Hybrid-Dynamic Ehrenfeucht-Fraissé Games

GUILLERMO BADIA, The University of Queensland, Australia

DANIEL GAINA, Kyushu University, Japan

ALEXANDER KNAPP, Universitit Augsburg, Germany

TOMASZ KOWALSKI, Jagiellonian University, Poland, La Trobe University, Australia, and The University of
Queensland, Australia

MARTIN WIRSING, Ludwig-Maximilians-Universitit Miinchen, Germany

Ehrenfeucht-Fraissé games provide means to characterize elementary equivalence for first-order logic, and by standard translation
also for modal logics. We propose a novel generalization of Ehrenfeucht-Fraissé games to hybrid-dynamic logics which is direct and
fully modular: parameterized by the features of the hybrid language we wish to include, for instance, the modal and hybrid language
operators as well as first-order existential quantification. We use these games to establish a new modular Fraissé-Hintikka theorem
for hybrid-dynamic propositional logic and its various fragments. We study the relationship between countable game equivalence
(determined by countable Ehrenfeucht-Fraissé games) and bisimulation (determined by countable back-and-forth systems). In general,
the former turns out to be weaker than the latter, but under certain conditions on the language, the two coincide. As a corollary we
obtain an analogue of the Hennessy-Milner theorem. We also prove that for reachable image-finite Kripke structures elementary

equivalence implies isomorphism.
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1 INTRODUCTION

Hybrid logics and, in particular, hybrid-dynamic logics, are expressive modal logics well-suited for describing behavioral
dynamics: if something holds at a certain state, then something else holds at some state accessible from it. Hybrid dynamics
logics have been applied to the specification and modelling of reactive and event/data-based systems (see, e.g., [14, 17, 19]).
The expressivity of dynamic-propositional logic (DPL) extends beyond its hybrid counterpart at the expense of important
logical properties such as compactness [18]. Lesser-known, perhaps, is the fact that hybrid-dynamic propositional logic
(HDPL) is sufficiently expressive to describe finite models (see Example 2.5).

Ehrenfeucht-Fraissé (EF) games characterize elementary equivalence in first-order logic [15]. In this paper, we
propose a modular notion of EF games for HDPL and its fragments, designed to accommodate various forms of
quantification encountered in modal logics. The advantages of modularity in the context of hybrid logics are thoroughly
demonstrated in [5]. We apply this framework to establish a Fraissé-Hintikka Theorem [15] for hybrid-dynamic logics
and to study the relationship between countable game equivalence (determined by countable EF games), w-bisimulations
and back-and-forth systems [3]. In an EF game, the players’ moves correspond to various types of (hybrid) quantification,
including possibility over structured actions, first-order quantification, and store, which names the current state. The

mathematical structure supporting this formalization is the gameboard tree [13], which we extend with edge labels. The
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role of such trees is comparable to that of a chessboard in chess. Gameboard trees can also be seen as representing the
quantifier ranks of sentences, as nodes correspond to signatures, and edges represent labeled extensions of signatures
with variables.

In this paper, we examine both versions of EF games: the finite and the countably infinite. The winning strategies in
finite EF games, played over gameboard trees, are precisely described by so-called game sentences, which are defined
over such trees. In the literature, the result stating that a winning strategy in a finite EF game is exactly described
by a game sentence is known as the Fraissé-Hintikka Theorem (Theorem 3.6); it holds for all fragments of hybrid-
dynamic propositional logic, including dynamic propositional logic. To the best of our knowledge, no proof of the
Fraissé-Hintikka Theorem for hybrid or dynamic logics appears in the existing literature. A direct consequence of
this theorem is a characterization of hybrid-dynamic elementary equivalence in terms of EF games (Corollary 3.7),
asserting that finite EF games yield an equivalence that aligns with elementary equivalence: pointed models cannot be
distinguished by sentences. We further show that the equivalence induced by countably infinite EF games coincides with
w-bisimilarity and, under certain conditions, with back-and-forth equivalence. As applications, we prove an analogue
of the Hennessy—Milner theorem and show that, for rooted image-finite models, elementary equivalence coincides with
isomorphism.

Several variations of EF games have been proposed in the literature for hybrid logics, but not for hybrid-dynamic logics.
For example, EF games for hybrid temporal logic are introduced in [1], while EF games for hybrid computational tree
logic are proposed in [16]. Notably, the characterizations of hybrid elementary equivalence in these works are established
directly by induction on the complexity of hybrid sentences, rather than as consequences of a Fraissé-Hintikka Theorem.

This work incorporates several features that shape its approach to EF games: (a) First, it is grounded in category
theory, which provides a foundational framework for constructing EF games, including the notion of gameboard trees.
In this setting, Spoiler/Vbelard’s moves are suitably restricted, enabling the definition of game sentences — formulas that
precisely characterize the allowable moves in the game. These game sentences are then used to prove that elementary
equivalence coincides with the existence of a winning strategy for Duplicator/3loise. (b) Second, the use of gameboard
trees enables a modular approach to EF games. By selectively adding or removing conditions — corresponding to the
sentence operators under consideration — one can adapt the framework to specific logical fragments. This flexibility
is particularly valuable in applications where the full expressive power of hybrid-dynamic logic is unnecessary, and
where attention may instead be limited to a fragment such as hybrid propositional logic (HPL).

Other frameworks also support modular reasoning. For example, bisimulations — commonly regarded as the modal
counterpart to EF games [20] — exhibit a modular structure. We show that w-bisimulations correspond to winning
strategies for Jloise in countably infinite EF games. In contrast, back-and-forth systems — typically seen as formalizations
of Jloise’s strategy [3] — tend to be stronger. Their equivalence with EF games holds only when the logical fragment is
closed under certain sentence operators. This suggests that the back-and-forth approach may implicitly assume the
availability of these operators in the language, which could affect its adaptability across different logical fragments.
Each approach has its own strengths and limitations, but a choice must ultimately be made based on the intended use
and future development. In this context, our approach to EF games — grounded in gameboard trees and characterized
by game sentences — offers a pathway toward mechanization and the development of tools tailored to specific logical
fragments, especially in domains where limited expressiveness is both sufficient and desirable.

Structure of the paper. We first introduce the logical framework of Hybrid-Dynamic Propositional Logic (HDPL) in
Section 2 as a family of languages parameterized by sentence constructors. In Section 3, we describe finite Ehrenfeucht-

Fraissé games for HDPL and its fragments and prove a general, modular Fraissé-Hintikka theorem for characterizing
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elementary equivalence. We move to infinite Ehrenfeucht-Fraissé games in Section 4 and relate these games to w-
bisimulations and back-and-forth systems; in particular, for image-finite models, we obtain a Hennessy-Milner for the
quantifier-free fragment of HPL and we show that rooted, elementarily equivalent models are isomorphic. We conclude

in Section 5.

2 HYBRID-DYNAMIC PROPOSITIONAL LOGIC (HDPL)
2.1 Signatures

The signatures are of the form (2, Prop), where ¥ = (F, P) is a single-sorted first-order signature consisting of a set
of constants F called nominals and a set of binary relation symbols P, and Prop is a set of propositional symbols. We
let A range over signatures of the form (3, Prop) as described above. Similarly, for any index i, we let A; range over
signatures of the form (2;, Prop;), where X; is a single-sorted first-order signature of the form (F;, P;) defined similarly
as above. A signature morphism y : Ay — Ay consists of a first-order signature morphism y : £; — ¥, and a function
X : Prop; — Prop,. The extension of A by a fresh nominal k is denoted A[k] yielding the inclusion A — A[k]. We

HDPL

denote by Sig the category of HDPL signatures.

2.2 Models

The models defined over a signature A are standard Kripke structures I = (W, M) such that:

(1) W is a first-order structure over 3. We denote by || the universe of W and we call the elements of || states,
possible worlds or nodes. The accessibility relations consist of the interpretations of the binary relation symbols
from P into W, that is, AW is an accessibility relation for each binary relation symbol A € P.

(2) M:|M| > |ModPL(Prop)|is a mapping from the set of states |I| to the class of propositional logic models
[ModPL(Prop)|, i. e., subsets of propositional symbols.

We let M and N range over Kripke structures of the form (W, M) and (V, N), respectively. Similarly, for any index i we
let M; and N; range over Kripke structures of the form (W;, M;) and (V;, Nj), respectively. A homomorphism & : I — N
between two Kripke structures 9t and 9 is a first-order homomorphism & : W — V such that h(M(w)) € N(h(w)) for
all states w € |IM].

FacT 2.1. For any signature A, the A-homomorphisms form a category ModHPPL(A) under the obvious composition as

many-sorted functions.

For any signature morphism y : Ay — Ay the reduct functor —|y : ModHPPL(A2) — ModHPPL(A,) is defined as
follows: The reduct M|y of the Ap-model M is (W|y, M|y), where W|y is the reduct of W across y : 1 — X3 in first-
order logic, and (M|y)(w) = M(w)|y = {p € Prop; | x(p) € M(w)} is the reduct of M(w) across y : Prop; — Prop,
in propositional logic, for all states w € |Wt|. The reduct h|y of a Az-homomorphism h : M — N is the first-order
homomorphism h|y : W|y — V|y. Since h(M(w)) € N(w) for all states w € ||, we get (k| y)(M(w)|x) € N(w)|x
for all states w € || = || x|, which means that h|y is well-defined. If y : A; — A3 is an inclusion, we also write
Me|Aq for M| y.

Fact 2.2. ModHPPL . §igHDPL _, CatoP js g functor with Mod"PPL(y)(h) = h|y for each signature morphism

x: A1 — Ay and each Az-homomorphism h, where Cat is the category of all categories.
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2.3 Actions

The set of actions AMPPL(A) over a signature A is defined by the following grammar:
az=AlaVala;ala*,

where A is a binary relation on nominals. Actions are interpreted in Kripke structures (W, M) as accessibility relations
between possible worlds. This is done by extending the interpretation of binary relation symbols on nominals:

(1) A™ = 2W for all binary relations A in A,

(2) (a;Uay)M = ailm U a;m (union),

3) (ag; ag)™ = aim ; agﬁ (diagrammatic composition of relations), and

@ (@)™ = (a™)* (reflexive & transitive closure).

2.4 Sentences

Let {o, | n € N} be a set of variable names. A variable for a signature A is a pair x = (v,, A), where v, is a variable
name. Notice that all variables x = (v,, A) are different from all symbols in A. The translation of x along a signature
morphism y : A — A’ is x” = (vp, A’). The set of sentences SenHPPL(A) over a signature A is defined by the following
grammar:
pu=plk| AP =g [ ()¢ | @k | lx-¢x | Ix-¢x,

where p is a propositional symbol, k is a nominal, ® is a finite set of sentences over A, x is a variable for A, a is an
action over A, and ¢, € Sen™PPL(A[x]). The sentence (a)¢ is read as “¢ holds after a” (possibility), @y ¢ as “$ holds at
state k” (retrieve), and |x - ¢ as “¢x holds with the current state bound to x” (store). We will use the usual abbreviations
V @ for =(Ageq ~¢), [a]$ for ~(a)—¢, and Vx - ¢x for =3x - =¢. Each signature morphism y : Ay — A induces a
sentence translation y : Sen(A1) — Sen(A2) that replaces, in an inductive manner, in any A;-sentence ¢ each symbol
from A; with a symbol from Ay according to y : Ay — Aj.

It is worth noting that the translation of a quantified sentence Jx - ¢ € Sen(A;), where x = (vp, A1), along
x A1 — Agis Ax’ - ¥ (¢x), where x” = (v,, Ag) and y’ : A1[x] — Az[x’] is the extension of y : A; — Ay which

maps x to its translation x”.

by Arlx] = Agla] X ()
Ay Ay T} JAV BEEETERRPTERS Iy (Px)

HDPL . SigHDPL

FacT 2.3. Sen — Set is a functor, where Set is the category of all sets.

This approach proves useful in preventing clashes between variables and constants within a given signature.
Furthermore, substitutions can be defined cleanly, avoiding the need for side conditions. When there is no danger of
confusion (e.g., a variable name is among the elements of a signature), we identify a variable only by its name. This

means that signature inclusions A; C Ay determine inclusions of sets of sentences Sen(A;) € Sen(Az).

2.5 Local satisfaction relation

The local satisfaction relation of a sentence ¢ over a model I = (W, M) over a signature A and a world w € || is

defined by induction on the structure of the sentence:

o (M, w) = pif M(w) k= p in propositional logic, that is, p € M(w);
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o (Mw) Ekifw=k"

M, w) EAQif (M, w) E ¢ forall p € D;

(M, w) | = if (M, w) | ¢;

(M, w) | @ ¢ if (M E™) = ¢

(M, w) = (a)¢ if (M, 0) E ¢ for some v € aP(w) = {w’ € |M| | (w,w’) € a™};
(M, w) | Lx- ¢y if (MY, w) | ¢,

where IM* Y is the unique expansion of M to A[x] interpreting x as w;

o (M, w) = Ix- ¢y if (M¥? w) | Py for some v € |M].

We call the pair (I, w) a pointed model, where w is the current (or initial) state.

THEOREM 2.4 (LOCAL SATISFACTION CONDITION). For all signature morphisms y : Ay — Az, all Ax-models M, all states

w € ||, all Aq-sentences ¢, we have

(M, w) |= x () iff My, w) = 6.

Theorem 2.4 shows that HDPL is a stratified institution according to the definitions given in [8, 10]. For a proof of
the local satisfaction condition one may refer to [7].

As an example of the expressivity of HDPL we outline a method for characterizing finite linear orderings:

Example 2.5. Let A be a signature with two nominals k1, k2 and one binary relation A. Here, k1 and k3 represent the
minimal and maximal elements, respectively, while A represents the immediate successor relation in a discrete linear
ordering:

o Let ¢ == (Ix! @, (D)x) A (Vy--@y (A)k1), where 3x!-y := Jx-y A Vy-y[y/x] — @xy, indicating that
there exists a unique x such that y € Sen(A[x]) is satisfied. Notice that ¢ asserts that k; has a unique successor
and no predecessor, which — in the context where all elements are connected by finite paths (see the definition
of ¢4) — means that k; is the minimal element.

o Let ¢y := (3x!- @x (M)k2) A (Vy - 2@, (A)y), which states that k2 has a unique predecessor and a no successor,
which in this context means that kj is the maximal element.

o Let ¢3 = Vx ~@x k1 A ~@x k2 — (Fy!- @y (A)x) A (F2!- @x (4)2), which asserts that each element x, not
being the minimum nor maximum, has a unique predecessor and successor.

o Let ¢y = Vx,y- @x (A")y V @y (1")x, which expresses that any elements x and y are connected by a finite
path of edges labeled A.

Therefore, the sentence ¢ := ¢ A - - - A ¢4 has only finite models.

2.6 Logical framework and related concepts

The logical framework in which the results will be developed in this paper is an arbitrary fragment £ = (SighHPPL,
Sen’{, Mod"PPL ) of HDPL which is closed under Boolean connectives. This means that £ is obtained from HDPL
by discarding

e some constructors for actions from the grammar which defines actions in HDPL, and/or

e some constructors for sentences from the grammar which defines sentences in HDPL.

For example, one can discard all action constructors and develop results over hybrid propositional logic (HPL); or one

can work with the quantifier-free version of HDPL; or one can discard retrieve, store, and existential quantification,
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and work with dynamic multi-modal propositional logic, DPL. For the sake of simplicity, we will drop the superscripts
L and HDPL from £ = (SigHDPL, SenL, ModHDPL, k=) when there is no danger of confusion.

We make the following notational conventions:

e Let O C {0, @, |, 3} be the subset of the sentence constructors which belong to £.!

e Let Mod,(A) = {(M, w) | M € [Mod(A)| and w € ||} be the class of pointed A-models.

o Let Mody(A,¢) = {(M, w) € Mody(A) | (M, w) E ¢} be the class of pointed A-models which satisfy a
sentence ¢.

e Let Seny : Sig — Set be the subfunctor of Sen : Sig — Set which maps each signature A = (Z, Prop) to the set

of basic sentences F U Prop.

Definition 2.6 (Elementary equivalence). Let A be a signature.

o Two pointed A-models (9, w) and (N, v) are L-elementarily equivalent, in symbols,
(M, w) =£ (N, 0), when (M, w) | ¢ iff (M, 0) | ¢, for all A-sentences ¢ € SenL(A).
e Two A-sentences ¢1 and ¢, are semantically equivalent if they are satisfied by the same pointed models, that is,

Mody (A, $1) = Modp (A, $2).

When there is no danger of confusion, we drop £ from the above notations.

3 FINITE EHRENFEUCHT-FRAISSE GAMES

We propose a notion of EF game for hybrid-dynamic propositional logic and its fragments by generalizing in a non-trivial
way the notion of EF game from first-order logic [15]. In this section, we are interested in characterizing elementary

equivalence of pointed models in terms of EF games.

3.1 Gameboard trees

The EF games proposed in this paper are played on a gameboard tree between Vbelard and Jloise exactly like the EF
games defined in [13]. The nodes are labeled by signatures, while the edges are labeled by sentence operators and are
uniquely identified by their source and label. Labels are introduced to account for moves in games corresponding to
various types of quantification used in defining the language of HDPL (e.g., possibility of structured actions, store, or
first-order quantification). The edges of the gameboard trees defined in [13] are unlabeled, since that work considers
only one type of quantification — namely, first-order quantification. There are four types of edges classified by their
label, which are depicted in Figure 1. Each type of edge is discarded from the gameboard tree if it is not included in the

language fragment £ of discourse.

Fig. 1. Gameboard tree

L& € O means that £ is closed under possibility over actions, but no assumption is made concerning the existence of action constructors. One or more
constructors for actions can be discarded from £.
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O € O: The edge A (_a}_) A connects two distinct nodes that are both labeled by the same signature A, where a
is an action. It may be regarded as a pair consisting of the identity signature morphism 15 : A — A and the
modal operator (a).

@ € O: The edge A &, A connects distinct nodes that are labeled by the same signature A, where k is a nominal.
It may be regarded as a pair consisting of the identity signature morphism 15 : A — A and the operator retrieve
@k -

| € O: The edge A i> A[x] connects distinct nodes labeled by the signatures A and A[x], where x = (vg, A) is a
variable for A. It may be regarded as a pair consisting of a signature inclusion A — A[x] and the operator
store |x.

J e O: The edge A 3, Alx] connects distinct nodes labeled by the signatures A and A[x], where x = (vp, A) is a
variable for A. It may be regarded as a pair consisting of a signature inclusion A — A[x] and the first-order
quantifier Jx.

idle: The edge A L5 A connects distinct nodes that are labeled by the same signature A. It may be regarded as the
identity signature morphism 15 : A — A. The idle edge serves to construct complex gameboard trees from

simpler components and to define game sentences that represent conjunctions.

If £ is closed under the possibility over actions, which in turn are not restricted, the number of edges from a given
finite signature is infinite. In our approach we restrict Ybelard’s choices to a finite set by playing the game on finite
gameboard trees. If one discards the action operators, then the game can be played on complete gameboard trees which
are finite provided that the root signature is finite.? In this case, Ybelard’s choices are not restricted in any way and the

game is similar to the classical one.

3.2 Ehrenfeucht-Fraissé games

The game starts with two pointed models (I, w) and (N, v) defined over the same signature A, and a gameboard tree

tr with root(tr) = A. Jloise loses if the following game property is not satisfied:
(M, w) | ¢ iff (R,v) ¢ for all basic sentences ¢ € Seny (A).

Otherwise, the game can continue and Ybelard can move one of the pointed models along an edge of the gameboard

tree. Without loss of generality, we assume that Vbelard picks up the first pointed model (9, w).

a
¢ € O: A move along A i—>—> A means that the next state wy chosen by Vbelard is accessible from w via a™, his

m N

new pointed model becoming (I, wi) with w a** wy. Jloise needs to find a state v; accessible from v via a

such that for her resulting pointed model (%, v1) the game property holds again.
(M, w) (a) (I, w1)

A A
(%, 0) (R, 01)

@ € O: A move along an edge A ©x, A, where k is a nominal in A, means that Vbelard changes the current state
w to k™. The only possible choice for Jloise is (N, k™). The game continues with (9, k™) and (%, k%) if the

2By a complete gameboard tree, we mean a gameboard tree that explores all possible moves, each labeled by a sentence operator, such that all subtrees
rooted at its children have equal height.
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game property holds again.

D @ o & k)
(%,0) R, k)

|l € O: A move along A i) A[x] means that Vbelard names the current state x, turning (9, w) into (XY, w).
Jloise can only name her current state x, changing (i, v) into (9*?,0). The game continues if the game
property holds for these new pointed models.

(%, w) 1 (T, w)

A Alx]
(N, 0) (N*2,0)

3
3 € O: A move along A — A[x] means that Ybelard names x a new arbitrary state wy € [t| without changing
his current state. His pointed model becomes (MM* "1, w). Tloise needs to match Vbelard’s choice by naming x
a state v1 € |N|. The game continues with the new pointed models (M* ™, w) and (M*¥, 0) if the game

property holds again.

(M, w) (M*M w)

A Alx]
(R, 0) (N>, 0)
idle: A move along A L5 A does not change the pointed models. (These moves are needed for modularity and
their role will be clear after reading the proof of Theorem 3.6(3)).
(M, w) (M, w)

A A
N, 0) (N, 0)

Tloise loses the game if the game property is not satisfied by the current pair of pointed models; Jloise wins the
game if she can match any move made by Vbelard such that the game property is satisfied. We write (I, w) =4 (N, 0)
if Jloise has a winning strategy for all hybrid-dynamic EF game played on the gameboard tree tr. Notice that if Jloise
has a winning strategy over a gameboard tree tr, then she has a winning strategy over any gameboard tree tr’ included
in tr. Therefore, in HPL, one can work only with complete gameboard trees, since the number of binary relations of a
finite signature is obviously finite. On the other hand, in HDPL, the set of actions is countably infinite for each finite

signature with at least one binary relation. This implies that a complete gameboard tree would be infinitely branched.

Example 3.1. Let A be a signature with no nominals, one binary relation A, and one propositional symbol p. Let It

and 9t be the A-models shown to the left and right, respectively, in the following diagram.?

7 1 171
D O o O @ WO

(1) If £ is DPL, then (9, 0) and (N, 0) are L-elementarily equivalent. Since there are no nominals and no way to

name them in the absence of store, Jloise has a winning strategy for all EF games played over any gameboard

tree.

3This example is from the term-rewriting literature: Both models are abstract rewriting systems that are locally confluent but not confluent. In this case,
p stands for the normal form property [4]. These concepts play no further role in our study.
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(2) If L is HPL, then (M, 0) %4 (N, 0) for any complete gameboard tree tr of height greater or equal than 3. The

sequence of moves that ensures Ybelard’s winning is depicted in the following diagram.

(M, 0) W0 (0 1) (R¥0,2)
A Alx] @ Alx] W Alx]
(SD?, 0) (gﬁxFO’ 0) (SIRXHO’ 1)

In the third round, Jloise’s only options are to move back to 0 or to move to b. In both cases the game property

is not satisfied.

Example 3.2 ([2, Ex. 5.13]). Let A be the signature comprising of one binary relation A. Let 9t be the model depicted
to the left of the following diagram, which is a countably infinitely branched tree with the root 0. Let 9t be the model
depicted to the right of the following diagram, which is obtained from 9t by adding a new branch of countably infinite

,/77% %
o 9 9 @ B
(1) In all fragments of HPL, loise has a winning strategy for all EF games played over a finite gameboard tree
starting with (9, 0) and (R, 0).
(2) In any fragment of HDPL closed under Boolean connectives and possibility over structured actions, Jloise loses

A A* A
the game played over A Q A u) A Q A starting with (9t,0) and (9, 0):

length.

(R,0) " N, 1) ) (9N, m) o (R, m+1)
A A A A
(M, 0) (M, n1) (M, nn)

A
First, Ybelard moves (9, 0) along A —<—>—> A to obtain (M, 1). A move from loise results in (M, n1), where n is

A
a natural number greater than 0. Then Vbelard moves (9, n1) along A 2) A to obtain (I, nn). Jloise can

*

A
move (I, 1) along A <——>> A to get (M, m), where m is any natural number greater than 1. For the final round,

A
Vbelard takes (%, m) along A Q A to obtain (N, m + 1) while Jloise cannot match this move.

Example 3.3. Let A be a signature consisting of one binary relation A. Let It be the model depicted to the left of the
following diagram, comprising a countably infinite number of cycles of increasing length that traverse through 0. Let 9t
be the model depicted to the right of the following diagram, which is obtained from M by adding a countably infinite
chain with no end points passing through 0. Then (9, 0) and (¢, 0) are elementarily equivalent w. r. t. any fragment £
of HPL closed under Boolean connectives, but they are not elementarily equivalent in any fragment of HDPL that is

closed under Boolean connectives and has possibility over structured actions and store.
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Vbelard has a winning strategy in three steps:

(%,0) (R*0,0) R¥0,1)
(A) (A)
A Alx] Alx] Alx]
(M, 0) (EIRXHO’ 0) (ﬂRxHO, n1) (;‘mxtfo’ 0)

A
The game starts by naming the current state by both Vbelard and Jloise. Then Vbelard moves (*0,0) along A Q) A

A
to obtain (*0, 1). Jloise moves along A Q A to obtain (M*° n1). For the final round, Vbelard can return

(M*0_n1) to the state 0 while Jloise cannot match this move.

3.3 Game sentences

We propose a notion of game sentence defined over a gameboard tree which describes precisely the EF games played

on the gameboard tree given.

Definition 3.4 (Game sentence). The set of game sentences 0 over a gameboard tree tr, whose root is labelled by a

finite signature A, is defined by structural induction on gameboard trees:
tr=A: Let Op = {A\peseny(A) pf(p) | f:Senp(A) — {0,1}}, where p° = p and p! = —p.

b by, . .
tr = A(——l—> tri... — tryp): This case can be depicted as follows:
try try trp

\ X /

by b Iby

\\/

A
Let us fix an arbitrary index i € {1,...,n}. We will define
(1) asubsetet S; € P(Oy,;) of the powerset of Oy, and
(2) a A-sentence ¢r for each set of game sentences I € S;.
Depending on the label Ib;, there are five cases:
A ﬂ) A: In this case, we assume that & € O. Then we define:
(1) S; = P(Oy,), the powerset of Oy, and

@) or = (Ayer(@y) A ([a] VI) forall T € 5;

A @—k> A: In this case, we assume that @ € O. Then we define:
(1) S; == {{y} | y € Oy, }, the set of all singletons with elements from @y, and
(2) ¢(y) = @y for all singletons {y} € S;.

A = Alx]: In this case, we assume that | € O. The we define:
(1) S; == {{y} | y € Oy, }, the set of all singletons with elements from @y, and
(2) ¢(yy = lx -y for all singletons {y} € S;.

A 3, A[x]: In this case, we assume that 3 € O. Then we define:
(1) S; == P(O,), the powerset of Oy, and
(@) ¢or = (AyerIx-y) A (¥Vx- VI), forallT € ;.

A RN A: Then we define:
(1) S; == {{y} | y € Oy, }, the set of all singletons with elements from @y, and
(2) ¢(yy =y for all singletons {y} € S;.
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The set of game sentences over tris Oy = {or, A--- Agr, | T1 €S1,...,T € Sp}.

Example 3.5. Assume that £ is HPL. Recall the signature A, along with the A-models I and M introduced in

»Q " 9 b rd b

Let tro denote the gameboard tree shown in Example 3.1.

A A
A { Alx] W Alx] @ Alx]

Example 3.1.

e Let trj+1 be the immediate subtree of tr; for all i € {0, 1, 2}.

o Note that O, = {x A p,x A =p,~x A p,~x A —p}.

o LetI3 = {=x Ap,—x A-p}.

e Note that I's € Oy, and ¢r;, = (({(A)=x Ap) A (A)=x A =p) A ([A]=x ApV —=x A =p) € Oyp,.
e Let I} := {¢r,} and note that I C Oy, and ¢r, = ({(V)¢r,) A ([Al¢r,) € O,

o LetI = {¢r,} and note that It C Oy, and ¢r; = |x - ¢r, € Op,.

The diagram below illustrates a winning strategy for Vbelard in the EF game played on try.

(RX0b) E-xAp

(R,0) [ g, R¥0,0) [ o, (R¥0,1) = g, (R¥0,2) | ~x A —p
oy (A
A Alx] Alx] Alx]
(%, 0) ¥ ory (M¥0,0) | or, (M¥0,1) | op, (M¥0,0) £ ~x A =p

(M¥0,b) | ~x A p

Since (M*0,0) I —x A =p and (M*0,b) £ —x A p, we have (MM*0,1) | ¢r,, which implies (M*0,0) | or,s
hence (9, 0) [ ¢r, . Similarly, since (R*0b) £ ~x A pand (R¥0,2) E —~x A —p, we have (H*0,1) E ¢r;, which
implies (M¥0,0) ¢r,; hence (N, 0) |= ¢r,. We will show that Vbelard has a winning strategy for the EF game played

on tro (as depicted above), because (I, 0) and (N, 0) satisfy different game sentences in Oy, .

Finite hybrid-dynamic EF games provide an intuitive method for establishing that two pointed models are elementarily
equivalent. The following result shows that game sentences characterize precisely finite hybrid-dynamic EF games.
In addition, any hybrid-dynamic sentence is semantically equivalent to a game sentence. Therefore, we obtain a

characterization theorem for the fragment L.

THEOREM 3.6 (FRAISSE-HINTIKKA THEOREM). Let A be a finite signature.

(1) For all pointed models (MM, w) defined over A, and all gameboard trees tr with root(tr) = A, there exists a unique
game sentence ¢ € O such that (M, w) = ¢.
(2) For all pointed models (M, w) and (N, v) defined over A and all gameboard trees tr with root(tr) = A, the following
are equivalent:
@ (M w) = (R,0)
(b) There exists a unique game sentence ¢ € Oy such that (M, w) = ¢ and (N, 0) | ¢.
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(3) For each sentence ¢ defined over A, there exists a gameboard tree tr with root(tr) = A and a set of game sentences

¥y C Oy such that ¢ & \/ ¥y is a tautology.

Proor. For (1), we proceed by induction on gameboard trees tr:

tr = A Both existence and uniqueness follow directly from the definition of ©x.

b Ib, . . . . .
tr = A(—1> tri... — try) For the induction step, we show that for all i € {1,...,n} there exists a unique set
(t;jt w) S ®tr, such that (M, w) |= q)rtr, .Letus fix an index i € {1,...,n}. By induction hypothesis, for each
M, w)

pointed model (N, v) defined over the signature root(tr;), there exists a unique game sentence ‘ngz o € Oy,

such that (W, 0) = wé;z 0" Depending on the label Ib; we have five cases:
(a)

tri tri
A=A LetTigh = {05
pointed model (9, v) such that w a™ 4 holds. Notice that T ) € Si.Since gy = (A _pmi {Q)y) A
Liam) Y€l )

(M, w
([a] V rtr, )), we have that (I, w) E ¢

€ ®tr, | w o v}, the set of all game sentences in O, satisfied by some

l.,trl
(I, w)
tri _ tri . . . . m
A @, A Let F(im W) = {‘p(gn,k‘ﬂl) }, where q)“m k‘m) is the unique game sentence in O, satisfied by (I, k).
By definition, T (5m w) € S;. Since (Pl.,(tri . = @ (P(S.R gy We have that (I, w) | (pr{:lz o
l tr; _ try Ti . . : .
A =5 Alx] Let F(Em ={¢ (RE—w ) }, where qo (W=, 20) 1st the unique game sentence in @ttrl satisfied by
: Xe—w s Ti Qs _ Lot
the pointed model (M ,w). By definition, we have r(EUB,w) € ;. Since (pr(tgr;-z’w) =lx-9 (Wxew ) W
have that (I, w) E Ppiri
(M, w)
3 .
A = Alx] Let r(ﬂ:;t w) = {(pé%tx(_u w) € O, | v € |M|}, the set of all game sentences in Oy, which are

satisfied by some A[x]-expansion X2 of M in the state w. By definition, we have I'""

(prrr, = (A r Ix-y) A (Vx- V l"tr’ ), we obtain (I, w) E ¢
(W) Ve am ) w)

(SJE w) € S;. Since

tri
r(.Ul w)

— Hlri tri gt ., tri
A 4 A Let I“(gﬁ {(p(gﬁ)w)} and (pr(t‘rl;'i,w) = O (M) Let r(ﬂﬁ,w) = {(p(gm’w)}, and by definition {‘P(ﬂn,w)} €

tri

Si. By induction hypothesis, (M, w) = QM)
Let (p(w? w) = Ppim /AERRW <pr(tgg,£w). Since (M, w) = (pfﬁfz,w) foralli € {1,...,n}, it follows that (M, w) =

(M)
tr :
@ M)’ which completes the proof of existence.

We show that qogm’w) € Oy is unique. Assume that (I, w) | @r, A--- A ¢r,, where gr, A -+ A gr, € O It
suffices to prove that I; = l"gu’2 w) foralli € {1,...,n}. We have four cases to consider, one for each type of
label.

A (_a)_) A We prove the equality of the sets by double inclusion.

L, cr Since (MM, w) k= ¢r,, we have that (M, w) = A er, {a)y; since (M, w) | Qpiri,We obtain
(M, w)

(M, w)
tri tri
M, w) E[a] V F(SR W) It follows that T; C F(gﬁ W)’
l"t;}t CT; Since (M, w) E (pr:r,- , we have that (0, w) E A i (a)y; since (M, w) k= ¢r,, we

have (M, w) E [a] VT;. It follows that T CT;.

(‘-m w)
A @, A Assume that T; = {y}, where y € ©y,. Recall that ¢r, = @ y. We have (M, w) | or, iff (M, w) E

@ v iff (M, M) E y It follows that y is qazgn r the unique game sentence in Oy, satisfied by (M, I20)

‘JJI)’

By definition, I} = (‘,Ul Ky
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l

A — A[x] This case is similar to the one corresponding to A AN A.
3 a
A — A[x] This case is similar to the one corresponding to A Q) A.

1
A — A This case is a simplification of the case corresponding to A NN

Also for (2), we proceed by induction on gameboard trees tr:

tr = A In this case, the equivalence of statements (2a) and (2b) follows directly from the definition of ©4.

b by, . C .
tr=NA—>try... —> trp) For the forward implication, assume that (I, w) ~; (N, v). We show that (pgm w) =

(péfﬁ’v), which is equivalent to F&LW) = F(t;;’v) foralli € {1,...,n}. Letusfixanindex i € {1,...,n}. Depending
on the label [b;, we have five cases:
A ﬂ A We show the equality by double inclusion.
F(t;}z,w) c F(t;;,v) Lety € Fgﬁa’w). By the definition of I“([;Dlt w)’ there exists a state w; € a (w) such that

(M, w;) [ y. Since (M, w) =~ (N, v), there exists a state v; € a®(0) such that (M, w;) e (M, 0;).
By induction hypothesis, (M, w;) | y and (N,0;) = y. By the definition of 't = we obtain

(R.0)
Y € 1"<t;£v).
F(t;;’v) c F(t;}e,w) This case is symmetric to the one above.
A ©x, A Since (M, w) =~y (N,0), we have (M, k™) =, (M, k). By induction hypothesis, we have
(pz;}t,k“") = (p(t;ik,kf“)' It follows that F(t;i,w) = {(pé%t’kw)} = {(p(t;ik,k‘ﬁ)} = r(f;iz)).
A i> Alx] Since (M, w) =4 (N, v), we have (MY, w) =4, (N*T?,0v). By induction hypothesis, we have
(ng’ﬁx_wyw) = (ngitX‘—v,u)‘ It follows that r(t;Jil,w) = {(pé;jnx(_w’w)} = {‘pé;{xw,v)} = F(t;;’v).

3
A — A[x] We show the equality by double inclusion.

F(t;}t,w) c I"(t;av) Let y € I“(t;j't’w). By the definition of F(t;i,w) there exists a w; € || such that

(M*—Yi w) k= y. Since (M, w) =~ (N,0), there exists a v; € || such that (MX ™™, w) =4,
(MXY% 9). By the induction hypothesis, (¥, w)  y and (N*¥%,0) E y. By the definition of
tri

(9,0)

This case is symmetric to the one above.

F(t;;’v), we obtainy € T
tri tri

o) < Tanw)

A LN A Since (M, w) =4 (N, v), we have (M, w) =4, (N, v). By induction hypothesis, we have (pé%t w) =

tr; tri _ tri _ tri _ ptri
?$0)° It follows that F(‘.Ut,w) = {(p(ﬂlt,w)} = {(p(m!v)} = F(&R,u)'

For the backward implication, assume a unique ¢r, A --- A ¢r,, € O such that (M, w) = ¢r, A--- A ¢r, and
(N,0) = or, A--- Agr,. We show that (IR, w) =4 (N, 0). Assume that Ybelard moves along an edge labeled
Ib; of tr. Depending on the label Ib;, we have five cases:

A ﬂ) A Assume that Vbelard has chosen w; € a™ (w). Since (%, w) [ ¢r,, we have (M, w)  [a] V T}. By
semantics, (MM, w;) [ y; for some y; € I;. Since (N, 0) = ¢r;, we have (M, 0) E Ayer, (@) Since y; € T,
we obtain (M, v) | (a)y;. By semantics, there exists v; € a®(v) such that (%, v;) E vi- Since (M, w;) Eyi
and (M, v;) [ y;, by induction hypothesis, (M, w;) =, (N, 0;).

A —@—k—> A In this case, I} = {y;} for some y; € Oy, and ¢r, = @, yi. We have that (M, w) | @y yi, which
means (I, k‘m) E yi. Similarly, (M,v) E @k yi, which means (R, k('n) k= vi. Since (I, kgﬁ) E yi and
(R, k™) [ yi, by induction hypothesis, (M, k™) ~4,, (R, k%).
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A i» A[x] In this case, I; = {y;} for some y; € O, and ¢r, = x - y;. We have that (I, w) |= |x - y;, which
means (MM* ", w) k y;. Similarly, (R, 0) E |x - y;, which means (R*?,0) |= y;. Since (M* ", w) Ey;
and (}*?,0) [ y;, by induction hypothesis, (XY, w) =4, (X7, 0).

A 3, A[x] Assume that Ybelard has chosen w; € |I|. Since (M, w) F ¢r,, we have (MM, w) | Vx- \/T;. By
semantics, (X", w) [= y; for some y; € I. Since (N, v) = ¢r,, we have (,0) Ayer; 3x - . Since
Yi € I;, we obtain (R, v) E Jx - y;. By semantics, (N* %, 0) [ y; for some v; € |N]. Since (MX¥ Y, w) Ey;
and (R*%, v) [ y;, by induction hypothesis, (XY, w) =4, (RXT%,0).

A LN A In this case, I} = {y;} for some y; € O, and ¢r, = y;. We have that (I, w) [ y;. Similarly, (%, 0) F yi.
Since (M, w) | yi and (N, 0) k yi, by induction hypothesis, (M, w) =4, (N, 0).

It follows that (M, w) =4 (N, v).

For (3), we proceed by induction on the structure of ¢:

¢ € Seny(A) Let ¥y be the set of game sentences in © in which ¢ occurs positively. It is straightforward to see
that \/ ¥y < ¢ is a tautology.

—¢ By induction hypothesis, ¢ < \/ ¥y for some gameboard tree tr and some ¥, C ©y-. Define the following set
of game sentences over tr: Y_y = O \ ¥y We show that =¢ & \/ Y gisa tautology:
(M, w) ¢ < (by semantics)
(M, w) £ ¢ & (since ¢ & V ¥y is a tautology)
(M, w) £V ¥y & (by (1), which asserts that (I, w) = y for some unique y € O,)
(M, w) | yforsomey € Oy \ ¥y < (since ¥_45 = Oy \ ¥y)
(Mw) |V Py,
Hence, (M, w) | ¢ & V ¥_y.

A ® Assume that ® = {¢1,...,dn}. By induction hypothesis, for all indexes i € {1,...,n}, ¢; & V ‘I‘¢i is a
tautology for some gameboard tree tr; and some set of game sentences ¥, C ©p,. We construct a new

1 1
gameboard tree tr = A(— try,...,— try).

try cee trn

\ 1 \ / 1 /’
A
Define the following set of game sentences over tr:

Yro={Y1 A Atyn |1 €Ty ...Yn€ ¥y }

For all pointed models (3, w), we have (M, w) = A @iff (M, w) E AL, (V Pp,) iff (W, w) EV{Y1A-AYn |
Yy € \II¢1" /S ‘l"(ﬁn} iff (M, w) E \/\I’/\(p Hence, (M, w) EA® & \/\P/\q)

(a)¢ By induction hypothesis, ¢ <> \/ ¥y for some gameboard tree tro with root(trg) = A and some set of game
sentences ¥y C Oy,. We construct a new gameboard tree tr = A & tro. We have that (I, w) E (a)¢
iff (since ¢ & V ¥y is a tautology) (I, w) E (a) V ¥y iff (M, 0) E \V ¥y for some v € a®™ (w) iff (since

F;&;})z,w) = {wf%’w,) €Oy | W a™ ') F(t;.on’w) N ¥y # 0. Define the following set of game sentences over fr:
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¥y = {or | T € O, such that T N¥y # 0}. Then (M, w) = (a)¢ iff r”  n ¥y # 0 iff (by the definition

(M,w)
of ‘1’<a>¢) M, w) EV \I’<a>¢.
@i ¢ By induction hypothesis, ¢ <> \/ ¥y is a tautology for some gameboard tree tro and some set of game

@ .
sentences ¥y C Op. Define a new tree tr = A —— tro and a the following set of game sentences over tr:

Y@r ) ={@r ¥ | ¥ € ¥y}. Since ¢ & V ¥y is a tautology, @k ¢ < \/l/,E% @ ¥ is a tautology, too.
lx-¢ By induction hypothesis, ¢ <> \/ ¥y is a tautology for some gameboard tree trx with root(trx) = A[x]

and some set of game sentences ¥y C Oy, . Define a new tree tr = A i> try and the following set of game
sentences over tr: ¥(| . 4) = {lx- ¥ | § € ¥4}. Since ¢ & V ¥y is a tautology, |x-¢ & V{lx- ¥ |y € ¥4} is
a tautology, too.

3x - ¢ By induction hypothesis, ¢ <> \/ ¥y for some gameboard tree try with root(tryx) = Ax] and some set of

game sentence ¥y € Oy, . We construct a new gameboard tree ir = A ER try. The following are equivalent:

(M, w) | 3x-¢ iff (since ¢ & \/ ¥y is a tautology) (M, w) = Ix- \/ ¥y iff (M¥7,0) | V ¥y for some
. . try _ try try .

v € |M| iff (since F(sm,w) = {¢(WXHW,,W) €Oy, | W e |M}) F(iﬂt,w) N¥y # 0. Define the following set of game

sentences over tr: ¥3,. 4 = {¢r | T C O such that ' N ¥y # 0}. Then (M, w) | 3x - § iff F([;j; w) N¥ #0

iff (by the definition of ¥5,.4) (M, w) E V ¥ax. 4. O

Theorem 3.6 is applicable to any fragment of HDPL, including classical dynamic propositional logic for which such
a result does not exist. The proof of Theorem 3.6 is fundamentally different from the classical case of single-sorted
first-order logic, since it relies on the construction of gameboard trees which play the role of quantifier rank. If the
fragment £ is closed under possibility, then there is no normal form of sentences in which first-order quantifiers are
moved to the front and then store, retrieve and the Boolean connectives are placed after. For this reason, the proof of the
third statement requires idle moves, which serve to construct complex gameboard trees from simpler ones and to define
game sentences that are semantically equivalent to conjunctions. Notice that the above results can be straightforwardly
extended to logical frameworks which allow infinitary conjunctions by constructing infinitely branched gameboard
trees.

The following result is a corollary of Theorem 3.6 and it says that two pointed models are elementarily equivalent if

Jloise has a winning strategy for the EF games played over all gameboard trees.

COROLLARY 3.7. Let M and N be two Kripke structures defined over a finite signature A. The following are equivalent:

(1) (M, w) and (N, v) are L-elementarily equivalent, in symbols (M, w) = (N, ).
(2) Jloise has a winning strategy for the EF game starting with (M, w) and (N, v), that is, (M, w) =4 (N, 0) for all

gameboard trees tr.

4 COUNTABLE EHRENFEUCHT-FRAISSE GAMES

The construction of gameboard trees of countably infinite height is straightforward. Unlike finitary Ehrenfeucht-Fraissé
games, for countably infinite Ehrenfeucht-Fraissé games, called w-EF games for short, we consider only complete

gameboard trees of height w, that is, gameboard trees tr satisfying the following property:

(1) tris of the following form
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tro try tr. tr}

A
\\\ | /

e F={kj|i< a}isan enumeration of all A-nominals and « is the cardinal of Sen(A),

s
try

where

o A(A) ={a; | i < a} is an enumeration of all actions defined over A, and

e all tro, try, try, tr; and tr}’ from the diagram above satisfy property (7).

Similarly to the finitary case, Jloise loses the game if the game property is not satisfied by the current pair of pointed
models; Jloise wins the game if she can match any move made by Vbelard such that the game property is satisfied. We
write (M, w) =, (N, v) if Tloise has a winning strategy for all EF games played over the complete gameboard tree of

height w.

4.1 Bisimulations and countable EF games

We adapt the notion of bisimulation proposed in [3] to our hybrid-dynamic setting. Then we show that the equivalence

determined by countable EF games is an w-bisimilarity.

Definition 4.1 (w-bisimulation). Let M and N be Kripke structures. A relation B, C (|| x [M|) x (|R|¢ x |RN]) is an
¢-bisimulation from M to N if for all (w, w) By (v,v) the following hold:
(prop) p € M(w) iff p € N(v) for all propositional symbols p € Prop;
(nom) w = k™ iff v = k™ for all nominals k € F;
(wvar) w(j) =wiffo(j)=ovforall1 < j< ¢4
(forth) if & € O then for all actions a € A(A) and all states w’ € a(w) there exists o’ € ot (v) such that
(w,w’) B (0,0");
(back) if O € O then for all actions a € FA(A) and all states o’ € a®(v) there exists w’ € a®(w) such that
(w,w’) B (0,0");
(atv) if @ € O then (w,w(j)) B, (7,0(j)) forall1 < j < ¢;°
(atn) if @ € O then (w, k™) B, (3, k™) for all nominals k € F;
An w-bisimulation from M to N is a family of ¢-bisimulations B = (Br)rey, from P to N such that for all natural
numbers ¢ € o and all tuples (w, w) € |M|¢ x |M| and (v,0) € |R|* x || the following conditions are satisfied:
(st) if | € O and (w, w) By (v,v) then (w w, w) By (00,0),
where the juxtaposition stands for the concatenation of sequences; and
(ex) if 3 € O and (w, w) By (v,0) then:
(ex-f) for all w’ € || there is v’ € |N| such that (W w’, w) Bey1 (v0,0),
(ex-b) for all v’ € || there is w’ € || such that (W w’, w) Bpy1 (o', 0).
Two pointed models (M, w) and (N, v) are w-bisimilar if there exists an w-bisimulation B from M to N such that w By v.
In this case, we write (I, w) =L (M, v). Note that an w-bisimulation is a relation between |Mt|* and |9t|*.
4% (j) and 3(j) denote the elements at position j in the sequences W and 7, respectively.

5The elements of W and o can be regarded as named states. Then, in accordance with (atv), the current states w and v are updated to the named states
‘Ww(j) and (), respectively.
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When there is no danger of confusion, we drop the superscript £ from the notation Eé:. Definition 4.1 is obtained
from the definition of w-bisimulation from [3, Sect. 3.3] by removing the condition (bind), which already is covered by
rule (st).

LEMMA 4.2. Assume an w-bisimulation B between (M, ) and (N, v) such that (u, 1) B1 (v,v") for some tuples
(') € | M X M| and (v,v") € |R| X |N|. Let be y : A — A[x] be a signature extension with a variable x. Then
BX = (B} )¢ew defined by

(w,w) By (v,0) iff (1w, w) Bpy1 (v3,0),
forallt € w, all (w,w) € |M|* % |M| and all (,0) € |R|* x |N],

is a bisimulation between (MXH, i") and (R*¥V, V).

Proor. First, notice that p’ Bf)‘ v’. Secondly, we show that all conditions from Definition 4.1 are satisfied. Assume
that (w,w) B} (v,v), which is equivalent to (uw, w) Be+1 (vo,0).
(prop) For all p € Prop we have:
p € M*H(w) & (since M*H(w) = M(w))
p e M(w) & (since (uw,w) Bry1 (v0,0))
p € N(v) & (since N*“V(v) = N(v))
p € N*7V(0).
(nom) For all k € F we have:
w= kM) — (since kT = kM)
w=k" — (since (pw, w) Bpy1 (v,0))
0=k" — (since k® = k(mxgv))
0=k,

In addition we have:
w=x @I —y (since xIETH) = 1)
w=pu & (by (wvar), since (gw,w) Br+1 (v0,0))
v=v < (since v=xT"")
v =xW),
(wvar) Forall1 < j < ¢ we have:
w=w(j) & (by (wvar), since (yw,w) Bey1 (v0,0))
v =2(j).
(forth) Let a € A be an action and let w’ € a™ (w) be a state.
Since (pw, w) Bey1 (v,0), by (forth), (1w, w’) Bpy1 (v5,0”) for some v € a®(v).
By the definition of BY, we get (w,w’) B} (v,0").
(back) Similar to (forth).
(st) By (st) for B, we have (pww, w) Bpya (vU0,0).
By the definition of B*, we get (ww, w) B},; (v0,0).
(ex-f) Let w’ € || be any state from IN.
By (ex-f) property of B, (uww’, w) Bz (vuo’,0) for some o’ € [R].
By the definition of B¥, we get (ww’, w) B}, (v2",0).
(ex-b) Similar to (ex-f). O
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Notice that if | € O or 3 € O, then B* defined in the lemma above is not empty.

THEOREM 4.3 (BISIMULATIONS vs. EHRENFEUCHT-FRAISSE GAMES). Let (I, w) and (N, v) be two pointed models defined
over a signature A. Then:

(g‘n: W) EB (m’ Z)) ﬁ (EIR’ W) o (m’ 0)'

Proor. For the forward implication, assume an w-bisimulation B between (M, w) and (¢, v). By (prop) and (nom),
(M, w) and (N, v) satisfy the same atomic sentences. We show that each move made by Vbelard can be matched by
a move made by Jloise such that the resulting pointed models are again bisimilar. There are four cases to consider
depending on the label of the edge along which Ybelard moves:

A @, A By (atn), k™ By k™. Also, B is an w-bisimulation between (0, k™) and (9t, k™).
A & A Assume that Vbelard has chosen w’ € a®™ (w). By (forth), there exists o’ € a¥® (v) such that w’ By v’.

Since B is an w-bisimulation between (I, w’) and (R, v”), Jloise can choose v’.

A i> Al[x] The resulting pointed models are (I*", w) and (M*?,v). Since w By v, by (st), we have (w, w) B;

(v,0). By Lemma 4.2, there exists an w-bisimulation B between (¥, w) and (R*?, ).

A —3—> A[x] Assume Vbelard has chosen w’ € |Mt|. Since w By v, by (ex-f), there exists o’ € || such that
(w’,w) By (¢v’,0). By Lemma 4.2, there exists an w-bisimulation B* between (IMXWY ) and (RX¥Y,0).
Hence, Jloise can choose v” € |R|.

For the backward implication, for each ¢ € w, we define (i, u) By (v, v) iff there exists a sequence of moves for the

Ehrenfeucht-Fraissé game as depicted in the following diagram:

(R,0) " i (mff, V)
A——> — > A[x]
(M, w) (WMFH, 1)
Notice that
e X is a sequence of ¢ variables and X () is the element at position j in x for all j € {1,...,¢};

o MXH is the unique expansion of M to the signature A[¥] interpreting each variable X (i) as the state Ji(i) for
allie{1,...,¢};

o N*V is the unique expansion of N to the signature A[¥] interpreting each variable X(i) as the state (i) for
allie{1,...,£};and

o (W) =, (RFT )

We show that B = (By)¢e(, is an w-bisimulation. Assume that (g, u) Be (v, v).

(prop) For any propositional symbol p € Prop, since (MXH, 1) =, (R¥Y,v), we have p € MXH(y) =
p € N*“V(v). Since M*F () = M(p) and N*“V(v) = N(v), we get p € M() & p € N(v).

(nom) For any nominal k € F, since (MXH, ) =4, (M*7,v), we have (T - U = k) =y, Since
) g and k) = kR we get kM =y = KN =1

(wvar) Forallindexes j € {1,...,¢},since (M*H, i) =, (M¥V,v), we have f(j)(iﬁkﬁ) =y = f(j)(mygv) =
v. Since X(j) M) = () and ()N = 5(j), we get A(j) = p = T(j) = v.

(forth) Let a be an action, and let p’ € ot () be a state. Since (X H, i) ~,, (RXV,v), there exists v/ € a®(v)
such that (MXH, 1/') ~,, (R¥V,1"). By the definition of By, we obtain (1, 4’) By (v,V").

(back) Similar to (forth).
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(st) Since (MFH 1) =, (MEV,v), we get (WXXTHE 1)) ~,, (W*Y v), where x is a variable for A[X]. By
the definition of Bpy1, we obtain (i g, 1) Bey1 (Vv, v).

(ex-f) Let g’ € |M|. Since (M*H, 1) ~,, (RF7,v), we get (EIR}’“_ﬁ”/,,u) X (REXVV ) for some v/ € R,
where x is a variable for A[x]. By the definition of Bst1, we obtain (jz 1/, i) Bey1 (VV/,v). O

4.2 Back-and-forth systems and countable EF games

Analogously to Section 4.1, we adapt the notion of back-and-forth system proposed in [3] to our setting, and show
that under certain conditions back-and-forth equivalence and the countable EF equivalence (x,,) coincide. It turns out
however, that in general our back-and-forth equivalence is stronger than w-EF equivalence. Since the conditions we

identify here are satisfied in the case considered in [3], this does not contradict Theorem 3.7 and Corollary 3.12 there.

Definition 4.4 (Basic partial isomorphism). Let 9t and 9t be two models over a signature A. A basic partial isomorphism
h: I - N is a bijection from a subset of |M| to a subset of |R| such that for all w € dom(h) and all p € Seny(A) we
have

Mw)Ep i (R h(w) Ep.
The basic partial isomorphism g : MM -+ N extends h, written h C g, if dom(h) € dom(g) and g(w) = h(w) for all
w € dom(h).

A partial isomorphism [3] h : M - N is a basic partial isomorphism such that for all binary relations A in A and all
states w1, wo € dom(h) we have
wi Ay if R(wi) AR h(ws) .
Since the underlying logic £ is obtained from HDPL by dropping some of the sentence or action constructors, the

following definition is given by cases.

Definition 4.5 (Back-and-forth system). A back-and-forth system between two Kripke structures 9t and 9% defined
over a signature A = ((F, P), Prop) is a non-empty family 7 of basic partial isomorphisms between 9t and 9 satisfying

the following properties:

@-extension If L is closed under retrieve, then for all h € 7 and all k € F, there existsag € 7 suchthath C g
and k™ ¢ dom(g).
¢O-extension If L is closed under possibility over an action a, then:
forth forall h € 7, all w; € dom(h) and all wy € || such that wy o wo, there exists a g € 7 such that
h € g, wp € dom(g), and g(w1) o™ g(w2);
back forall h € 7, all v; € rng(h) and all vz € || such that v; a® vy, there exists a g € I suchthath C g,
02 € mg(g), and g1 (v7) oM 9 1 (02).
J-extension If £ is closed under existential quantifiers, then:
forth forall h € 7 and all w € ||, there exists a g € 7 such that h C g and w € dom(g);
back forall h € I and all v € 9], there exists a g € I such that h C g and v € rng(g).
Two Kripke structures 9t and N are back-and-forth equivalent, if there is a back-and-forth system 7 between i and i,
in symbols, M =7 N. Two pointed models (M, w) and (N, v) are back-and-forth equivalent, if there is a back-and-forth
system J between I and N such that h(w) = v for some h € 7, in symbols, (M, w) =7 (N, v).

If £ is HPL, then the definition of back-and-forth system proposed in this paper is equivalent with the definition of
back-and-forth system proposed in [3]:
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LEMMA 4.6. Assume that & € O. Any basic partial isomorphism that belongs to a back-and-forth system is a partial

isomorphism.

PRrROOF. Let h be a basic partial isomorphism belonging to the back-and-forth system 7. Let wy, w € dom(h) such
that w; A™ wy. Then by the forth (1)-extension, there exists g € 7 such that h C g and g(wy) PR g(wy). Since
g(w1) = h(w1) and g(wz) = h(ws), we get h(wq) A% h(wy). For the backward implication, the arguments are the same

but we use the back (1)-extension instead of the forth (1)-extension. O

In general, back-and-forth equivalence is stronger than the equivalence provided by countably infinite EF games. If

L satisfies certain closure conditions, back-and-forth equivalence coincides with game equivalence.

THEOREM 4.7 (BACK-AND-FORTH SYSTEMS VS. EHRENFEUCHT-FRATSSE GAMES). Let (I, w) and (N, v) be two pointed

models defined over a signature A.

(1) If (M, w) =7 (M, v) for some back-and-forth system I, then (M, w) ~, (N, 0).
(2) Assume that

(@) | €0, and

(b) @€0ifoeOordeO.

If (M, w) =, (R,0) then (M, w) =7 (N, 0) for some back-and-forth system I .

Proor. We prove only the second statement. Assume a sequence of variables z;; = zj ... z,. Assume two sequences

of elements W, = w; ... w, and 0, = v; ... 0, from I and N, respectively, such that
(DT, winy) ~ (RF %, 0p49) forall i € {1,...,n =1},

where z; = z1...2j, w; = wi...w;,and 0; = v1...0;. Since | € O, for each index i € {1,...,n — 1}, a move along
the edge A[z] i> A[Ziz1] results in (MMZH1TVirt 4y, 1) ~,, (RZH0 g, ). Let b : M - N be the basic partial
isomorphism defined by h(w;) = v; foralli € {1,...,n}. It is not difficult to show that  is well-defined. Moreover, h can
be extended to another basic partial isomorphism AU {(wp+1, vp+1) } according to Definition 4.5 such that (Wim‘_m,
Wnt1) R (RET T, 0p),

@-extension In this case, @ € O. Let k be any A-nominal. Let w41 = K™ and 0,41 = k™. Consider a
move along A[z,] AL Alzn]. We get (P wui1) =g, (RF0 0,41). Since | € O, (PPt Wt
Wnt1) R (MFn10ne1 g Y Let g : M —» N be the basic partial isomorphism kA U {(wp41,0n+1) }-

(a)-extension In this case, & € O and @ € O. We show that there is a forth ¢-extension of h; for the back
O-extension, the arguments are symmetric. Assume that w; o wp+1 holds for some i € {1,...,n}. Consider a
move along the edge A[z,] ?—z—l» A[Zn] to obtain (M2 "r, ;) and (N7, v;). Then make another move
along A[z,] ﬂ) A[zn] to obtain (MZ"n wp,1) x4 (RZ 91 0,,1) such that o; a® v,41. Since | € O,
(MEne 1= Warl 4y, 1) &g, (REH 0041 g, 1), Let g : JM -+ N be the basic partial isomorphism AU {(wp+1,0p+1) }-

J-extension In this case, 3 € O and @ € O. We show that there exists a forth 3-extension of h; for the back
J-extension, the arguments are symmetric. Let wp41 be any state from 9. Let us consider a move along the
edge Alz,] 3, AlZni1]. We get (MMFn1 < Wnst 4y,) ~,, (RWn+1<n41 g.) Then make another move along
Alznt1) @Z—"ﬂ> [Znz1]. It follows that (Mt Wnrl 4y, 1) g, (RE 041 yo10) Let g : M - N be the

basic partial isomorphism h U {(wp+1,0p+1) }-
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One can start with two pointed models (M, w1) and (N, v1) such that (M, w1) =, (N, 01), define a basic partial
isomorphism A : I -+ N by h(w1) = v; and then extend it as described above to build a back-and-forth system 7
between I and N. O

Note that Theorem 4.7(1) applies to HDPL, HPL and DPL, while Theorem 4.7(2) applies to HDPL and HPL but not to
DPL (since it requires closure under store).

The following example shows that the assumption on closure under retrieve in presence of possibility is necessary
for Theorem 4.7(2).

Example 4.8. Let A be a signature with no nominals, one binary relation symbol A and one propositional symbol p.

Let M and N be the A-models shown to the left and right, respectively, in the following diagram.

i ?
S D D

If £ is obtained from HDPL by dropping @ and 3, then it is straightforward to show that (I, 0) =, (N,0). Now let

h : M —+ N be the basic partial isomorphism defined by h(0) = 0 and A(1) = 1. Then there is no forth ¢-extension of h

to 2. Therefore, there is no back-and-forth system between 9t and %t.

The following example shows that the assumption on closure under retrieve in the presence of existential quantifiers

is necessary for Theorem 4.7(2).

Example 4.9. Let A be a signature with no nominals, one binary relation symbol A and two propositional symbols

{p, q}. Let M and N be the A-models shown to the left and right, respectively, in the following diagram.

A2 AT

"y QP Py Q@Qr Wi
If £ is obtained from HDPL by dropping @, then (M, 0) ~, (N, 0) because the current state will always be in the
connected component of 0 during the EF game (regardless of whether the state 3 is named or not, Ybelard cannot
change the current state to 3 in the absence of retrieve). Now, assume a basic partial isomorphism h : 9t — 9t defined

by h(i) = ifor all i € {0, ..., 2}. There is no forth 3-extension of h to 3. Therefore, there is no back-and-forth system
between I and N.

4.3 Image-finite models and the Hennessy-Milner theorem

The main result of this section is a Hennessy-Milner theorem. Here, and indeed for the remainder of the paper, we drop
the first-order quantifiers and the constructors for actions. Thus, we work within a quantifier-free fragment of HPL

closed under possibility, that is, ¢ € O.

Definition 4.10 (Image-finite model). A model I is image-finite if each state has a finite number of direct successors,
that is, A7 (w) is finite for all states w in 9 and all binary relation symbols A in the underlying signature. A pointed
model (M, w) is image-finite if M is image-finite.

We show that two image finite pointed models (M, w) and (N, v) are elementarily equivalent iff they are game

equivalent w. r. t. all w-EF games.
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THEOREM 4.11. Let (M, w) and (N, v) be two image-finite pointed models defined over a signature A. Then:
(Mw) = Ro) iff (Mw)=o R0).
Proor. For the backward implication, assume that (M, w) =, (N, v). Since all sentences are of finite length,
M, w) = (R, 0) iff (EUNAf,w) = (%|Af,v) for all finite signatures Ay C A. (1)

For all finite signatures A ¢ C A, since (M, w) ~ (N, ), we have (‘.Ui|Af, w) X (9{|Af, v), which implies (9R|Af, w) ~py
(92|Af, v) for all gameboard trees tr; by Corollary 3.7, we obtain (iIR|Af, w) = (9{|Af, 0). By (1), we get (I, w) = (R, 0).

For the forward implication, first, we show that for all binary relations symbols A in A and all states w’ € AT (w),
there exists a state v’ € A% (v) such that (M, w’) = (9N, v’). Assume that A% () = {vy,...,0,} and let w; € AT (w).
Suppose towards a contradiction that for each i € {1,...,n} there exists a sentence ¢; such that (MM, w1) | ¢; and
(M, 0;) = Pi. We have (I, w) | ()1 A -+ A ¢ but (R, 0) = (A)p1 A -+ - A ¢y, which is a contradiction with our
assumptions. Therefore, there exists i € {1,...,n} such that for all sentences ¢, we have (I, w1) | ¢ iff (N, v;) ¢,
that is, (M, w1) = (N, 0;).

Secondly, we show that Jloise has a winning strategy for the EF game played over a complete gameboard tree
tr = A(i try, ﬂ> try, ... ) of height w. Assume that Vbelard moves along an edge A ﬂ tri. We will show that Jloise
can match Vbelard’s move such that the resulting pair of pointed models are elementarily equivalent. Depending on the

label Ib;, we have three non-trivial cases:

A A
A Q> A Assume that VYbelard’s move along A Q tri is (I, w;) where w; € Agﬁ(w). By the first part of the

proof, there exists v; € AR (v) such that (M, w;) = (N, ;).

A L5 A Amove along this edge means that Vbelard’s pair becomes (9, k™) and Jloise’s pair becomes (%, k™).
Since (M, w) = (N, v), we get (M, KMy = (9, kM.

A 4 A[x] A move along this edge means that the new pair of pointed models consists of (¥, w) and
(M¥?,v). This move gives name x to the states w and v. For all A[x]-sentences @, we have (M* ", w) £ ¢
iff (M, w) | lx- ¢ iff (since (M, w) = (R,0)) R,0) E [x-¢ iff (N 0) E ¢. Therefore, (M* ", w) =
(M*2%0).

In all three cases, tr; is a gameboard tree and the pointed models obtained are elementarily equivalent. In particular, the

resulting pointed models satisfy the same basic sentences. It follows that (I, w) ~ (N, v). Hence, (M, w) ~, (R,0) O

Image-finiteness is indeed necessary. Recall the models It and N from Example 3.2.
A N

YR EEEN

° 9 RN

(M, 0) and (N, 0) are elementarily equivalent, but they are not w-game equivalent. Vbelard can win the EF game played

over a complete gameboard tree of height w. Vbelard’s moves are depicted in the following diagram.

(N, 0) N, 1) N, 2) M, n) M, n+1)
R . NN . NN 7. M S - S

(M, 0) (M, n1) (M, n2) (M, nn)
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A
First, Ybelard moves (:, 0) along A <—>—> A to obtain (R, 1). A move from Jloise results in (N, n1), where n is a natural
A
number greater than 0. Then Vbelard moves (n — 1)-times the pointed model (%, 1) along A Q A to obtain (N, n).
A
Jloise can move (n — 1)-times the pointed model (I, n1) along A —<—>—> A to get (M, nn). For the final round, Ybelard

A
takes (M, n) along A Q) A to obtain (N, n + 1) while Jloise cannot match this move.

The following result is a corollary of Theorem 4.3 and Theorem 4.11.

COROLLARY 4.12 (HENNESSY-MILNER THEOREM). Let (I, w) and (N, v) be two image-finite pointed models. Then:
(Mw) = Ro) iff (Mw)=pR0).

LEMMA 4.13. Assume that {O, @, |} € O. Let M and N be two Kripke structures defined over a signature A. Let B
an w-bisimulation between M and N such that (w,w) B (v,v). Then h : M -» N defined by h(w(i)) = v(i) for all

i €{1,...,¢} is a partial isomorphism.

ProoF. Leti,j € {1,...,¢} be two arbitrary natural numbers. Since (w, w) By (v,0), by (atv), (w, w(i)) By (v,0(i)).
e By (wvar), w(i) = w(j) iff v(i) = v(j). Hence, h is a partial bijection.
e By (prop) and (nom), (M, w(i)) | p iff (M, 0(i)) | p for all p € Seny, (A).
o Ifw(i) A% %(}j) then since (w, w(i)) By (3,3(i)), by (forth), (w, w(j)) Br (u,0”) for some state v’ € @),
by (wvar), o’ = 3(j), which means 3(i) A% 3(j).
Similarly, if 5(i) A% 3(j) then by (back) and (wvar), w(i) ATt w()). O

Definition 4.14 (Rooted pointed model). A pointed model (MM, w) defined over a signature A = ((F, P), Prop) is rooted
ifo e (Ujep A% () for all possible worlds v € |I].

THEOREM 4.15. Assume that {O, @, ]} € O. Let (M, wo) and (N, vg) be two rooted pointed models that are countable.
Then:
(M, wo) = (M, 00) iff (M, wo) =p (R, 00) .

Proor. Obviously, any isomorphic pointed models are w-bisimilar. For the backward implication, let {w; | i < w}
and {v; | i < w} be enumerations of all possible worlds of 9t and N, respectively, such that w; and v; are the direct
successor of some state in W; = {w; | j < i} and V; = {v; | j < i}, respectively, for all ordinals i < w. We define a

family of bisimilar correspondences { (i, u¢) Be (v, ve) | £ € w} by induction:

(£ = 0) We have wgy By vg. Let yp = wp and vg = vy.

(2¢ = 2¢ + 1) We assume that (uap, par) Bar (Var, vor) is defined such that
(1) wj is in the sequence Jiz7 pior for all j € {0,..., £}, and
(2) oj is in the sequence V7 vy for all j € {0,...,¢}.
By (st), we get (27 pize, or) Baer1 (Vag vae, var). The goal is to add w4 to the bisimilar correspondence. Let
Hoe+1 = fiz¢ p2e and Vzpy1 == V2 vo¢. Notice that wpyg is a successor of some state w; € Wpy1, which is included
in the sequence fiz41. Therefore, w; = 241 (i) for some i € {1,...,2¢ + 1}. By (atv), (J2e+1, P2e+1 (i) B2es1
(Vae1, V2e+1(D)). By (forth), (Hize+1, we+1) Baes1 (Vae1, vae+1). Let papr1 = weyr.

(2¢+1 = 2¢+2) By (st), we get (Uar1 Hoe+1, Hoe+1) Baev2 (Vaps1 vars1, vaes1). The goal is to add vy to the
bisimilar correspondence. Let iar12 = Hor+1 p2e+1 and Vg i= Vaps1 Voe+1. Notice that vp4q is a successor of

some state v in Vp11, which is included in the sequence V7+3. Therefore, vj = V¢33 (i) for some i € {1,...,2¢+2}.
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By (atv), we get (Hiar+2, flae+2 (1)) Baesz (Vapw2, Var+2(i)). By (back), (ze+z, p2e+2) Baeva (Vaevz, vpr1). Let vapsn =
Up+1-
By Lemma 4.13, for each £ € w, hy : M -+ N defined by he (e (i)) = v (i) for alli € {1,..., ¢} is a partial isomorphism.
Since for all ¢ € w, dom(hy) C dom(hes1), the union h = Uye,, he is well-defined and it is a partial isomorphism. Since

for all ¢ € w, wy € dom(hyr) and vp € dom(hzp41), h is an isomorphism. O
The following result is a consequence of Corollary 4.12 and Theorem 4.15.
COROLLARY 4.16. Assume that {O, @, ]} € O. Let (MM, wy) and (N, vo) be two rooted image-finite pointed models. Then:
(M, wo) = (M,00) iff (M, wo) = (R,00) .

Notice that Theorem 4.15 and Corollary 4.12 hold also in HDPL, since both elementary equivalence and w-bisimulation

are stronger in HDPL than in HPL.

5 CONCLUSIONS AND FUTURE WORK

We presented a novel notion of EF games for hybrid-dynamic propositional logic and its fragments. Gameboard
trees were introduced out of necessity when seeking a solution to accommodate moves in hybrid-dynamic EF games
corresponding to different types of quantification. The best solution we could find (likely the cleanest and most elegant)
was based on gameboard trees. Hybrid-dynamic EF games utilizing gameboard trees are applicable to other types
of quantification, such as those related to temporal operators studied in [16]. Via gameboard sentences, the finite
hybrid-dynamic EF games thus capture elementary equivalence and characterize their corresponding language fragment
precisely. We showed that the existence of a winning strategy for the countably infinite EF game coincides with the
existence of an w-bisimulation and, under certain conditions, a back-and-forth system between the structures. The
parametric, syntactic approach of designing the moves in hybrid-dynamic EF games should be applicable also to other
variants of hybrid-dynamic logic, like its integration with branching-time logics [16] or with past operators [1] or
rigid symbols [11, 12]. A future direction of research involves generalizing the current approach to EF games to an
institutional setting, utilizing category theory, as exemplified in [13]. The institution-independent framework could be
instantiated for other hybrid-dynamic logics such as Hybrid-Dynamic First-Order Logic with rigid symbols [12] or
Hybrid-Dynamic First-Order Logic with user-defined sharing. The hybrid counterpart of the latter logic [9] serves as
the underlying logic of the H tool; refer to [6] for further details.
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