(Tpe(k), Ri) = (C*(Tpe(k), Ri), 64)x as follows: C% (T, (k), R) is the Zo-
vector space consisting of all formal linear combinations, which may possibly con-
tain infinitely many terms, of the equivalence classes § of fibers of proper Thom
maps of codimension k with x(3) = k and

O+ C%(Tyn(k), Ri) — C™ ™ (Tin(k), Ri)
is defined in a way similar to . (f) (see (9.1) and the subsequent remark). (Here,
we simply put C% (T, (k), Ry) = 0 for k < 0.) Note that the incidence coefficient
is well-defined by v1rtue of Definition 9.13 (2) and (3). We write the cohomology

group of dimension & of the cochain complex C(T,.(k), Ry) by H” (Tpe(K), Ri).-
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Let us now discuss the relationship between the complex thus obtained and that
of §9.3. Suppose that a stable system Ry = {pp—r,p}p of admissible equivalence
relations for the fibers of proper Thom maps of codimension k in the sense of
Definition 9.5 is given. Then, we can naturally define a new equivalence relation
ﬁk for the fibers of proper Thom maps of codimension k as follows: two such fibers
are equivalent if some of their suspensions are equivalent in the original sense. Then
we can easily check that this new equivalence relation ﬁk is stably admissible in the
sense of Definition 9.13. For example, if we consider the system of C? equivalence
relations RY = { pg_ k.pJp> then it defines a stable system of admissible equivalence
rglations, and the new equivalence relation is nothing but the stable C° equivalence
RY.

Then, we get the following.

Proposition 9.15. The complex C(f;r(k), ﬁk) with respect to the new equivalence
relation Ry, is naturally isomorphic to the universal complex C(’fpr(k), Ryi), defined

by (9.4), of singular fibers for codimension k proper Thom maps with respect to the
original stable system of admissible equivalence relations Ry = {pp—k.pp-

Proof. For every pair (n,p) with p —n = k and for every k, we can naturally define
the Zs-linear map

(9.6) OF O (Tpe(k), Rie) — C*(Tpe (0, D), )

by associating to each equivalence class § of codimension k with respect to ﬁk the
sum of all those equivalence classes of codimension k with respect to p, , which are
contained in F. It is not difficult to show that @, p = {P}, ,}» defines a cochain
map
C(Tpe(k), Rie) = C(Tpe(n,0), Pp)

(see the proof of Lemma 9.9) and that s, o ®r,, ., = @, for every positive
integer ¢, where s, is the Zs-linear map (9.3) induced by the suspension. Hence,
{®p—r,p}p induces a cochain map

¢ C(,fpr(k); 7/2\’]{2) - 1EIl C(Tpr(p - kap)a prk,p) - C(,fpr(k)a Rk)
p

by the universality of the projective limit. Furthermore, it is not difficult to show
that @ is injective. Finally, ® is surjective by virtue of the definitions of Ry and
the projective limit. Hence, we have the desired conclusion. This completes the
proof. (I

Conversely, suppose that a stably admissible equivalence relation ﬁk among the
fibers of proper Thom maps of codimension k is given. Then, for every pair (n,p)
with p —n = k, we can define the equivalence relation p, , among the fibers of
elements of 7, (n,p) as follows: two such fibers are equivalent with respect to p, ,
if they are equivalent with respect to 7%;C and in Definition 9.13 (3), ¢; can be
chosen to be zero, i.e., if there exist neighborhoods U; of y; in N;, i = 0,1, and a
homeomorphism ¢ : Uy — U; such that ¢(yo) = y1 and ¢(Uy ﬂ§(fo)) =U; ﬂg(fl)
for every equivalence class §' of fibers with respect to ﬁk, where f; : M; — N, are
elements of 7,.(n, p) whose fibers over y; € N; are the given ones, and §(f1) is the
set of points in IN; over which lies a fiber of f; of type §

Lemma 9.16. (1) The relation p, , defined as above is an admissible equivalence
relation in the sense of Definition 8.2.

(2) The system of equivalence relations Ry = {pp—k.p}p is stable in the sense of
Definition 9.5.
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Proof. (1) We can show that the C” equivalence implies the equivalence with respect
to pp.p, since CY equivalence implies the equivalence with respect to ﬁk.

Suppose that f; : M; — N;, i = 0,1, are elements of 7,.(n,p) whose fibers
over y; € N; are equivalent to each other with respect to p, . Then, there exist
neighborhoods U; of y; in N;, i = 0,1, and a homeomorphism ¢ : Uy — U;j such
that ©(yo) = y1 and (U N §(f0)) =Ui N §(f1) for every equivalence class § of
fibers with respect to ﬁk. Then, the fiber of fy over an arbitrary point y € Up is
equivalent, with respect to p, p, to that of f1 over ¢(y), by the very definition of
the equivalence relation p,, ,. Hence, we have p(Uy N %(fo)) =U; N §(f1) for every
equivalence class § with respect to p,, ,. Hence, (1) holds.

(2) This follows immediately from the definition of the equivalence relation p;, .
This completes the proof. O

We see easily that the stably admissible equivalence relation among the fibers
of proper Thom maps of codimension k constructed from Ry coincides with the
original equivalence relation ﬁk. Therefore, by Proposition 9.15, the complex
C(’]},r(k),ﬁk) is naturally isomorphic to the universal complex C(7,:(k), Ri), de-
fined by (9.4), of singular fibers for codimension k proper Thom maps with respect
to the stable system of admissible equivalence relations Rx = {pp—kp}p-

For the stable C° equivalence, we have the following problem, the answer to
which the author does not know.

Problem 9.17. Let f; : M; — N;, i = 0,1, be proper Thom maps such that n =
dim My = dim M; and p = dim Ny = dim N;. For points y; € N;, if the fibers of f;
over y; are stably C° (or C*°) equivalent, then are they C° (resp. C>) equivalent?
In other words, is the natural cochain map

C(Tpu(k), RY) — C(Tpe(n,p), 03 ,)

of the universal complex with respect to the stable C° equivalence to that with
respect to the C° equivalence an epimorphism?

Note that if f; are codimension —1 proper C° stable maps of manifolds of di-
mension less than or equal to 4, then the answer to the above problem is shown to
be affirmative by using an argument similar to that in the proof of Corollary 4.9.
(In the 4-dimensional case, we should assume the orientability of the source mani-
fold, while for the other dimensions, it is not necessary. See Corollary 4.16 and the
subsequent remark.)

9.5. Changing the equivalence relation. Suppose that we are given two ad-
missible equivalence relations p = p, , and p = p,, ,, for the fibers of elements of
Tor(n, p). If every equivalence class with respect to p, , is a union of equivalence
classes with respect to p,, ,, then we say that p,, is weaker than p, , and write
Prp < Pp,p- In this case, we can naturally define the Zs-linear map

(9~7) Epp - C(’];)r(n,p), P) - C(Tpr(n,p),ﬁ)

by associating to a class § of codimension x with respect to p the sum of all the
equivalence classes with respect to p of codimension k contained in § This clearly
defines a cochain map (for example, see the proof of Lemma 9.9). Note that the
associated map

C*(Tpr(n, p), p) = C*(Tpe(n,p), P)
is a monomorphism for every k.

Suppose that we are given two stable systems of admissible equivalence relations
Ri = {pp—rp}p and Ry = {p, 1, }p for the fibers of codimension k proper Thom
maps. If p,_r,p < p,_y, for every p, then we say that Ry is weaker than Ry and
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write Ry < Ry. In this case, the system of cochain maps {€0p rpoPp_np 1w induces
the cochain map _ B
er, 7wy - C(Tor(k), Ri) = C(Tpr(K), Ri)-
Note that the associated map
C" (Tpu (), Ri) — C* (T (), Ric)

is a monomorphism for every k.

In particular, if we consider the C° equivalence p%,p among the fibers of elements
of T,:(n,p), then we have p, , < p%,p for any admissible equivalence relation py, ;.
Hence, we have the cochain map

Epn.phl C(,];)r(nvp)a pn,p) — C(’Z},r(n,p), p%,p)'

In other words, since this cochain map is always a monomorphism, we may regard
C(Tpe(n,p), pnp) as a subcomplex of C(Tpe(n, p), oy ,)-

Furthermore, if we consider the stable system of admissible equivalence relations
Ry = {p)_1,}p induced by the C° equivalence, then R, < RY for any stable
system Ry of admissible equivalence relations. Hence, we have the cochain map

erpry  C(Toe(k), Ri) — C(Tpe(k), RY).

We can show that this is always a monomorphism, and hence C(Z,(k), Ri) can be

regarded as a subcomplex of C(7p,,(k), RY).

9.6. Changing the class of maps. So far, we have worked with the whole set of
proper Thom maps of a fixed codimension. By restricting the class of Thom maps
that we consider, we can also obtain the universal complex of singular fibers for
such a class of maps.

First, let us consider maps between manifolds of fixed dimensions.

Definition 9.18. A C? equivalence class § of fibers of elements of 7y, (n, p) is said
to be under another C° equivalence class & of fibers if for some (and hence every)
representative f : M, f~1(y) — N,y of §, there is a point y arbitrarily close to y
over which lies a fiber of type &. In this case, we also say that & is over §.

Let I' =T, , be an ascending set of C” equivalence classes of fibers of elements
of T (n, p), where “ascending” means that for an arbitrary equivalence class in the
set, every class over it also belongs to the set. We say that a proper Thom map
f : M — N between smooth manifolds of dimensions n and p is a I'-map if its
fibers all lie in I'. We use the same notation I' = I';, , for the set of all I'-maps,
when there is no confusion.

If for an arbitrary equivalence class in the set I'; every class under it also belongs
to the set, then we say that it is an descending set. For example, the set of all
C° equivalence classes of fibers of a fixed Thom map f € 7, (n,p) is ascending,
while the set f¢ of all C? equivalence classes of fibers of elements of 7, (n, p) which
do not appear for f is a descending set. Note that C(f¢,p") is a subcomplex of
C(Zpe(n,p), p°) (see Lemma 9.2), essentially because the set f¢ is descending.

Let I' =T, be as above and let p'' = pgyp be an equivalence relation among
the fibers of I'-maps which is admissible in the same sense as in Definition 8.2.
Then, we can naturally define the universal complex C(T'y, p, p") of singular fibers
for T-maps with respect to the admissible equivalence relation p'. We write the
corresponding cohomology group of dimension « by H"*(T'y, p, oh).

Suppose that the equivalence relation p' is the restriction to I' of an admissible
equivalence relation p = p,, , among the fibers of elements of 7, (n, p). Let C*(T°¢, p)

be the linear subspace of C*(7p,(n,p), p) spanned by all the equivalence classes §
of fibers of elements of 7,,,(n,p) of codimension x with respect to p such that no
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fiber of a I'-map belongs to § Then, by an argument similar to that in the proof
of Lemma 9.2, we can prove the following. Details are left to the reader.

Lemma 9.19. For an ascending set I' =T, ,, of C° equivalence classes of fibers of
elements of Tpr(n,p), the following holds.

(1) We have 6,(C*('¢, p)) C C*(T¢, p) for every k € Z. Hence, C(I'¢,p) =
(C*(T%, p), 0x|cw(re,p))n constitutes a subcomplex of C(Tye(n,p), p).
(2) The quotient complex

C(,Tpr(nap)a p)/C(FC, p) = (CK (%r(nap)a p)/cn(rc’ p)’ gl{)l‘é
is naturally isomorphic to C(T', p''), where
gﬂ : CR(%T(nvp)a p)/CH(FCa p) - C’H—l(%r(nap)v p)/cn-i-l(rc’ p)
1s the well-defined Zs-linear map induced by 0.

More generally, if I and I are two ascending sets of singular fibers of elements of
Tor(n, p) such that I' C 7, and if the admissible equivalence relation p* for I is the
restriction to I' of an admissible equivalence relation pFl for TV, then we naturally
have the cochain map

LS N C(FI7PF,) —C(T,p")

induced by the projection. Note that the corresponding Zs-linear map on every
dimension is an epimorphism.

Furthermore, if pFl and ﬁr/ are two admissible equivalence relations for I with
pr/ < ﬁrl in a sense similar to §9.5, then we can naturally define the cochain map

y i C(F/a pF’) - C(FlapFl)'

Eor B

Note that the corresponding Zs-linear map on every dimension is a monomorphism.
If p" and p' are the restrictions to I" of pr/ and p* respectively, then we have the
commutative diagram of cochain complexes:

T/ 1/

o,y 2 e )
(9.8) WF’,Fl J{Wr’,r

cr.pt) T erph).

Let us denote by C(I' ~ T, p") and C(I" ~ T,7" ) the kernels of the Zy-linear
maps

SN C(FI7PF,) - C(RPF)
and
mer O30 ) — C(T,7")

respectively. Note that they are subcomplexes of C(IV, pF/) and C(I ,ﬁF') respec-
tively spanned by those equivalence classes of fibers in I which contain no fiber in T".
Furthermore, we define C(T', 7" /p") and C(I”, 5" /p" ) to be the cokernels of €pr 57
and ¢ o respectively. It is easy to show that ¢ o B induces a monomorphism
C(I'\T,p") - c(r'~1,7")
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and we denote its cokernel by C(I" ~ r,p" /p"). Then we naturally have the
following commutative diagram:

(9.9)
0 0 0
l ’ l ’ l ’ !’

0 — C'~\T,p") — Cc~I,) — e ~r,5" /o) — 0
l l !

0 — ey ey - ety — 0

Tr/.r T/ r l

0 — cme) T oewp) - emd) - 0
l l !
0 0 0

where all the rows and columns are exact. Therefore, we have the corresponding
commutative diagram of long exact sequences of cohomologies as well.

Now, let us vary the dimension pair (n,p) keeping the codimension p —n = k
fixed. Let

T=Ty= |J Ty
p—n=~k
be a set of C° equivalence classes of fibers of proper Thom maps of codimension k
such that each I';, ;, is an ascending set of CY equivalence classes of fibers of elements
of Tpr(n,p), and that T is closed under suspension in the sense of Definition 9.4.
(For example, the set of all C? equivalence classes of fibers of elements of ggr(k) is
such a set.)

We say that a proper Thom map of codimension k is a fk—map if its fibers all
lie in fk. We use the same notation I' = fk for the set of all fk—maps, when there
is no confusion.

Let R}; = {pgﬁ’k’f; }p be a system of equivalence relations, where each Pgi}ljbp is
an admissible equivalence relation among the fibers of I',_j ,-maps. Furthermore,
we assume that the system R}; of admissible equivalence relations is stable in the
sense of Definition 9.5.

Then, we can naturally define the universal complex of singular fibers

c(Tr, RL)

for fk—maps with respect to the stable system of admissible equivalence relations
Rg As in the case of Thom maps, we have two definitions for the universal com-
plexes, which are equivalent to each other as in Proposition 9.15. We write its
cohomology group of dimension xk by H "‘(fk, RY).

Note that if the stable system of admissible equivalence relations RE is the
restriction of a stable system of admissible equivalence relations Ry among the fibers
of proper Thom maps of codimension k, then we see that the complex C (fk, Rg) isa
quotient complex of the universal complex C(’j;r(k), Ry) in view of the construction
given in §9.4.

More generally, if [ and IV are two ascending sets of singular fibers of elements of
’f;r(k) which are closed under suspension such that Lcr’ , and if the stable system
of admissible equivalence relations RE for T is the restriction to I' of a stable system
of admissible equivalence relations Rgl for IV , then we naturally have the cochain
map

O, RE) — C(T,RE)
47



induced by the natural projection. Note that the corresponding Zs-linear map on
every dimension is an eplmorphlsm

Furthermore, if R and R are two stable systems of admissible equivalence
relations for I/ with RT’ < R in a sense similar to §9.5, then we can naturally
define the cochain map

gy @ R - (@, R).

Note that the corresponding Zz-linear map on every dimension is a monomorphism.

= —T e ~ g =T .
If R and R are the restrictions to I' of Rl and R respectively, then we have
the commutative diagram of cochain maps:

€ 51 =7/ 1

e, Ry = T, R )

Wf\l,fwl J{T(fw/’f

c@,RT) —Z-F, C(T,R).

Note that we can extend the above commutative diagram as in (9.9) so that we
obtain exact rows and columns.

Remark 9.20. Let T' = I'y = U,T',_, be as above and RE = {p p” wa }p be a stable
system of admissible equivalence relations for the fibers of I- maps. Then we have
the natural Zs-linear map

;0 kp - CK(F RF)*)C (Tp— k,papppkkpp)

induced by the projection for every p, since C’”(f Rf) is the projective limit and
hence is a Zy-submodule of the product of all C*(I'p—_ p, pp o ") (see Remark 9.10).

(Note that for I' = ’j;r(k), this map has already been defined. See (9.5) and (9.6).)
Set n = p—k. For 0 < x < p, &7, is a monomorphism if and only if every

equivalence class of fibers in I' with respect to Ry of codimension contains a

Cp—k.p
suspension of a fiber in I‘p k,p Whose equivalence class with respect to Pp ke

has codimension x, where Rk is the stably admissible equivalence relation among
the fibers in I' defined just before Proposition 9.15 (compare this assertion with
Lemma 9.11). On the other hand, ®;; , is an epimorphism if and only if the following
two conditions hold.

(1) If an equivalence class of fibers in Iy, ;, with respect to pgf}g” has codimen-
sion k, then the equivalence class of their /-th suspensions with respect to

r

Py i has also codimension x for all £ > 1.

(2) Two fibers in T, , whose equivalence classes with respect to pgj‘p’p have
codimension x are equivalent with respect to pn” ;7 if and only if their ¢-th

Crte,pte
suspensions are equivalent with respect to p,, Nepre for some ¢ > 0.

Compare this with Problem 9.17, Lemma 9.6 and Remark 9.8.

When a class of proper Thom maps is given, let us consider the following defini-
tions.

Definition 9.21. (1) Let I';, , = I be a subset of 7;,;(n, p). We denote by I';, ) =T

the set of all C? equivalence classes of fibers of elements of I', ,. Then, it is clear

that I';, , is an ascending set and the set of all I}, -maps contain the original set

I, of maps. For an admissible equivalence relation p!' among the elements of
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I}, ,» we define the universal complex of singular fibers for 'y, , with respect to b
by
C(Tnp,p') =C(T5 4o p").

Furthermore, we denote the corresponding cohomology group of dimension x by
H*(Ty,p, pb). We call the set of '}, ,-maps the completion of I';, ,. When the set of
'}, p-maps coincides with the original set I',, ,, we say that the set I'y, , is complete.

(2) Let Ty = T be a subset of T, (k). We denote by I'; = I'* the set of all C°
equivalence classes of fibers of elements of I';, and their suspensions. Then, we have

U T

p—n=~k
where I'} ) is the set of CY equivalence classes in F* of fibers of maps between
manifolds of dimensions n and p, and each I'},  is an ascendlng set. Furthermore,
F,”; is closed under suspension. Then, it is Clear that the set of all f’lg—maps contain
the original set fk of maps. For a stable system of admissible equivalence relations
RE among the elements of f,”;, we define the universal complex of singular fibers for
Ty with respect to RE by
C(Tw, R}) = C(TL, RY)-
Furthermore, we denote the corresponding cohomology group ¢ of codimension k by

H"(I‘k,RF). We call the set of Fk maps the completion of I‘k When the set of
F* -maps coincides with the original set Fk, we say that the set Fk is complete.

Ezxample 9.22. For example, the set Spr(n,p) is not complete, since there exist
nonstable Thom maps whose fibers are all C° equivalent to a fiber of a C? stable
map. On the other hand, 7,.(n,p) is clearly complete.

In the following, if I' = T, C T, , = I' C Tpe(n, p) and p" is the restriction
of an admissible equivalence relation pF for the fibers of elements of T, P
sometimes write C(I'y, p, P in place of C(T n.py - ) when there is no confusion. For
the universal complexes for the fibers of codimension k maps, we sometimes use

the same convention as well.

we

Ezample 9.23. Let M, (n,p) be the set of all proper Morin maps in 7y, (n, p) which
satisfy the normal crossing condition as in [13, Chapter VI, §5], and set

Mpr(k): U Mpr(nap)'
p—n=k

(Here, a smooth map is called a Morin map if its singularities are all of Morin types
[29].) Furthermore, we denote by Moy, (n,p)° the subset of Mp,(n,p) consisting
of those maps whose source manifolds are orientable, and we set

Mpr(k ori _ U Mpr n p)OI‘I

p—n=k

(Note that the sets Mvpr(k) and Mpr(k)ori are closed under suspension.) Then, by
using Remark 9.20, we can show that

cr (Mvpr(_l)oriv Rgl) =C" (Mpr (47 3)Oria pAOL,B)
for all k < 3, and hence
H"(Mpe(=1)°", R ) = H* (M (4,3)°, pf 5)

for k < 2 (see also the paragraph just after Problem 9.17). Compare this with
Problem 10.8.
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10. UNIVERSAL COMPLEX OF SINGULAR FIBERS FOR STABLE MAPS OF
ORIENTABLE 4-MANIFOLDS INTO 3-MANIFOLDS

Now, let us consider a more specific situation, i.e., the case of proper C'* stable
maps of orientable 4-manifolds into 3-manifolds. Recall that a proper smooth map
of a 4-manifold into a 3-manifold is C* stable if and only if it is C° stable, as we
have noted in Remark 4.2. In the following, we denote by Sgr(n, p)°*! the subset
of Sgr(n,p) consisting of the proper C® stable maps of orientable manifolds of
dimension n into manifolds of dimension p.

The universal complex of singular fibers C(S9,(4,3)°", p 3) for proper C* stable
maps of orientable 4-manifolds into 3-manifolds with respect to the C° (or C°)
right-left equivalence pig can be described as follows.

For a positive integer ¢, let us denote by 12 the equivalence class of the singular
fiber which is the disjoint union of the corresponding singular fiber I° as in Fig. 8
and some fibers of the trivial circle bundle such that its total number of connected
components is equal to £. We define T} (£ > 1), I[;° (¢ > 2), etc. similarly. Further-
more, let 0p (¢ > 0) denote the equivalence class of the regular fiber consisting of ¢
copies of a fiber of the trivial circle bundle.

Then, by the construction in §9, we obtain the complex of Zs-coefficients

ri d ri
0 CO (Sgr(4a 3)0 ’ pg,B) : Cl (Sgr (47 3)0 ’ pg,B)
01 ri g ri
02 (Sgr(4a 3)0 ’ pg,j) . CS (S}Q)r (47 3)0 ’ pg,&) 07

where C%(80,(4,3)°", p} 3) is generated by 0y, and C*(89,(4,3)°", p} 3), i = 1,2,3,
are generated by Iy, II; and III;, respectively, for various ¢. Note that we have not
specified any proper C° stable map f : M — N of an orientable 4-manifold into a
3-manifold. Hence, this complex can be regarded as a universal complex of singular
fibers for proper C° stable maps of orientable 4-manifolds into 3-manifolds, in the
sense that the corresponding complex for a specific C° stable map f is realized as
a quotient complex of the universal complex (see Lemma 9.2).

This complex has the disadvantage that it has too many generators at each
dimension and hence that it is a bit difficult to pursue a straightforward calculation
of its cohomology groups. Thus, it seems reasonable to consider an equivalence
relation weaker than the C° equivalence. For this, let us fix a positive integer m.

Definition 10.1. We say that two fibers of proper Thom maps between manifolds
of dimensions p + 1 and p, p > 0, are C° equivalent modulo m circle components if
one of them is CV equivalent to the disjoint union of the other one and £m copies
of a fiber of the trivial circle bundle for some nonnegative integer . We denote this
equivalence relation by pgﬂ,p(m). Given a subset I'p41 , of 7o (p + 1, p), we shall
use the same notation pg 41,p(m) for the equivalence relation for 'y ; , induced
by the above one, when there is no confusion (for the notation IV s refer to
Definition 9.21).

Lemma 10.2. Let p be a nonnegative integer and m a positive integer. The C°
equivalence modulo m circle components pg+1’p(m) is an admissible equivalence
relation for the fibers of elements of Tpr(p + 1,p) and hence for | B

Proof. By definition, we see easily that condition (1) of Definition 8.2 is satisfied.
Suppose that two fibers are C¥ equivalent modulo m circle components. Then by
definition, the corresponding nearby fibers are all C° equivalent modulo m circle
components. Hence condition (2) of Definition 8.2 is also satisfied. This completes
the proof. O
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Remark 10.3. Furthermore, we can also show that the system of admissible equiv-
alence relations R? | (m) = {pY, ; ,(m)},>0 for the fibers of elements of 7, (—1) is
stable in the sense of Definition 9.5. Hence, for any subset f_l of ’jv},r(—l) which

is closed under suspension, the restriction of RY ,(m) = {Pg+1,p(m)}pzo to ' is
also stable.

By Lemma 10.2, for a nonnegative integer p and a positive integer m, we can
define the universal complex of singular fibers

C(,z;)r(p + 17p)) p2+1,p(m))

for proper Thom maps between manifolds of dimensions p+ 1 and p with respect to
the C° equivalence modulo m circle components. More generally, for every subset
Tpt1,p of Tpe(p + 1, p), we can define the universal complex of singular fibers

C(F;D-H,pa p2+1,p(m))

for I'py1,p with respect to the C° equivalence modulo m circle components (see Defi-
nition 9.21). We call the universal complexes thus obtained the universal complezes
of singular fibers modulo m circle components.

The argument in §5 can be elaborated to prove the following results. Details are
left to the reader.

Proposition 10.4. The cohomology groups of the universal complex of singular
fibers modulo two circle components

C(Sgr(4a 3)01‘1’ p2,3(2))

for proper C° stable maps of orientable 4-manifolds into 3-manifolds are given as
follows:

H (Sgr(él, 3)er p2’3(2)) Zs (generated by [0, + 0c)),
HY(S9,(4,3)°", 09 5(2)) = Zy (generated by [I7 +13] = [Ig + 11]),
H (Sgr(4 3)ori,p2’3(2)) = 07

where Fo (or Fe) denotes the C° equivalence class modulo two circle components
represented by Fo with € odd (resp. even), and [x| denotes the cohomology class
represented by the cocycle *.

Remark 10.5. We can apply Proposition 8.4 as follows. The Zs-homology class (of
closed support) in the target 3-manifold represented by a cycle corresponding to
a coboundary of the universal complex of singular fibers (modulo m circle compo-
nents) always vanishes. For m = 2, the coboundary groups are generated by the
cochains listed in Table 2.

K generator(s)
L+ %)~ G+ 1)
2| O 1%t 4112, 110t + 2t 4 11e

TABLE 2. Generators for the coboundary groups of C(89,(4,3)°", p} 5(2))

For k = 3, we can easily read off the generators from Table 1 given in §5. Note
that these lead to the congruences modulo two obtained in Proposition 5.1.
Compare this with [50, 12.5.4, 12.6.5, 13.4.1] and [33].
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Remark 10.6. By using the classification theorem of singular fibers for proper C°
stable maps in 8J,(3,2)°" and in SJ,(2,1)°" (see Remark 4.14 and Theorem 3.1),
we see that the Zs-linear maps

s 0 O™ (Spe(4,3)7,01.5(2)) = C™(Sp(3,2)°", 95 2(2))
for Kk <2 and
s 1 C™(Sp,(4,3)°, 0 5(2)) — C"(Sp(2,1)°, p3,1(2))

for k < 1 induced by the suspension are in fact isomorphisms. Hence, some of the
above results are valid also for C(S0,(3,2)°", p§ 5(2)) and C(89,(2,1)°", p§ ;(2)). For
example, we have the following, where for an equivalence class of fibers, we use the
same notation as the equivalence class of its suspension.

(1) For f e 8).(3,2)°", we have
IS ()] + U (H] + (A = TS (] + [T ()] + I5(F =0 (mod 2).
(2) For f e 8).(2,1)°", we have

NI+ L (A = ()] + Le(f)]  (mod 2).

We can also prove the following. For the notation, refer to Theorem 4.15 and
Proposition 10.4.

Proposition 10.7. The cohomology groups of the universal complex of singular
fibers modulo two circle components

C(Sgr (37 2)) pg,2(2))

for proper C° stable maps of (not necessarily orientable) 3-manifolds into surfaces
are given as follows:

H°(87:(3,2),055(2)) = Zs (generated by [0 + Oc]),
H'(80,(3,2),082(2) = Zy& Zs (generated by 1) +1}] = [0 +T}]
and [I2 4+ 12]).

IR

The coboundary groups of the cochain complex C(S0,(3,2), p3 5(2)) are generated
by the cochains listed in Table 3 (see also Remark 5.5).

K generator(s)
1 (0 4+13) — (1 +1Y)

~01 ~01 ~a ~01 ~01 ~a ~02 ~02 ~12 ~12 ~6 ~6
2| I, +10, +IL, 00, +1II, +IL, 0, +I, +I0, +II, +1II_+1I,

TABLE 3. Generators for the coboundary groups of C(85,(3,2), p3 5(2))

By the same reason as in Remark 10.6, some of the above results hold also for
C(Sgr(2a 1)7 p(2)71(2)) as well.

Problem 10.8. Is the natural map
H™(Sp.(—1),RYy) — H*(Sp,(4,3), p 3)
an isomorphism for k < 27 More generally, is the natural map
H"(S5.(~1),R%y) — H*(Sp(p + 1,p), Py )
an isomorphism for x < p — 1?7 Compare this with Remark 9.20 and Example 9.23.

Now, let us introduce the following equivalence relation among the fibers weaker
than the C° equivalence.
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Definition 10.9. Let us consider the class of maps f in 7,.(n,p) such that the
restriction to its singular set S(f), fls(y), is finite-to-one. We say that two fibers
of such maps are C° multi-singularity equivalent (or multi-singularity equivalent)
if the associated multi-germs at their singular points are C° right-left equivalent to
each other. It is easy to show that this defines an admissible equivalence relation
for the fibers of the above class of maps. Here, we adopt the convention that if the
fibers contain no singular points, then they are always multi-singularity equivalent.
We denote the multi-singularity equivalence relation by pp'S,.
It is easy to see that if n = p+ 1, then

ms

0 0
Poi1p < Ppr1p(M) < ppiy
for every positive integer m.

Remark 10.10. Note that the universal complex of singular fibers with respect to
the multi-singularity equivalence corresponds to Vassiliev’s universal complex of
multi-singularities [50] (see also [19, 33]).

By using a characterization of C° stable maps of orientable 5-dimensional man-
ifolds into 4-dimensional manifolds as in Proposition 4.1, we can easily obtain the
following. The details are left to the reader.

Proposition 10.11. The cohomology groups of the universal complex of singu-
lar fibers for proper C° stable maps of orientable 5-dimensional manifolds into
4-dimensional manifolds with respect to the multi-singularity equivalence

C(Spr(5,4)°", pi3)

are given as follows:

HO(Sgr(5,4)°r‘,p§,’i) >~ Zs (generated by [0]),
Hl(Sgr(5,4)o“,pg’i) & Zs (generated by [TO +T1]),
H?(Sp,(5,4)%, p83) = 0,

HP(Sp,(5,4)°",p55) = 0,

where 0 denotes the multi-singularity equivalence class of reqular fibers, 1 the multi-
singularity equivalence class of the definite fold mono-germ, T the multi-singularity
equivalence class of the indefinite fold mono-germ, and [x] denotes the cohomology
class represented by the cocycle *.

The above proposition shows that if we consider Vassiliev’s universal complex
of multi-singularities, then a result like Theorem 6.1 cannot be obtained. In fact,
although we have not included the computation of H?(SD,(5,4)°", p 4(2)), we will
see in Corollary 13.12 that it contains a nontrivial element which corresponds to the
singular fiber of type ITI® as in Fig. 8 (see also Remark 11.12). We will also see that
such a nontrivial element is closely related to the formula given in Theorem 6.1.
This justifies our study of the universal complexes of singular fibers instead of
multi-singularities.

11. UNIVERSAL COMPLEX OF CO-ORIENTABLE SINGULAR FIBERS

Let us now proceed to the construction of another universal complex correspond-
ing to co-orientable strata.
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11.1. Universal complex with respect to the C° equivalence. Let us begin
by the following definition.

Definition 11.1. A C° equivalence class § of fibers of proper Thom maps is weakly
co-orientable if for any homeomorphisms ¢ and ¢ which make the diagram

(U0, M) —F— (1) 7 w)
1 |7
(U(Ja y) L} (Ula y)

commutative, ¢ preserves the local orientation of the normal bundle of F(f) at y,
where f is a proper Thom map such that the fiber over y belongs to §, and U; are
open neighborhoods of y. We also call any fiber belonging to a weakly co-orientable
C° equivalence class a weakly co-orientable fiber. In particular, if the codimension
of § coincides with the dimension of the target of f, then ¢ above should preserve
the local orientation of the target at y.

Note that if § is weakly co-orientable, then §(f) has orientable normal bundle
for every proper Thom map f. The author does not know whether the converse
also holds or not.

Remark 11.2. Note that F(f) is merely a C° submanifold of the target in general
(see Lemma 8.1 and its proof) and we have to be careful when we talk about its
normal bundle. However, as we have seen in the proof of Lemma 8.1, it is always
locally flat and the orientability of its normal bundle is well-defined. For example,
use the fact that U; \ (U; NF(f)) is homotopy equivalent to S*~1 x (U; NF(f)) for
appropriate U;, where k is the codimension of §.

Note that a weakly co-orientable C° equivalence class § of fibers has exactly
two co-orientations corresponding to the two orientations of the normal bundle of
F(f) at a point y in the target, where f is a Thom map such that the fiber over y
belongs to § and that the target itself is a small neighborhood of y. When one of
the co-orientations is fixed, we call it a co-oriented C° equivalence class of fibers.

Using the co-orientations, we can construct the universal complex of weakly co-
orientable singular fibers with coefficients in Z as follows. Let us first fix a dimension
pair (n,p) with p—n = k. For k € Z, let CO" (T (n, p), pg,p) be the free Z-module
consisting of all formal linear combinations with integer coefficients, which may
possibly contain infinitely many terms, of the C° equivalence classes § of weakly
co-orientable and co-oriented fibers of proper Thom maps between manifolds of
dimensions n and p with «(§) = &, where p?w stands for the C° equivalence
among the fibers of elements of 7,.(n,p). In particular, C’O"‘(’Z},(mp),pg’p) =
0 for k > p and k < 0. Here, we adopt the convention that —1 times a co-
oriented C° equivalence class coincides with the C° equivalence class with reversed
co-orientation. For two co-oriented C° equivalence classes of fibers § and & with
k(F) = k(®B) — 1, we define [§ : &] = nz(®) € Z, which is called the incidence
coefficient, as in §8, where we take the co-orientations into account and the result
is an integer. Then we define the homomorphism

6"6 : COH(%Y(nap)vpgb,p) - COK+1(7;T(nap)ap9L,p)
by
(11.1) @)= > [5:9]8,
K(®)=kr+1

for § with x(F) = k. Note that the homomorphism d,, is well-defined (for details,
see the remarks just after (9.1) in §9).
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Then, we can prove 6,41 0 d,, = 0 as in §9 or in [50, §8]. Therefore,
CO(Tpe(n, p), p'?t,p) = (CO"™(Tpe(n, p), p?z,p)7 Or)r

constitutes a complex and its cohomology groups
H*(CO(Tpe(n,p), P 1))

are well-defined. We call the complex the universal complex of weakly co-orientable
singular fibers for proper Thom maps between manifolds of dimensions n and p with
respect to the C° equivalence.

Remark 11.3. Let § be a weakly co-orientable and co-oriented C° equivalence class
of fibers and & a C equivalence class of fibers such that x(F) = #(®) —1. Then, by
using a “local co-orientation” for &, we can define the incidence coefficient [§ : ®]
as an integer. If this integer is non-zero, then we can show that & is also weakly
co-orientable. In other words, if & is not weakly co-orientable, then the incidence
coefficient [§ : &] vanishes.

By restricting the class of Thom maps that we consider, we can also obtain the
universal complex of weakly co-orientable singular fibers for such a class of maps
(for details, refer to §9.6). Such a complex is a quotient complex of the above
constructed universal complex (see Lemma 9.19).

Example 11.4. For proper C° stable maps of orientable 4-manifolds into 3-manifolds,
we see easily that 0, 19, I}, 1121, 1Ty, nga, I11;%, and HIZ are weakly co-orientable
for every ¢, and that the others are not weakly co-orientable. Using these weakly
co-orientable fibers, we can construct the universal complex of weakly co-orientable
singular fibers with coefficients in Z as follows:

ori do ori
0 COO (Sgr (45 3) ) pAOL,B) COI (Sgr (45 3) ) pAOL,B)
01 ori 02 ori
5 CO%(8),(4,3)7, pl 5) —> CO®(8p,(4,3)°, pl 5) — 0.

We call this the universal complex of weakly co-orientable singular fibers for proper
CO stable maps of orientable 4-manifolds into 3-manifolds.

By a method similar to that in §9.3, for an integer k, we can also define the
universal complex CO(’fpr(k), RY) of weakly co-orientable singular fibers for proper
Thom maps of codimension k with respect to the stable system of C° equivalence
relations as the projective limit of the complexes

CO(Tpr(p - kap)v pg—k,p)a
where Rg = {~pg_ k,p}p' We write the associated cohomology group of dimension
k by H*(CO(Tp(k),RY)). As in §9.4, we can also give another description of this
universal complex. Furthermore, we can also define a similar universal complex
of weakly co-orientable singular fibers for a given class of Thom maps, and show

that it is a quotient complex of the above constructed universal complex for Thom
maps.

11.2. Universal complex with respect to an admissible equivalence. Now,
let us fix an admissible equivalence relation p,, , among the fibers of proper Thom
maps between smooth manifolds of dimensions n and p. The following definition
strongly depends on p,, ;.

Definition 11.5. An equivalence class § of fibers of proper Thom maps with

respect to p,, , is co-orientable (or strongly co-orientable) if for any homeomorphism

¢ : (Uo,y) — (Uy,y) such that o(&(f) N Uy) = &(f) N U; for every equivalence

class Q~5, @ preserves the local orientation of the normal bundle of §( f) at y, where
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f is a proper Thom map such that the fiber over y belongs to %, and U; are open
neighborhoods of y. (Note that by Lemma 8.3, §(f) is a C° submanifold of the
target.) In particular, if the codimension of § coincides with the dimension of the
target, then ¢ should preserve the local orientation of the target at y. Note that if
§ is co-orientable, then §( f) has orientable normal bundle for every proper Thom
map f, while the converse may not hold in general.

Remark 11.6. When the admissible equivalence relation p,,, is given by the C°
equivalence, i.e., when p, , = p%,p, we can show that a C° equivalence class of
fibers is weakly co-orientable if it is strongly co-orientable. The author does not
know whether the converse also holds or not.

Using Definition 11.5, we can naturally define the universal complex of co-
orientable singular fibers for proper Thom maps between manifolds of dimensions
n and p with respect to the admissible equivalence relation p, ,, and we denote it
by CO(Tpe(n,Dp), pnp). Note that its cochain group at each dimension is a free
Z-module. We denote the corresponding cohomology group of dimension k by
H (CO(Tye(n,p). pup))-

If we are given a stable system of admissible equivalence relations

Ri = {pp—kp}p
for the fibers of proper Thom maps of codimension k, then we can also define the

corresponding universal complex CO(’fpr(k), R}) as the projective limit of the com-
plexes CO(Tpr(p—k, D), Pp—k.,p) as in §9.3. We denote the corresponding cohomology
group of dimension x by H" (CO(’j;r(k), Ryi)). Note that if the equivalence class of
the suspension of a fiber whose equivalence class has codimension « is co-orientable
of codimension x, then the original equivalence class is necessarily co-orientable,

and hence the cochain map
CO(Tpe(n + £, p+£), ptepre) — CO(Tpe(n, 1), prp)

is well-defined for every (n,p) with p —n =k and £ > 0. We can also give another
description of the universal complex CO(7,,,(k), Ry.) as in §9.4.

Let us consider two admissible equivalence relations p;, ;, and p,, ,, for the fibers
of elements of 7y (n,p). The following lemma is a direct consequence of Defini-
tion 11.5.

Lemma 11.7. Suppose py p < p,,,- Furthermore, suppose that § and § are equiv-
alence classes with respect to pn; and p,, ,, respectively such that § D T and that

they have the same codimension. If § is co-orientable, then so is §.

By virtue of the above lemma, the homomorphism
€on.p:Prp CO(Tpr(nap)apn,p) - CO(%T(nap)ﬂﬁn,p)

as in (9.7) is a well-defined cochain map. We can also define a similar cochain map
for two stable systems of admissible equivalence relations.

Furthermore, as in §9.6, by restricting the class of Thom maps that we consider,
we can also obtain the universal complex of co-orientable singular fibers for such a
class of maps. Such a complex is a quotient complex of one of the above constructed
universal complexes of co-orientable singular fibers for proper Thom maps.

11.3. Universal complex of co-orientable singular fibers for stable maps

of orientable 4-manifolds into 3-manifolds. Now, let us consider proper C°

stable maps of orientable 4-manifolds into 3-manifolds. By considering the C°

equivalence modulo m circle components introduced in Definition 10.1, we get the

corresponding universal complex of co-orientable singular fibers modulo m circle
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components. We denote the resulting complex by CO(S,(4,3)°", p§ 3(m)). For
m = 2, we see easily that 0y, 19, T}, TI0", TI¢, TT19, TI1;%, and II1} are co-orientable
for £ = o,e, and that the others are not co-orientable, using the notation as in
Proposition 10.4 (compare this with Example 11.4).

Then we easily get the following.

Proposition 11.8. The cohomology groups of the universal complex
CO(Sp:(4,3), pf 5(m))

of co-orientable singular fibers modulo two circle components for proper C° stable
maps of orientable 4-manifolds into 3-manifolds are given as follows:

HO(CO(SD(4.3)°" p5(m))) = Z (generated by [0, +0.]).
HI(CO(SIO)Y(ZL, S)Ori, p2’3(m))) >~ 7 (generated by [12 + Ié] = [Ig + Icl)]),
H*(CO(8p,(4,3)°, ph 5(m))) = 0,

where [x] denotes the cohomology class represented by the cocycle *.

Remark 11.9. As in Remark 10.5, if the target 3-manifold is orientable, then we can
show that the integral homology class (of closed support) in the target 3-manifold
represented by a cycle corresponding to a coboundary of the universal complex of
co-orientable singular fibers (modulo m circle components) always vanishes. For
m = 2, the coboundary groups are generated by the cochains listed in Table 4.

generator(s)
(I2 +15) = (I5 + 1)
10"+ 19 + 10, 119! 4 110" + 113
T2  TITL® 4 1018, 1110 + TT12 + I112

W N~ |=x

TABLE 4. Generators for the coboundary groups of CO(S9,(4,3)°", p 5(2))

Thus, by the same reason as in Remark 10.6, we get the following proposition,
where for an equivalence class of fibers, we use the same notation as the equivalence
class of its suspension.

Proposition 11.10. (1) Let f: M — N be a C° stable map of a closed orientable
surface into a 1-dimensional manifold N. Then we have

IO+ LI = IO+ [T (AT

where for a co-oriented equivalence class § of fibers, ||3(f)|| denotes the algebraic

number of fibers of [ of type §.
(2) Let f : M — N be a C° stable map of a closed orientable 3-manifold into an
orientable surface N. Then we have

IS O I O+ L O = [T O + T I+ ([ (I = 0.

(3) Let f : M — N be a C° stable map of a closed orientable 4-manifold into an
orientable 3-manifold N. Then we have

(I ()] + [T () + (A = [ ()] + ([T ()] + [T (f)]] = 0.

Let us pose the following problem concerning §§9, 10 and 11.
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Problem 11.11. Let us consider the homology class in the target represented by a
cycle corresponding to a cocycle of the universal complex of (co-orientable) singular
fibers representing a nontrivial cohomology class of the complex. Can it be written
as a polynomial of some characteristic classes as in [50, 19, 33]7 Can we find
such a polynomial which is universal in a certain sense, like Thom polynomials for
singularities? (For Thom polynomials, see [2, 16] for example.)

Note that the above problem is closely related to the homomorphism which will
be defined in §12.

Remark 11.12. We have not included the calculation of the third cohomology
groups of the universal complexes of (co-orientable) singular fibers modulo two
circle components for proper C° stable maps of orientable 4-manifolds into 3-
manifolds, since the corresponding complex terminates essentially at dimension
three. In order to calculate the third cohomology groups which make sense, we
have to calculate the third cohomology group of the complex C(S8p,(5,4)°", p3 4(2))
(or CO(S83,(5,4)°™, p§ 4(2))). In other words, we have to classify the singular fibers
of proper C° stable maps of orientable 5-manifolds into 4-manifolds.

Nevertheless, Theorem 6.1 indicates that the singular fiber III® might represent
a generator of the third cohomology group and that the corresponding homology
class for proper C stable maps of orientable 4-manifolds into 3-manifolds can be
written in terms of a polynomial of Stiefel-Whitney classes. In fact, this will be
shown to be correct in §13 by using Theorem 6.1 (see Corollary 13.12).

In the case where the dimensions are smaller by two, we can check that the
above expectations are affirmative as follows. As we have seen in Proposition 10.7,
the singular fiber I2 (or more precisely, the cocycle T(Q) —l—E) represents a generator
of the first cohomology group of the universal complex C (Sg,(?;, 2), pg72(2)) of sin-
gular fibers for proper C° stable maps of (not necessarily orientable) 3-manifolds
into surfaces with respect to the CY equivalence modulo two circle components.
Furthermore, by Corollary 3.4, the corresponding 0-dimensional homology class for
Morse functions on surfaces is nothing but the Euler characteristic modulo two of
the source surface, which coincides with its top Stiefel-Whitney class (for a more
precise argument, see §15).

The following problem is closely related to Problem 5.6. See also Problem 12.14.

Problem 11.13. For each generator of the cohomology groups of the universal com-
plex of (co-orientable) singular fibers for proper C° stable maps of orientable 4-
manifolds into 3-manifolds, does there exist a C° stable map of a closed orientable
4-manifold into a 3-manifold whose corresponding cycle represents a nonzero ele-
ment in the homology of the target?

Compare the above problem with [50, §17].

12. HOMOMORPHISM INDUCED BY A THOM MAP

In this section, we show that one can obtain a lot of information on the cohomol-
ogy groups of the universal complexes of singular fibers by using concrete examples
of Thom maps.

Let I' =T, , be a subset of 7y, (n,p) and ol = p};p an admissible equivalence
relation among the fibers of elements of I'y, ,,.

c= ). b
w(§)=r
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be a k-dimensional cocycle of the complex C(I';, p, pg,p)7 where nz € Z,. For a
Thom map f: M — N which is an element of I'" =17, . we define ¢(f) to be the
closure of the set of points y € N such that the fiber over y belongs to some § with
nz # 0. Since ¢ is a cocycle, ¢(f) is a Za-cycle of closed support of codimension &
of the target manifold N. When M is closed and k > 0, ¢(f) is a Za-cycle in the
usual sense.

When c is a cocycle of the complex CO(T',, p, pg,p), c(f) is naturally a Z-cycle,
provided that the target manifold N is oriented.

Lemma 12.2. If ¢ and ¢’ are k-dimensional cocycles of the complex C(an,p};p)
which are cohomologous, then c(f) and ¢/ (f) are homologous in N for every f €
Ty

Proof. There exists a (k—1)-dimensional cochain d of the complex such that c—¢’ =
dx—1d. Then we see easily that c¢(f)—/(f) = 0d(f), where d(f) is defined similarly.
Hence the result follows. d

Note that a similar result holds also for cocycles of the universal complex of
co-orientable singular fibers.

Definition 12.3. Let o be a k-dimensional cohomology class of the complex
C(I‘nyp,pg’p). For a proper Thom map f : M — N which is an element of I'}, ,
we define a(f) € Hy_, (N;Z2) to be the homology class represented by the cycle
c(f) of closed support, where ¢ is a cocycle representing o and p = dim N. By
Lemma 12.2, this is well-defined. When M is closed and x > 0, we can also regard
a(f) as an element of Hy,_ . (N;Zs).

Then we can define the map

pr : H (Do pph ) — HY(N: o)

by pr(a) = a(f)*, where a(f)* € H"(N;Zsy) is the Poincaré dual to a(f) €

H;_R(N i Z3). This is clearly a homomorphism and we call it the homomorphism

induced by the Thom map f. When M is closed and xk > 0, we can also regard ¢y

as a homomorphism into the cohomology group H/(N;Zs) of compact support.
When the target manifold IV is oriented, we can define

5 H(CO(Tnp, pr, ) — H*(N;Z)
similarly.

Suppose that pl' = pgf}b’” and gt = ﬁif};” be two admissible equivalence relations

for the fibers of elements of I' =Ty, , C 7pr(n, p) such that pgj’;” < ﬁgfﬁp. Then the
following diagram is clearly commutative for every element f : M — N of I'*:

H™(T, p") ﬂ)Hﬁ(p,ﬁF)
PN ey
HH(N7 Z2)a

where € ,r 5r, : H*(T, p') — H®(T,p") is the homomorphism induced by the nat-
ural homomorphism ¢ ,r 5r : C(T', p") — C(T',7%) defined in §§9.5 and 9.6.
Furthermore, if I' C IV C 7p,r(n, p), then for every element f: M — N of I'*, we
have the commutative diagram
HA (T, o)
PN e
H"(N;Zy),
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where pF’ is an admissible equivalence relation among the fibers of elements of I,
pl is its restriction to the fibers of elements of T, and 7 . is the homomorphism
induced by the natural homomorphism 7 : C(IV, pF') — C(T, p'') defined in §9.6.

In particular, we have the commutative diagram

H”(an,pg’p) - HH(Fn,znpg,p)
PN ez
l H"(N;Zs) 1
i/ Nes
H(f, Php) - H(f,09,,)

n,p
equivalence relation for the fibers of elements of Iy, p, p%,p denotes the CY equiv-

alence, and the vertical and the horizontal homomorphisms are the natural ones
defined as above (see also (9.8)).
Now, as in §9.6, let

for every element f: M — N of ' where Iy, ,, C Tpe(n, p), p};p is an admissible

[ =T} = U Tow
p—n=~k
be a set of C° equivalence classes of fibers of proper Thom maps of codimension &
such that each I',, ,, is an ascending set of C? equivalence classes of fibers of elements
of Tpr(n,p), and that T is closed under suspension in the sense of Definition 9.4.
Furthermore, let RE = {Pgi}l}p }p be a system of equivalence relations, where each
pgﬁ’k’;’f is an admissible equivalence relation among the fibers of I',_j, ,-maps. We

assume that the system RE of admissible equivalence relations is stable in the sense
of Definition 9.5. Then, for every f: M — N in I'} , with p — n =k, we have the
natural and well-defined homomorphism

By : H* (T, Ry) — H"(N; Zo)
which is defined as the composition of the homomorphism

(I)fz,p* : Hﬁ(fkng) - H'{(Fn,p,p%};p)

induced by the cochain map &7, , : C* Tk, RE) — C*(Ty ps pgj;p) as in Remark 9.20
and the homomorphism

pr + H (Do, ply?) — H"(N; Zo)
defined above. We can also use the other description of the universal complex as
in §9.4 and the definition as in Definition 12.3 in order to define ¢y.
Remark 12.4. In the above situation, it is easy to verify that for every f: M — N
in I';, , and a positive integer £, the following diagram is commutative:

Chyepre Skx Iy,
H”(Fn+e,p+z,f7n+5,pﬂ_g ) HR(Fn,paan’p)

o o
H*(N x R%;Z) = H*(N;Zs),
where s, is the homomorphism induced by the suspension, f: M xR — N xR
is the ¢-th suspension of f, and the last horizontal isomorphism is the natural one.
As a direct consequence of the above definitions, we have the following.
Proposition 12.5. In the above situations, we have
rankg, ¢ < dimg, H*(T, », pE:};P)
and _ -
rankz, $; < dimg, H*(Tx, R},)-
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Remark 12.6. It is sometimes difficult to directly calculate the cohomology group
H* (T p, p%p) with respect to the C° equivalence. However, the above argument
shows that if we have an element « of the cohomology group H* (T, p, pgj‘p’p) with

n,p

respect to an admissible equivalence relation pgyp such that ¢f(a) # 0 for some
f €T}, ,, then the image of avin H*(T'y, , p%’p) does not vanish. In other words, by
calculating the cohomology group with respect to an admissible equivalence rela-
tion, which is often much easier than that with respect to the C° equivalence, and
by constructing explicit examples, we can find nontrivial elements of the cohomol-
ogy group with respect to the C° equivalence. This justifies our study developed

in §§10 and 7.

Let us prepare some lemmas, which will be used later. For this, let us introduce
the following definitions.

Definition 12.7. Let f : M — N be a proper Thom map and g : V' — N a smooth
map which is transverse to f and to all the strata of N. Put

V={(zy) e MxV: flx)=gy)} CMxV

and consider the following commutative diagram:

% M

fl lf

Vv N,
where g and fv are the restrictions of the projections to the first and the second
factors respectively. Note that V is a smooth manifold of dimension dimV +

dim M —dim N and that fis a proper Thom map. We call fthe pull-back of f by
g and say that f is obtained by pulling back f by g.

g

_ 9

Definition 12.8. Suppose that I', , C Tpe(n,p) and Typippre C Tor(n + 4, p+4)
are given with ¢ > 0 such that the ¢-th suspension of an element of I', , always
belong to I'y4¢pte. Let f : M — N be an arbitrary element of I'; ¢ ,4¢ and
g : Int D — N an arbitrary smooth map which is transverse to f and to all the
strata of N. Note that the pull-back f of f by g is then an element of 7, (n,p). If
the fibers of g always belong to I'}, ,, then we say that Iy, ;, is transversely complete
with respect to I'y o pie.
Furthermore, we say that

U= (J TupC Tilh)

p—n=k

is transversely complete if it is closed under suspension and if I', ,, is transversely
complete with respect to I';,1¢ p4¢ for all n, p and 2.

Note that the set ’]~;,r(k) is clearly transversely complete.
The following lemma can be proved by the same argument as in the proof of
Lemma 9.6. Details are left to the reader.

Lemma 12.9. IfI',, , is transversely complete with respect to Iy ¢ pte, then the
natural Zs-linear map

LK Lrtepte K T
sk C (FnJré,erlapn:.e,pZ-e) - C (Fn,pa Pn,;ﬂp)

. Lo . T,
induced by the suspension is a monomorphism for every k < p, where pnﬁegjf and

n,p

pgm are admissible equivalence relations for the fibers of elements of I'pyp pre and
Iy p, Tespectively, which are stable in a sense similar to Definition 9.5.
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In the following lemma, we assume that each I'y, ,, p —n = k, is a subset of
Tpr(n p) and that I'y = Up_p=pI'sp is closed under suspension. Furthermore,
{pn 3" }p—n=k is a stable system of admissible equivalence relations for the fibers

»" is an admissible equivalence relation for I'},

of elements of Ty, where each pn B
Recall that I';, , denotes the set of CY equivalence classes of fibers of elements of
I'yp and, when there is no confusion, it also denotes the set of all I}, p-maps (see

§9.6).

Lemma 12.10. Let a € H?’(Fn+g7p+g,pn17p’ff) be a cohomology class such that
@f(spxa) =0 in HP(N;Zg) for every Thom map f: M — N in '} with both M
and N being closed, where

Spr + HP (Dt pres Pn:feépfeé) — HP(I'y pvpn" ?)
is the homomorphism induced by the suspension, and
¢yt HP (T, pr77) — HP (N3 Zo)

is the homomorphism induced by f. Furthermore, suppose that I'y, , is transversely
complete with respect to 'y ¢ pre. Then, for every g : M' — N' in T}, pres We
have p4(a) =0 in HP(N';Zy).

Proof. Let ¢ be a cocycle of CP(T'pq¢,pte, pni;[p’f; ) which represents «. We have
only to show that the homology class [c(g)] € H§(N';Z2) represented by c(g)
vanishes. For this, it suffices to prove that the intersection number [¢(g)]-£ vanishes
for all £ € Hy(N';Z3) by Poincaré duality.

By [48], there exists a closed p-dimensional manifold V' and a smooth map h :
V — N’ such that h,[V]s = &, where [V]y € H,(V;Z2) is the fundamental class
of V. We may assume that h is transverse to g and to all the strata of N’. Let
us consider the pull-back §: V — V of g by h (see Definition 12.7). Since I, , is
transversely complete with respect to I'sqs pye by our assumption, we see that g
is an element of I'}, . Furthermore, both the source and the target manifolds of g
are closed. Therefore, by our assumption, ¢z (sp«a) = 0; in other words, (spc)(g)
consists of an even number of points in V. Hence, the intersection number of [¢(g)]
and £ vanishes. This completes the proof. (I

In fact, we have the following.

Lemma 12.11. Suppose that I',, ;, is transversely complete with respect to Iyt g pte-

Then, for a cohomology class a € H”(Fn+e,p+e,pnf/p’f;) the following two are

equivalent to each other.

(1) For every proper Thom map f: M — N inT = we have pf(spicr) =0 in

n,p’
HP(N; Zo).
(2) For every proper Thom map g : M" — N" in Ty, pter We have pg(a) =0
in HP(N';Zs).

Proof. We have already proved that (1) implies (2). Suppose that (2) holds. For
a given proper Thom map f: M — N in I'} , consider the commutative diagram

given in Remark 12.4 with x = p. Since the /-th suspension f: M xR — N xR
isal7 ;i ,map, we have ¢ 7(a) = 0 by our assumption. Hence (1) follows. [

Remark 12.12. In fact, we can prove the following, without assuming that I',, ,, is
transversely complete with respect to I'y,4¢ p+¢. For a cohomology class § € Im sy,
the following two are equivalent to each other, where

. n+£,p+4 T,
Spx Hp(Fn-i'@,p-i-e’ pn-{-é plii-ﬁ ) - Hp(Fm;D? pn,pp)

is the homomorphism induced by the suspension.
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*
n,p’

(1) For every proper Thom map f : M — N in T’
HP(N; Zs).
(2) For every Thom map f: M — N in I}, , with both M and N being closed,
we have 7 (8) =0 in HP(N; Z,).
The proof goes as follows. Suppose (2) holds and take f as in (1). Consider the
commutative diagram given in Remark 12.4 with k = p. Then apply an argument
similar to that in the proof of Lemma 12.10, using a smooth map h of a closed p-
dimensional manifold into N x Rf. Since fis the ¢-th suspension of f, the pull-back
of fby his a T, -map. Hence, from (2), (1) follows.

we have ¢7(f8) = 0 in

Note that all the results in this section hold also for the universal complexes of co-
orientable singular fibers and the cohomology groups with Z-coefficients, provided
that the target manifolds are oriented.

Problem 12.13. Are the cohomology groups

(12.1) H*(Tpe(n, ), P )5
(12.2) H"™(Sp.(n,0), o3, ),
(12.3) H*(CO(Tpr(n, 1), P )
(12.4) H*(CO(8),(n,p), P )
(12.5) H*(Toul), RY),

(12.6) H" (85, (k), RY),

(12.7) H™(CO(Fon (), RY)).
(12.8) H*(CO(S, (k), RY))

finitely generated for all k7
The following is a generalization of Problem 11.13.

Problem 12.14. Let a be an element of one of the cohomology groups (12.1)—(12.8).
If « # 0, then does there exist a smooth map f (in the relevant class) such that
¢r(a) does not vanish? In other words, if ¢s(ca) = 0 for all f, then does « vanish?

As to an interpretation of the above problem, see Remark 13.14.

13. COBORDISM INVARIANCE

In this section, we define cobordisms of singular maps with a given set of singular
fibers and show that the homomorphism ¢ induced by a Thom map f defined in
§12 is a cobordism invariant of f when restricted to a certain subgroup. We also
apply this notion of cobordisms to give a necessary and sufficient condition for a
certain cochain of the universal complex to be a cocycle.

13.1. Invariance under cobordism of the homomorphism induced by a
specific singular map. As in §9.6, let
I=Ty= (J Tnyp

p—n=~k
be a set of C° equivalence classes of fibers of proper Thom maps of codimension k
such that each I';, ;, is an ascending set of C? equivalence classes of fibers of elements
of Tpr(n,p), and that T is closed under suspension in the sense of Definition 9.4.
Recall that a proper Thom map f : M — N of codimension k is a fk—map if its
fibers all lie in fk. If M is a manifold with boundary, then we also suppose that
f(OM) C ON and for collar neighborhoods C' = M x [0,1) and C/ = ON x [0,1)
of OM and ON respectively, we have f|c = (flanr) x idpp 7).
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Definition 13.1. For a smooth manifold N, two fk—maps fo : My — N and
f1: My — N of closed manifolds My and M; are said to be fk—cobordant if there
exist a compact manifold W with boundary the disjoint union of My and Mj, and
alp-map F: W — N x [0,1] such that f; = Fly, : M; — N x {i}, i =0,1. We
call F' a fk—cobordism between fy and f;.

When M; are oriented and W can be taken to be oriented so that OW = (—M;,)1I
M, then we say that fo and f; are oriented L's.-cobordant.

Remark 13.2. The notion of fk—maps and that of fk—cobordisms were essentially
introduced by Riményi and Sz{ics [35], although they considered only the nonnega-
tive codimension case and they called them 7-maps and 7-cobordisms respectively.
Note that if the codimension is nonnegative, then a fiber of a proper generic map
is always a finite set of points and that map-germs along the fibers are nothing but
multi-germs. In the nonnegative codimension case, Riményi and Sziics constructed
a universal fk—map and this gives rise to a lot of fk—cobordism invariants. Our
aim in this section is to construct invariants of fk—cobordisms even in the negative
codimension case.

Remark 13.3. In Definition 13.1, when the dimensions of the source manifolds M
and M; are equal to n, we have only to give I',, , and I'41 41 instead of the
whole fk in order to define the notion of fk—cobordisms. For this reason, we will
sometimes talk about fk—cobordisms even when only I'y, ,, and 'y, 1 41 are given.

Let
Swx t H* (D1 pt1, pnz:ilp;i:ll) - HK(Fn,pvaTz';’p)
be the homomorphism induced by the suspension, where R}; = {piijf{f}p is a

stable system of admissible equivalence relations for r.

Lemma 13.4. Let f; : M; — N, i = 0,1, be Thom maps which are elements of I'y, p,

and are Ty- -maps, where we assume that M; are closed. If they are Ts- cobordant,
then for every k we have

Sﬁfohmsh-* = Saf1|1msm cIm s — H"(N; Z2).
Proof. Let F: W — N x [0,1] be a ['s-cobordism between fo and f1. Let ¢ be an

arbitrary k-dimensional cocycle of the complex C(I'y41,pt1, pnfllp”_:f) and set ¢ =

sk(c) € C"(Th ps pn"p”) Then we see easily that dc(F) =¢(f1) x {1} —2(fo) x {0},
since ¢ is a cocycle (for the notation, refer to Definition 12.1). Then the result
follows immediately. ]

Remark 13.5. In Lemma 13.4, if & > 1, then ¢y, can be regarded as homomorphisms
into Hf(N;Z2), since M; are closed. In this case, we can prove that

Pfolimse. = Pfiltms,. 1 s — HI(N; Zz).

Definition 13.6. The pairs {1 p1, pifllp’j:f} and {T'y, p, P} are said to be
compatible at dimension k if the homomorphism
Swx + H" (D1 pt1, pnz:ilp;i:ll) - HK(Fn,pvaTjn’p)
is surjective.
Lemma 13.7. The pairs {I‘n+17p+1,p£ﬂ?l’fjf} and {Ty, ,p,pn *} are compatible at
dimension k if the following conditions hold.
(1) Ewvery fiber in Iy 1 py1 of codimension k + 1 with respect to pnﬂlppjf s a

suspenswn Of a ﬂbe?” m Fn of the same codimension with respect to pnn v,
,D
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. . . I, . .
(2) If an equivalence class of fibers inT', , with respect to pn" has codimension
, , ) . r,
#, then the equivalence class of their suspensions with respect to p, v} "}
has also codimension k.

3) Two fibers in T, , whose equivalence classes with respect to E"’” have codi-
D ) /4 Pn.p

n,p

mension Kk are equivalent with respect to pgm if and only if their suspen-

. . . Iy
sions are equivalent with respect to p, "}

Proof. If Kk < 0 or k > p, then the result is trivial. When 0 < x < p, by an argument
similar to that in Remark 9.20, we see that if conditions (2) and (3) are satisfied,
then

Skt CK(Fn-‘rl,p-‘rlva:ﬁl;;Tll) - CK(Fn,pvpgT;ﬁp)
is an epimorphism. Furthermore, condition (1) implies that s,41 is a monomor-
phism (see also Remark 9.20). Thus the homomorphism s, induced on the k-

dimensional cohomology is an epimorphism, and hence the compatibility follows.
O

Corollary 13.8. Consider the case whereI'y, , = Tpr(n,p) for all (n, p) withp—n =

k, and put ppp = pgf};p. We suppose that k+1 < p. Then the pairs {Tpr(n+1,p+
1), pn+1,pt1} and {Tpe(n,p), pnp} are compatible at dimension k if the following
two conditions hold.

(1) If an equivalence class of fibers of elements of Tpr(n, p) with respect to prp
has codimension k, then the equivalence class of their suspensions with
respect t0 pn41,p+1 has also codimension k.

(2) Two fibers of elements of Tpr(n,p) whose equivalence classes with respect
to pnp have codimension k are equivalent with respect to py , if and only if
their suspensions are equivalent with respect t0 pri1 py1-

Proof. Recall that if k + 1 < p, then by Lemma 9.6,
Sk+1 ¢ CH+1(7;)1'(” +1,p+ 1)7pn+1,p+1) - CK+1(7;T(nap)7pn,p)

is always a monomorphism. Then the result follows from Lemma 13.7. O
Corollary 13.9. Suppose that the pairs {I'ni1 pt1, pifllppjf} and {T'y, p, on’s?} are
compatible at dimension k. Let fi: M; — N, i=0,1, be Thom maps which are
elements of I'y, ;, and are I'p,-maps, where we assume that M; are closed. If they are
T'i-cobordant, then we have

0 =@t H" (T, pp7s7) — H*(N; Zy).
If K > 1, then we also have

0 =5t H" (T p, py7s7) — HE(N; Zo).

By using a natural generalization of Proposition 9.15 to certain subsets of ’f;r(kz)
together with an argument similar to that in the proof of Lemma 13.4, we get the
following as well.

Corollary 13.10. Let Rl = {pgijc’f]’: +p be a stable system of admissible equivalence
relations for T. Let fi: M; - N,i=0,1, be f—maps with dim M; = n and
dim N = p, where we assume that M; are closed. If they are f—cobordant, then for
every k we have

@'fo = @fl : Hn(vag) - HH(N; ZQ)'
If k > 1, then we also have
@'fo = @'fl : Hn(vag) - HE(N7 ZQ)'
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When the manifold N is oriented, we get similar results in coefficients in Z by
using the universal complex of co-orientable singular fibers. Details are left to the
reader.

13.2. A characterization of cocycles. In this subsection, we shall give a neces-
sary and sufficient condition for a certain cochain of the universal complex to be a
cocycle in terms of the homomorphism induced by Thom maps.

Let I' = T'j, be as in the previous subsection, and let RY = { pgﬁ’k’;’f }p be a stable
system of admissible equivalence relations for r.

Let ¢ be an arbitrary cochain in C*(T',, ,, pgj;p) with 0 <k <p. Set A=K — k.

Since we always have C*T1(T) ,, pl;*’;*‘) =0,
O CK(F)\,I{apE;;N) — C’"“(FA,;{, pif,;f)

is the zero homomorphism, and hence s.c € C’”(F,\mpl;*,;b") is a cocycle of the

complex C(T'y ., pij\;"), where

K K xw
55:C (Fn,Papgrﬁp) - C (FA,"UPA; )

is the homomorphism induced by the (p — x)-th suspension. Therefore, for a IS -
map f: M — N, the homology class [s,.c(f)] € H§(N;Z2) represented by s,.c(f)
is well-defined. Note that its Poincaré dual in H"(N; Z3) coincides with ¢ ([s.c]),
where [s.c] € H*(Tx 4, pij{”’) is the cohomology class represented by the cocycle
$xc, and

pr  HY (Do py) — H(N: Zo)
is the homomorphism induced by f. Furthermore, when the source manifold M is
closed, [s,c(f)] is well-defined as an element of Ho(N;Zs2).

Proposition 13.11. Suppose that T'y , is transversely complete with respect to
Iy, where 0 <k <pandp—n=r—A=k. Then a cochain c in C“(Fn,p,pﬂjgp)
is a cocycle of the complex C(an,pgf},‘”) if and only if [sxe(f)] = 0 € Ho(N; Z2)
(or equivalently, ¢ ([sxc]) =0 in H*(N;Zs)) for every I'y .-map f: M — N such

that both M and N are closed and that f is T'k.-cobordant to a nonsingular map.

Proof. If ¢ is a cocycle, then the cohomology class represented by s,c lies in the
image of

IR Cati1,m41 K L
Spx o H (FA+1,K+1aP)\+1,H+1) —H (FA,FUP)\,R )-

Therefore, we have
(13.1) [swe(f)] = [swe(f')] € Ho(N: Zo2)

for every f that is f‘k—cobordant to a nonsingular map f’ by Lemma 13.4 (see also
Remark 13.5). We see easily that (13.1) always vanishes, since x > 0 and for a
nonsingular map f’, we have s.c(f’) = 0.

Conversely, suppose that [s.c(f)] =0 € Ho(N;Zs) for every f as in the propo-
sition. Let § be an arbitrary equivalence class of fibers in I';, , of codimension

n,p

k + 1 with respect to pg,p ,and g : M’ — N’ be an element of 7,.(n,p) such
that the fiber of g over a point y € N’ belongs to § By the proof of Lemma 8.3,
we may assume that the stratum ¥ containing y is of codimension x + 1. Let N
be the boundary of a sufficiently small (x + 1)-dimensional disk B in N’ centered
at y and transverse to 3 such that N is transverse to g and to all the strata of
N’. Note that B corresponds to By, in the argument just after Lemma 8.3. Then
f=glm: M — N with M = g7'(N) is an element of 7,;(\, k). Furthermore,
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since I'y , is transversely complete with respect to I';, ,, by our assumption, we see
that f is a I'{ , -map.

It is easy to see that B contains a regular value yy of g with yg € B~ N. Set
C = B — Int By, where By is a closed disk neighborhood of yp in B \. N consisting
only of regular values of g and Int By denotes its interior as a subspace of B. Note
that C is diffeomorphic to S x [0,1]. Then, we see that g|s : C — C with
C = g H(C) gives a fk—cobordism between f and a nonsingular map. Hence, by
our assumption, s,c(f) consists of an even number of points. This means that the
coefficient of § in d,(s.c) is zero (see (9.2)). Since this holds for an arbitrary § of
codimension k + 1, we have §,;(s,c) = 0. This completes the proof. (I

Now, let us apply the above proposition to a specific but important situation as
follows.

Corollary 13.12. Let us consider the complex
(13.2) C(Spi(5,4)°, 5 4(2))

of singular fibers for proper C° stable maps of orientable 5-dimensional manifolds
into 4-dimensional manifolds with respect to the C° equivalence modulo two circle

—~38 —~8
components. Let 111, (or I11,) be the C° equivalence class modulo two circle compo-

8 8
nents of the suspension of IS (resp. 111S). Then I, 4111, is a 3-cocycle of the com-
plex (13.2) and represents a nontrivial cohomology class in H*(S),(5,4)°™, p§ 4(2)).

For notations, refer to Fig. 8 and Proposition 10.4.

Proof. As in Proposition 4.1, we can obtain a similar characterization of proper C*°
stable maps of 5-dimensional manifolds into 4-dimensional manifolds. Using this
and Proposition 4.1 itself, we can show that 8&(4, 3)°" is transversely complete
with respect to Sgr(f), 4)°", Furthermore, an argument similar to that of the proof
of Corollary 4.9 shows that two elements of Sgr(él, 3)°r* are C° equivalent modulo
two circle components if and only if so are their suspensions in Sl?,r(57 4)°"* Hence,

we have s3 (I/I\Ii + I/I\Ii) = 118 4 1115,

Now, suppose that a C° stable map f : M — N of a closed orientable 4-manifold
into a closed 3-manifold is Sgr(fl)—cobordant to a nonsingular map. Since the
source manifold of a nonsingular map always has zero Euler characteristic, we see
that the Euler characteristic of M should be even. Hence, by Theorem 6.1, the
number of elements in the set (IIT34-TT13)( f) should be even, and hence it represents
the trivial homology class in Ho(N;Zz). Then, by Proposition 13.11, we see that
ITI3 + ITI2 is a cocycle of the complex (13.2).

Note that there does exist a closed orientable 4-manifold whose Euler character-
istic is odd. Let g : M’ — N’ be a C° stable map of such a 4-manifold M’ into a
3-manifold N’. Then, again by Theorem 6.1, we see that, for the homomorphism

g+ H*(S5(5,4)°, 05 4(2)) — HE(N'; Zo)

induced by g, we have gag([IIIE + ng]) 2 (0. This shows that the cohomology class
[I11% 4 I11%] is nontrivial. This completes the proof. O

The above corollary justifies the prediction given in Remark 11.12.
Let us end this section by the following proposition concerning Problem 12.14.

Proposition 13.13. Suppose that I'y . is transversely complete with respect to
Ipp, where 0 < Kk < pandp—n =k — A = k. Then the following two are
equivalent.
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(1) A cochain ¢ € C”(Fn,p,pgj’;p) is a coboundary if and only if [sxc(f)] =
0 € Ho(N;Zy) (or equivalently, ¢s([sxc]) = 0 in H*(N;Z3)) for every
IS x-map f: M — N such that both M and N are closed.

(2) Ifao € H5(T,, , pgj‘p’p) is nonzero, then there exists a '}, -map g: M' — N’
such that @g4(o) # 0 in H*(N';Zs).

Proof. (1) = (2). Suppose that py(a) = 0 in H*(N';Zz) for all T}, -map
g : M'" — N'. Then, by Lemma 12.11, for every I'y ,-map f : M — N, we
have ¢y(sge) = 0 in H*(N;Z3). Now item (1) implies that @ = 0. This is a
contradiction.

(2) = (1). Suppose that ¢ is a coboundary. Then ¢ ([s.c]) =0 in H*(N; Zs),
since [sxc] = sk«[c] = 0. Conversely, suppose that [s.c(f)] = 0 € Ho(N;Zs3) for
every I'} ;--map f : M — N such that both M and N are closed. By Proposi-
tion 13.11, ¢ is a cocycle. Then, by Lemma 12.10, p4([c]) = 0 for every I';, -map
g. Then item (2) implies that [¢] = 0; i.e. ¢ is a coboundary. This completes the
proof. O

Note that all the results in this subsection hold also for the universal complexes
of co-orientable singular fibers and the cohomology groups with Z-coefficients, pro-
vided that the target manifolds are oriented, except for Corollary 13.12.

Remark 13.14. Recall that 7. (), &) is always transversely complete with respect to
Tor(n, p). Thus, in view of Proposition 13.13, a special case of Problem 12.14 can
be interpreted as follows at least for Thom maps. A cochain ¢ € C*(7p,(n, p), p?w,)
with 0 < k < p of the universal complex is a cocycle if and only if s,.c(f) is null-
homologous for all f cobordant to a nonsingular map. Is it true that a cocycle ¢ is
a coboundary if and only if s,c(f) is null-homologous for all f?

14. COBORDISM OF MAPS WITH RESTRICTED LOCAL SINGULARITIES

In this section, we consider another cobordism relation which is slightly different
from the one given in the previous section.

Let us consider a (mono-)germ 7 : (R™,0) — (R"** 0) of a C* stable codi-
mension k& map. We define its suspension ¥n : (R"t1,0) — (R"1+* 0) by
En(u,t) = (n(u),t) for v € R™ and ¢t € R. For a fixed k € Z, let us consider
the set of germs of C'>° stable codimension k& maps, and the equivalence relation
generated by the C* right-left equivalence and the suspension. We call such an
equivalence class a singularity type (see [35]).

There is a hierarchy of singularity types. A singularity type A is said to be
under another singularity type B if for a representative f : (R™,0) — (R"**,0) of
A, there is a germ of B arbitrary close to f, in the sense that there are points x
arbitrary close to the origin of R™ such that the germ of f at x belongs to B. In
this case, we also say that B is over A. (Compare this with Definition 9.18.)

Let 7 be an ascending set of singularity types.

Definition 14.1. We say that a smooth map f : M — N between smooth
manifolds is a 7-map if its singularities (as mono-germs) in the source manifold
M all lie in 7. If M is a manifold with boundary, then we also suppose that
f(OM) C ON and for collar neighborhoods C' and C’ of 9M and ON respectively,
we have flc = X(f[om)-

Definition 14.2. For a smooth manifold N, two m-maps fo : My — N and f; :
M; — N of closed manifolds My and M; are said to be T-cobordant if there exist
a compact manifold W with boundary the disjoint union My II M7, and a 7-map
F:W — N x [0,1] such that f; = Flp, : M; — N x {i}, i =0,1. We call F a
T-cobordism between fy and fi.
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When M; are oriented and W can be taken to be oriented so that OW = (—M;)1I
My, then we say that fy and f; are oriented T-cobordant.

Lemma 14.3. Every 7-map of a closed manifold is T-cobordant to a T-map which
is a Thom map.

Proof. Suppose that a 7-map f : M — N is given, where M is a closed manifold.
Then there exists a 7-map f : M — N which is a Thom map and which is sufficiently
close to f in the mapping space C°°(M, N), since the set of Thom maps is dense
in C*°(M, N) and the local singularities of f are all C'*° stable (and hence the set
of all 7-maps is open in the mapping space). In particular, we may assume that f
and f are homotopic through 7-maps and hence are 7-cobordant. This completes
the proof. (I

Remark 14.4. Suppose that two 7-maps f; : M; — N, i = 0, 1, of closed manifolds
are Thom maps. If they are T-cobordant, then a T-cobordism between them can be
chosen as a Thom map. This is proved by first taking any 7-cobordism and then
by approximating it by a Thom map.

In what follows, we fix the codimension k € Z. For an ascending set 7 of
singularity types of codimension k and for a dimension pair (n,p) with p —n =
k, let us denote by 7(n,p) the set of all proper Thom maps which are 7-maps.
Furthermore, we set

;(k.) = UT(p - k7p)a
P
and let us consider a stable system of admissible equivalence relations R} =
{p}_1.p}p for the fibers of elements of 7(k). Note that the set 7(k) is closed under
suspension.

Definition 14.5. Let f : M — N be an arbitrary 7-map, which may not necessarily
be a Thom map, where we assume that M is closed. Then by Lemma 14.3, f is
T-cobordant to a 7-map f : M — N which is a Thom map. Then we define

Pr Imsn* - HR(N,ZQ)
by o5 = sﬁfhm s.., where
Ske t HY (0 + 1,0+ 1), p 41 pia) — HE(7(0,0), 07, )

is the homomorphism induced by the suspension, and
¢7: H((n,p), ppp) — H*(N; Zs)

is the homomorphism induced by the Thom map ]”v The homomorphism ¢y is
well-defined by virtue of Lemma 13.4 together with Remark 14.4.

By Lemma 13.4, we see that if fy and f; are 7-maps of closed manifolds into a
p-dimensional manifold N which are 7-cobordant, then ¢, = ¢y, . In other words,
the correspondence f — ¢ defines a T-cobordism invariant of 7-maps into N.

Remark 14.6. If 7 is big enough, or more precisely, if the space of T-maps is always
dense in the corresponding mapping space, then for every smooth map f:M—N
of a closed manifold, we can define ¢ to be ©5 where f is an approximation of f
which is a 7-map. Then, we can show that this is well-defined, and that it defines
a bordism invariant of smooth maps into IV, where two smooth maps fy : My — N
and f1 : M7 — N of closed manifolds My and M; are said to be bordant if there
exist a compact manifold W with boundary the disjoint union My II M;, and a
smooth map F : W — N x [0, 1] such that f; = F|up, : M; — N x {i},i=0,1 (for
details, see [5]). In particular, if N is contractible, it defines a cobordism invariant
of the source manifold.
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Remark 14.7. So far, we have considered Thom maps which are 7-maps. It is easy
to see that we could as well consider C° stable maps which are Thom maps (or C>°
stable maps for nice dimension pairs (n,p) in the sense of Mather [27]) instead of
Thom maps, since the corresponding sets are dense in the mapping spaces. Let us
denote by 7%(n, p) the set of C° stable maps in 7p,;(n, p) which are 7-maps. Then,
for a 7-map f: M — N with M being closed, we can define the homomorphism

pp Tmsl, — H*(N; Zs),
which is a 7-cobordism invariant, where

52* : HR(TO(TL + 17p+ 1))p;+1,p+1) - HK(TO(n’p)7p'7r—l,p)

is the homomorphism induced by the suspension.
In fact, we can show that the diagram

HK(T(n +1,p+ 1)7 p;rz—i-l,p—i-l) T H'{(T(n,p)7 p'r‘rz,p)

Tr(n+1,p+1),70 (n+1,p+1)* Tr(n,p), 70 (n,p)*
0
S

HH(TO(n+ ]-ap+ 1)ap;—z+1,p+1) — Hﬁ(To(nap)ap:rrz,p)
is commutative, and that
or :Imsg. — HY(N;Zs)

coincides with the composition of the natural homomorphism induced by the pro-
jection
T (np),r0(np)s [Im s, * 1M Siee — Im sg*
and
¢ :Ims®, — H"(N;Zs).

Let us consider 7-maps into N = N’ x R, where N’ is a (p — 1)-dimensional
manifold. Then, the set of all 7-cobordism classes of 7-maps of closed manifolds
into N, denoted by Cob,(N), forms an abelian group with respect to the “far
away disjoint union”. (When we take the orientations into account, we denote
the corresponding abelian group by Cob®(N).) More precisely, for two T-maps
fi : M; — N of closed manifolds M;, i« = 0, 1, there exists a real number r such that
fo(Mo) N (T o f1(M7)) = B, where the diffeomorphism 7} : N’ x R — N’ x R is
defined by T, (z,t) = (z,t+r). Then, it is not difficult to show that the T-cobordism
class of the disjoint union of the two maps fy and T, o f; depends only on the 7-
cobordism classes of fy and fi. Furthermore, the resulting 7-cobordism class does
not change even if we exchange fo and f1. Thus, we define [fo]+[f1] = [foll(T-o f1)],
where [x] denotes the 7-cobordism class of . The neutral element is the map of
the empty set, and the inverse element of a 7-map f : M — N’ x R is given by
—f: M — N' xR defined by —f = Ro f, where R : N' x R — N’ x R is the
diffeomorphism defined by R(z,t) = (x,—t). (When we take the orientations into
account, the source manifold of —f is understood to be —M.)

Then, the following is a direct consequence of the above definitions.

Proposition 14.8. In the above situation, the map
®,, : Cob,(N) — Hom (Im 8., H*(N; Z3))

defined by @ ([f]) = ¢y for a T-maps f of a closed manifold into N is a homomor-
phism of abelian groups for every k, where

Skx - HK(T(’H, + 17p+ 1)ap;—z+1,p+1) - H”(T(n,p),p;p)

is the homomorphism induced by the suspension.
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Note that a similar map

®,. : Cob,(N) — Hom (Ims%,, H*(N; Zs))

K*)

can also be defined and is a homomorphism of abelian groups for every x (see
Remark 14.7).
We do not know if the homomorphism ©,®, is injective or not for some pj, ,

and pf iy pi-

Remark 14.9. Note that the above proposition holds also for fk—maps in the sense
of §9.6 or §13. However, we do not know if the group operation defined on the set
of cobordism classes is commutative or not. If N = N” x R? for some (p — 2)-
dimensional manifold N”, then we can show that the resulting group is abelian.

Note that all the results in this section hold also for the universal complexes of co-
orientable singular fibers and the cohomology groups with Z-coefficients, provided
that the target manifolds are oriented.

15. EXAMPLES OF COBORDISM INVARIANTS

In this section, we shall construct explicit cobordism invariants in specific situa-
tions following the procedure introduced in the previous sections. Throughout the
section, the codimension will always be equal to —1. Furthermore, we shall work
only with nice dimension pairs, and we shall consider C° stable maps instead of
Thom maps following Remark 14.7.

15.1. Cobordism of stable maps. Let 7 be the set of singularity types corre-
sponding to a regular point and a Morin singularity [29], i.e., a fold point, a cusp
point, a swallowtail, etc. Note that if the dimension of the source manifold is less
than or equal to 4, this set is big enough in the sense of Remark 14.6.

Let us consider C? stable maps of surfaces and 3-manifolds. By Proposition 10.7,
the first cohomology group of the universal complex of singular fibers

C(Spi(3,2), 52(2)) = C(7°(3,2), 95 5(2))
with respect to the C° equivalence modulo two circle components for 7°(3,2)-
maps is isomorphic to Zy @ Zy and is generated by a; = [Tg +E] = [T(e) +T(1)] and
ay = [I2 +12]. In the following, let

s, H'(79(3,2), 08 5(2)) — H'(7°(2,1), p3 1 (2))

be the homomorphism induced by the suspension.

Let us first consider ag = [I2 412]. For a C*° stable map f : M — N of a closed
surface into a connected 1-dimensional manifold N, (s, a2)(f) € Ho(N;Zo) = Zo
is nothing but the number modulo two of the singular fibers as depicted in Fig. 3
(3). By Lemma 13.4 and Remark 14.6, this is a bordism invariant. On the other
hand, by Corollary 3.4 and Remark 3.7, the number modulo two coincides with
the parity of the Euler characteristic of the source surface M. Thus, (s, a2)(f)
coincides with the parity of the Euler characteristic of its source surface. When
N = R, this is a complete bordism (or 7-cobordism) invariant for (7-)maps of
closed surfaces into N.

For a; = [19 +1}] = [19 4+ I!], we have the following.

Lemma 15.1. For every 7°(2,1)-map f : M — N of a closed surface M into a
1-dimensional manifold N, (s9,c1)(f) € Ho(N;Z2) vanishes.

Proof. Let 0,(f) be the set

{y € N : y is a regular value of f and bo(f *(y)) is odd}.
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Since every 1-dimensional manifold is orientable, we give an orientation to N. Then
each connected component of 0,(f), which is either an arc or a circle, has an induced
orientation. Note that the end points of the arc components of 0,(f) correspond
to

(10 + 1 +10 +1)(f)-

For an arc component, we say that it is of type ++ (or ——) if the number of
connected components of a regular fiber of f increases (resp. decreases) by one when
the target point passes through its starting point and also when it passes through
its terminal point. We say that it is of type +— (or —+) if the number increases
(resp. decreases) by one when the target point passes through its starting point and
it decreases (resp. increases) by one when it passes through its terminal point. In

this way, the arc components of 0,(f) can be classified into these four types. We
denote by n(++), n(—=), n(+—) and n(—+) the numbers of arc components of
types ++, ——, +— and —+ respectively.

Then, it is easy to show that

GO+ TNl = al++) +n(==) +2n(+-),
LA+ = nl++) +n(==) +2n(-+).
Since we should have n(++) = n(——), we obtain
AN+ NN = MU+ T =0 (mod 2).
This implies that (sY,a1)(f) =0 in Ho(N;Z2). This completes the proof. O

Remark 15.2. Note that s{,a; does not vanish as an element of H'(79(2, 1), p 1(2)).
Hence, the above lemma shows that even if we take a nontrivial cohomology class
of the universal complex with respect to an admissible equivalence relation, the
corresponding homology class in the target manifold can be trivial. Hence, the
answer to the problem mentioned in Problem 12.14 is negative in general, if we
replace the CY equivalence relation p%,p with an arbitrary admissible equivalence
relation, at least for the cohomology group (12.2). See also Remark 13.14.
Let us consider the homomorphism

€p9 (2),09 1% : Hl(Sgr(2a 1)7/)3,1(2)) - Hl(Sgr(2a 1)7/)(2),1)

P21

induced by the cochain map
5p371(2),pgyl : C(Sgr(Qa 1)) pg,l(Q)) - C(Sgr(2a 1)a pg,l)

defined in §9.6. If the image of s{,a; € H*(S3,(2,1),p9,(2)) by €09 1(2),69 %

nontrivial, then the problem mentioned in Problem 12.14 is negatively solved. The
author conjectures that €, (9) 50 1*(5(1)*041) # 0.

is

In [53], Yamamoto considers an equivalence relation among the fibers of a given
map which takes into account their positions from a global viewpoint. In other
words, even if two fibers are C° equivalent, if their positions are different from
each other in a certain global sense, then one considers them to be nonequivalent.
Probably, we can construct universal complexes of singular fibers with respect to
such “global” equivalence relations. Then, the author conjectures that for such a
universal complex with respect to a certain global equivalence relation, the answer
to the problem mentioned in Problem 12.14 should be positive.

If we consider a C° stable map f: M — N of a closed 3-manifold into a surface,
then a1(f) and as(f) are defined as elements of Hy(N;Z3). We see that az(f) can
be nontrivial by the example constructed as follows.

Let ¢ : RP? — R be an arbitrary Morse function. Note that (s9,a2)(g) is
nontrivial by Corollary 3.4. We define f = ¢ x idg: : RP? x S' — R x S'. Then
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we see that az(f) does not vanish in Hy(R x S';Z5). (This implies, for example,
that f: RP? x S' — R x S! is not bordant to a constant map.)

On the other hand, «;(f) always vanishes. This follows from Lemma 12.10,
since (s, a1)(h) always vanishes for a 7°(2,1)-map h of a closed surface into a 1-
dimensional manifold as mentioned above. Note that 79(2,1) is transversely com-
plete with respect to 7°(3,2).

15.2. Cobordism of fold maps. Let us now consider an example of 7 which is not
big in the sense of Remark 14.6. Let 7 be the set of singularity types corresponding
to a regular point and a fold point. In this case, a 7-map is called a fold map.
(Recall that this notion was already introduced in §7). In the following, we denote
by 7°(n,p)° the set of all C° equivalence classes of fibers for proper C stable
7-maps in T, (n, p) of orientable n-dimensional manifolds.

Then the following proposition can be proved. Details are left to the reader.

Proposition 15.3. The cohomology groups of the universal complex
CO(7°(3,2)°", p5 2(2))

of co-orientable singular fibers for proper C° stable fold maps of orientable 3-
manifolds into surfaces with respect to the C° equivalence modulo two circle com-
ponents are given as follows:

HP(CO(%(3,2)°", p§ 5(2)))
H(CO(r%(3,2)°", p§ 5(2)))

Z (generated by [0, + 0,]),
Z & Z (generated by oy = [TS +E] = [TS +i1)]7
as = [0 +10), and a3 = [IL +1]

with 20q = as + ag),

where for a C° equivalence class § of fibers, o (or Fe) denotes the CO equivalence
class modulo two circle components represented by F¢ with £ odd (resp. even), and
[] denotes the cohomology class represented by the cocycle *.

Let f : M — R be a Morse function, which is a fold map, of a closed oriented
surface M. Then (s%,a2)(f) € Ho(R;Z) = Z coincides with max(f) — min(f),
where max(f) (or min(f)) is the number of local maxima (resp. minima) of the
Morse function f. Furthermore, (sY, a3)(f) coincides with the 7-cobordism invari-
ant introduced in [18]. Since we can show that (s{,a1)(f) always vanishes as in
Lemma 15.1, we have (s, a2)(f) = —(s%, a3)(f).

Note that by [18], two Morse functions fy and f; on closed oriented surfaces
are oriented 7-cobordant if and only if (s§,c2)(fo) = (sY,a2)(f1). In other words,
the cohomology class s{, as of the universal complex of co-orientable singular fibers
with respect to the C° equivalence modulo two circle components gives a complete
invariant for 7-cobordisms of 7-maps of oriented surfaces into R.

16. APPLICATIONS

In this section, we give some applications of the ideas developed in §8 to the
topology of generic maps.
First, we prepare some lemmas.

Lemma 16.1. Let W be a compact m-dimensional manifold such that its boundary
is a disjoint union of open and closed subsets Vo and Vi. If there exists a Morse
function g : W — R such that g(W) = [a,b] for some a < b, Vo = g~ (a),
Vi = g~ (b), and that g has a unique critical point in the interior of W, then the
difference between the Fuler characteristics of Vo and Vi is equal to +2, provided
that m is odd.
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Proof. Let A be the index of the critical point. Then by Morse theory, we see that
V1 is diffeomorphic to

(Vo ~ Int(S*1 x D™= A) U (DY x ™21,
Then the result follows immediately. O

Definition 16.2. Let V) and V; be closed oriented (4k + 1)-dimensional manifolds
with k£ > 0. Suppose that there exists an oriented cobordism W between 1V} and V;.
Then, we define d(Vp, V1) to be the Euler characteristic modulo two of W. Since
every closed orientable (4k + 2)-dimensional manifold has even Euler characteristic,
d(Vo, V1) € Zs does not depend of the choice of W. In fact, d(Vy, V1) coincides with
the difference between the semi-characteristics x*(Vp) and x* (V1) with respect to
any coefficient field (see [26]).

Then the following lemma follows from the very definition.

Lemma 16.3. Let W be a compact (4k + 2)-dimensional oriented manifold such
that its boundary is a disjoint union of open and closed subsets Vi and V. If there
exists a Morse function g : W — R such that g(W) = [a,b] for some a < b,
Vo =g Y(a), Vi = g7 1(b), and that g has a unique critical point in the interior of
W, then d(Vp, V1) defined above is equal to 1 € Zs.

With the help of the above lemmas, we prove the following. Recall that a smooth
map between smooth manifolds is a Boardman map if its jet extensions are trans-
verse to all the Thom-Boardman subbundles (see [3] and [13, Chapter VI, §5]).
Furthermore, such a map satisfies the normal crossing condition if its restrictions
to the Thom-Boardman strata intersect in general position (for more details, see
[13, Chapter VI, §5]).

Proposition 16.4. Let f: M — N be a Boardman map of a closed n-dimensional
manifold M into a p-dimensional manifold with n > p. Suppose either that n — p
is even, or that n —p = 1 (mod 4) and M is orientable. Then f.[S(f)]2 =0 €
H, 1(N;Zs), where [S(f)]l2 € Hp—1(M;Zs) is the Zy-homology class represented
by the singular set S(f) of f.

Proof. We may assume that IV is connected. We may also assume that f satisfies
the normal crossing condition by perturbing f slightly. When n —p =1 (mod 4),
we fix an orientation of M. Take a regular value yo € N of f and fix it, where
we take yo € N ~ f(M) if N is open. Let R be the closure of the set of points
y € N~ f(S(f)) such that

xX(f 7 w) = x(f (o))
2

is odd for n — p =0 (mod 2) and that

d(f " (wo), (1)) =1 (mod 2)
for n —p = 1 (mod 4). Note that if A is an embedded arc connecting y and yo
transverse to f, then f~!(A) gives a (oriented) cobordism between f~1(y) and
FY(yo), and hence x(f~1(y)) — x(f1(yo)) is always an even integer for n —p =0
(mod 2) and d(f~(yo), f*(y1)) € Zz is well-defined for n —p =1 (mod 4). Then
it is easy to see that R is compact.

Since f is a Boardman map, S(f) is naturally stratified into the Thom-Boardman
strata, and the top dimensional strata of S(f) consist of fold points. Let J be
an arc embedded in N such that J intersects f(S(f)) transversely at a unique
interior point z such that f=1(2) N S(f) consists of a fold point. Then by applying
Lemmas 16.1 and 16.3 to the (oriented) cobordism f~1(.J) and the Morse function
g1 f~1(J) — J, we see that exactly one end point of J belongs to R.
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Therefore, f.[S(f)]2 coincides with the Zs-homology class represented by R, since
f satisfies the normal crossing condition. Thus the result follows. (I

Remark 16.5. Proposition 16.4 does not hold for general Thom maps. For example,
let f:S' — S' be a C* homeomorphism such that f is equivalent to the function
x + 2 at a point. Then, f is a Thom map, but S(f) consists exactly of one point.

By Thom [49], the Poincaré dual of [S(f)]2 € Hp—1(M;Zs) coincides with the
(n — p+ 1)-st Stiefel-Whitney class wp—pi1 (T'M — f*T'N) of the difference bundle
TM — f*T'N. Since every continuous map between smooth manifolds is homotopic
to a Boardman map, we obtain the following.

Corollary 16.6. Let f : M — N be a continuous map of a smooth closed n-
dimensional manifold M into a smooth p-dimensional manifold with n > p. Suppose
either that n — p is even, or that n —p =1 (mod 4) and M is orientable. Then we
have fiwy—pi1(TM — f*TN) =0 € H'(N;Zs), where

fi: H" PPN (M Zo) — HY(N; Zs)
denotes the Gysin homomorphism induced by f.
As another corollary to Proposition 16.4, we have the following.

Corollary 16.7. Let f : M — N be a C* stable map of a closed n-dimensional
manifold M into a p-dimensional manifold N with n > p such that f has only fold
points as its singularities. Suppose either that n and p are odd, or that n —p =1
(mod 4), p = 1 (mod 2) and M s orientable. Then the Euler characteristic of

F(S(f)) is even.

The above corollary follows from the fact that in the above situation, S(f) is
a (p — 1)-dimensional closed submanifold of M and that f|g(s) is an immersion
with normal crossings (for example, see [13, Chapter III, §4]), together with [32,
Corollary 7.3].

Now, let f : M — N be a C'*° stable map of a closed n-dimensional manifold M
into a p-dimensional manifold N such that f has only fold points as its singularities.
For m > 0, we put

Sm(f)={y € N : f~*(y) N S(f) consists exactly of m points},
and for m > 1, we put
Sn(f) = (En()) N S().

Note that ¥, (f) is a regular submanifold of N of dimension p—m, and that Z‘Jm( )
is a regular submanifold of M of dimension p — m.
Then we have the following.

Proposition 16.8. Let f : M — N be a C* stable map of a closed n-dimensional
manifold M into a p-dimensional manifold N with n > p such that f has only fold
points as its singularities. Suppose that n — p is even. Then, the Zs-homology class

B (P2 € Hpm(Em-1(); Z2)

represented by X,,(f) vanishes for m odd. Furthermore, the Zs-homology class

[im(f)]Q € Hp—m(im—l(f); Z2)

represented by S (f) vanishes for m even.
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Proof. Take a point yg € X—1(f). Let R C X,,—1(f) be the the closure of the set
of points y € X,,—_1(f) such that

xX(f 1 w) = x(f (o))
2

is odd. Then by an argument similar to that in the proof of Proposition 16.4, we
see that [X,,(f)]2 coincides with the Zy-homology class represented by OR, since
m is odd. Hence the first half of the proposition follows. The second half follows
from a similar argument. (I

The above proposition shows, for example, that the singular value set f(S(f))
of the C* stable map f : CP22CP2 — R3 constructed in §7 cannot be realized
as the singular value set of a C*° stable map of a closed n-dimensional manifold
into R3 for n > 3 odd.
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