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Congruences

h(t*) = tB for all signatures ¥, all £-homomorphisms h : A — B and all £-terms t.

Definition 2 (Congruence)

Let X be a signature and A be a X-model. A congruence == {=s}scs on A'is

@ an equivalence on | A|, i.e. an S-sorted relation =;C A, X A, for all s € S satisfying the following
properties:

> (Reflexivity)

foralls € Sand a € As

a=sa

a1 =s a
> (Symmetry) Z =% foralls € S and a;, a € A,
a =s ar
L ay =s a2 a =s as
» (Transitivity) Z =% T ® forallse S and a1, ax,az € As
ay =s a3

@ compatible with the function symbols in X:

— / — /
a =g a1 ...a0 =s, a,
» (Congruence) L
oA(ar,...,a,) =s cA(a],...,al)
forall (c:s1...5, —s) € Fand a;,a] € A foralli e {1,...,n}.

@ We will drop the subscript s from = whenever it is clear from the context.
@ We write (a1,...,an) = (a],...,a,) when a; = a; and ...and a, = a,

n
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Examples of congruences

Tt = (Swar, Fuar)

s_

Let N be the Xypr-model of natural numbers which interprets all symbols in Xyt in the
usual way. We define the congruence = on N as follows:

0 o n = mp if (n; mod 2) = (np mod 2) for all ny, ny € N.

The relation = defined in Example 3 is a congruence.

Proof.

@ Reflexivity: n = n iff n mod 2 = n mod 2

@ Symmetry: ni = ny iff (n; mod 2) = (np mod 2) iff (n mod 2) = (ny mod 2) iff i, = m

@ Transitivity: If ny = np and ny = n3 then (n; mod 2) = (ny mod 2) and (n2 mod 2) = (n3 mod 2), which
implies (n; mod 2) = (n3 mod 2). Hence, n; = n3.

@ Compatibility with Fypr:

» 0" = 0" iff 0 mod 2 = 0 mod 2 iff 0 = 0.
> If ny = np then (ny mod 2) = (n2 mod 2) iff (n; + 1) mod 2 = (mp + 1) mod 2 iff
sVn1 mod 2 = sy mod 2 iff sNhy = sV,
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Examples of congruences

Example 5

Ymr = (Swr, For)

s.p. LetMN={spt=t|te€ TeptU{pst=t|te Tz}

We define the congruence =r on T(z,,.) as follows:
0 o ti=rtbifl ’: t1 = t, for all t1, b € T(ZI“T)

Lemma 6

The relation =r defined in Example 5 is a congruence.

Proof.
o Reflexivity: t =r tiff [ =t =t iff A=t =t for all A €I iff t* = t* for all
Aere.
o Symmetry: ti =r L iff [ = t1 = t, iff A= t1 = tp for all A € T* iff t{* = t5* for all
AcTeiff t =t/ forall AcT*iff Al=to =t; for all A€ T*iff T |=to =t iff
tr =r t1.
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Proof of Lemma 6.

o Transitivity: Assuming t; =r t» and t, =r t3, we show t; =r t3:
1 Fr’Ett=tbandlNEtb=1t; by definition
2 AEti=tforall AcT® sincel Et1 =t
3 =t forall AcT® by definition
4 BEt=tforal Bel® sincel =t =t3
5 t2B = t3B forall Ber® sincel =t =t3
6 tlA = t2A and tzA = t3A forall A €l® from3and5
7t = t3A forall A €T* since the equality is transitive
8 IEth=t by definition
9 t1 =r t3 by definition
@ Compatibility with Fryr: Assuming that t; =r to we show that s t; =r s t:
1 r ): t1 =t since t) =r b
2 AEti=tforall AcT® sincel Et1 =t
3 =t forall AcT® by definition
4 sAtlA = sAt2A forall A er® since s : Ay — Ay is a function
5 (st;)* =(s )" forall A€T® by definition
6 FrEsti=st by definition
7 st =rst by definition
Similarly, one can show that p t; =r p t» assuming t; =r tp.
O

= 7.

Let T be the set of sentences defined in Example 5. Prove that T(z,.)/

=r
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Congruence generated by equations

Let T be a set of equations over ¥.
The relation =r:= {(t1, ) | T |E t1 = t2} is a congruence on Tx.
v

Proof.
By noting that the arguments used in the proof of Lemma 6 can be used for any
signature and any set of equations, not only for X1yr and I defined in Example 5.
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Kernel

Example 9

Let X be a signature and h : A — B a X-homomorphism. We define the congruence ker(h) = {ker(h)s}ses
on A as follows: a ker(h) b if h(a) = h(b) for all sorts s € S and all elements a, b € A;.

The kernel of h, ker(h), defined in Example 9 is a congruence on A.

Proof.

@ Reflexivity: Obviously, h(a) = h(a), which implies (a, a) € ker(h).
@ Symmetry: We assume (a, b) € ker(h) and we show that (b, a) € ker(h).
We have: aker(h) b iff h(a) = h(b) iff h(b) = h(a) iff b ker(h) a iff (b, a) € ker(h).
@ Transitivity: We assume (a, b) ker(h) and (b, c) € ker(h), and we show that (a, ¢) € ker(h).
Since (a, b) € ker(h) and (b, c) € ker(h), we have h(a) = h(b) and h(b) = h(c).
We obtain h(a) = h(c). Hence, (a, c) € ker(h).
@ Compatibility with F: Let (o : w — s) € F.
We assume that (a, b) € ker(h),, and we prove that (o7(a), a(b)) € ker(h)s.
Since (a, b) € ker(h),,, we have hy(a) = hy(b).
It follows that hs(c7(a)) = 0B (hw(a)) = 0B (hw(b)) = hs(c*(b)). Hence, (64 (a), o (b)) € ker(h)s.
O

v
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Quotient

Let = be a congruence on a X-model A. Lets € S and a € As.
The class of a is [a] :== {a’ € A | a = a’} sometimes denoted also by a/=.

Note that [a] C As foralls € S and a € As.
This means that = determines a partition of the universe | A|.

Example 13

o [0] ={0,2,4,6,...}

Consider the congruence defined in Example 3. Then:
o [1={1357,...}

Example 14

Consider the congruence defined in Example 5. Then:
@ [0]={0,ps0,spO0,psps0,...}
© p0]={p0,psp0,spp0,pspsp0...}
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Ifa=(a1,...,an) € As; X -+ X As, then we let [a] denote the tuple ([a1], . . ., [as])-

Definition 16 (Quotient structures)
Let = be a congruence on a X-model A.
The quotient structure of A modulo = is the X-structure [A] (also denoted .A/=) defined below:
@ [A]s ={[a] | a € As} forall sorts s € S,
@ for all function symbols (o : w — s) € F,
the function o : [A], — [Al], is defined by oAl([a]) = [0 (a)] for all a € A,;
@ for all relation symbols (7 : w) € P,
the relation 7! is defined by 74 = {[a] | a € 7} .

[A] is well-defined.

We show that o4l : [A]  — [A], is a function: if [a] = [b] then a = b, which implies 0" (a) = o(b), and
we get oHI([a]) = [oA(2)] = [0 ()] = oHI([5]). =
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Basic set of sentences

Definition 18 (Basic set of sentences)

A set of X-sentences I is basic if there exists a ¥-model A such that for all X-models A,
A = T iff there exists a homomorphism Ar — A.

We say that Ar is a basic model of T'. If in addition the homomorphism A — A is unique then
the set I is called epi-basic.

Theorem 19

Any set of atomic sentences I is epi-basic basic.

Let =r:= {(t1,t2) | T = t1 = t2} be the congruence on Tsx.
The basic model Ar is obtained from Ty /=, by interpreting each (7 : w) € P as follows:

w4 = {[t] | T = (1)}

We show that A [= T iff there exists a unique homomorphism Ar — A.
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Proof of Theorem 19.

Assuming that A =T we show that there exists a unique h: Ar — A.
We define h: Ar — A by h([t]) = t* for all terms t € Tx.
@ We show that h is well-defined.
> Assuming that [t1] = [t2] we show that h([t1]) = h([t2]):

1 h(u]) =t by definition

2 h([t]) =t by definition

3 r ': t1 =t since t; =r t»

4 AEt=t since AETand T Et =t
5 tlA =tf since A=t =t

5 o) = ) sy o Athien @ i
> h(oAr([t])) = h([o(2)]) = o(t)* = oA(t4) = oA (h([t])).
» Assuming that [t] € 7(Ar) we show that h([t]) € 7:

1

I = n(t) by the definition of Ar
2 Al w(t) since I = 7(t) and A =T
3 thert by the definition of =

4  h([t]) € ®™* by the definition of h

@ We show that h is unique. Let g : Ar — A be another homomorphism.

Then g([t]) = g(t4r) = tA = h(tAr) = h([t]) for all terms t € Tx.
Hence, h = g.
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Proof of Theorem

Assuming a homomorphism h: Ar — A we prove A =T.
© Assuming that t; = to € ' we show A = t; = t:

1 t1 =r bt since [ ): th =t

2 h([t1]) = h([t2])  since [t1] = [t2]

3 =g since h([t;]) = t*

4 AEt=t by the definition of =

@ Assuming that 7(t) € I we show A |= 7(t):
1 [t] € xtAD since [ = 7(t)
2 h([t]) € ®*  since h is a homomorphism
3 thtent since h([t]) = t*
4 AE=n(t) by the definition of =

Exercise 20

Show that the basic models of epi-basic sentences are unique up to an isomorphism, that is, if [
is epi-basic and Ay and Br are basic models of I' then Ar = By.

D. G3in3 (IMI) 12/29



Convention

o For the sake of simplicity, we will identify a variable only by its name and sort
provided that there is no danger of confusion.

Using this convention, each inclusion ¢: ¥ < ¥’ is canonically extended to an
inclusion of sentences +: Sen(¥) < Sen(X'), which corresponds to the approach of
classical model theory.

This convention simplifies the presentation greatly.

A situation when we cannot apply this convention arises when translating a
Y -sentence VX -~ along the inclusion ¢tx : ¥ — X[X].
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Classical first-order reasoning

Example 21

Yoo = (Sanm_, anm_)

Let I' be a set of sentences over Yo Which consists of:
oo @ ~ true = false and ~ false = true,
QVy y+~y=trueandVy-y + y=y,
Q Vy y&~y="falseandVy -y & y =y, and

Q@ Vx - ~ foo(x) = foo(x).

L&

By the ordinary rules of first-order deduction we get:

true 2 foo(x)+ ~ foo(x)

@ foo(x) + foo(x)

@ foo(x) 1)

9 foo(x) & foo(x)
@ foo(x) & ~ foo(x)

@ false

As a result of this deduction, one would expect that true = false holds in all algebras satisfying ' defined in
Example 21. But this is not the case.
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Classical first-order reasoning

Let Xpoo. and I be the signature and the set of sentences defined in Example 21.
Let A be 7—(XBUDL)/E|’:

o Ag: =0 and Apoos = {true, false},
@ ~ is interpreted as the negation, & as the conjunction and + as the disjunction, and

e foo? is the empty function.

A E(shon) VX - ~ foo(x) = foo(x), since there is no function from {x} to Ag: = 0.
It follows that A =500y [ but A (s, ) true = false.

@ This means that the usual first-order rules of deduction are not sound in the
many-sorted case.

@ This already shows that passing from unsorted to the many-sorted case is not
straightforward as one would expect.
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Entailment relations

L. recr s 1’ [
(Monotonicity) ——— (Transitivity) ————————
= Mhe 7
ks v forally €T’ Mes 1’ D MR
(Unions) z foraly € (Translation) L X
N x(N) Fsr x(1)

Table: Entailment properties

Definition 23 (Entailment relation)

An entailment relation is a family of binary relations between sets of sentences indexed by signatures, that is,
= {Fx}scsigl and FxC P(Sen(X)) x P(Sen(X)) for all X € [Sig|, closed under the properties described
in the table above.

The satisfaction relation |= is an entailment relation.

Obviously |= is monotonic, it is closed under unions and it is transitive. The closure of |= under signature morphisms is a direct
consequence of the satisfaction condition. |

D

(1M1) 16 /29



Entailment relations

Definition 25 (Soundness)

An entailment relation + is sound if FC}=.

Definition 26 (Completeness)

An entailment relation I is complete if =CF.

Definition 27 (Compactness)

An entailment relation - is compact if for each entailment I' Fx E and each finite set
Er C E there exists a finite signature > C ¥ and a finite set ['r C I such that ['r 5, Ef.

In Definition 27, both 'r and Ef are sets of sentences over the signature Xr.
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Largest compact entailment relation

For any entailment relation & there exists the largest compact entailment (sub)relation =Cl-:
@ [ 5 E if for any finite Ef C E there exist ¥ C X finite and ' C [ finite such that I's 5, Ef.

Proof.

Firstly, we show that ¢ satisfies the entailment properties defined on page 16.
@ Monotonicity: Assume I C . Let Iy C T be a finite set.

1 I'r C Sen(Xy) for some finite signature ¥ C ¥ since [¢ is finite
2 Tebs, e by (Monotonicity)
3 rEET sincelf CTCT’

@ Transitivity: Assume that I =5 T’ and I’ =§ /.
1 let Fr’,’ C I be a finite subset

2 I"f ’_20 r',’ for some finite signature X9 C X and finite set I',’r cr’ since I’ 5 r’’

3 Trby, I} for some finite signature ¥1 C ¥ and finite set Iy C T since I ¢ T’

4 Y =X U X is finite since X and X; are finite

5 F,’f sz r;/ from 2, by (Translation)

6 3 sz F,’f from 3, by (Translation)

8 3 FZf r,lr/ from 5 and 6, by (Transitivity)

9 regr” since '/’ is an arbitrary finite subset of I'’

w
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Proof of Lemma 28.

@ Union: Assume that ' F)c: @ forall ¢ € ®. Let &f C & be a finite subset.
1 for each (S @y there exist ¥, C X fine and since I F% @ forall p € Of
I C T finite such that 'y, FZ«P ©

2 ¥r = Uaped’f X, is finite since ®¢ is finite and X, is finite for all ¢ € ®¢
3 Ty s, pforall o € &f from 1, by (Translation)

4 M= U«PE‘”{ [, is finite since ®¢ is finite and Iy, is finite for all p € ®f
5 Tr s, pforall p € &f from 3 and 4, by (Monotonicity) and (Transitivity)
6 Tf s, ®f by (Union)

7 r F% P since ®¢ C @ is an arbitrary finite subset of ®

@ Translation: Assume I ¢ " and x : ¥ — ', Let &’ C x(I”") be a finite subset.

X(Tr) by () DA x(N) S, () o
4 A
Xf X
ebs, It Pl GG, rEe T rt
e definition of =€
1 x(If) = &’ for some [y C I’ finite since &’ is finite
2 e I—[f I"f for some X C X finite and ' C T finite by the definition of <
3 x(Tf) Fss x(Tf) by (Translation), since I is an entailment relation
4 x(N ks, x('") by the definition of ¢
Secondly, by its definition, - is the largest compact entailment relation included in . (m}
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Basic first-order proof rules

For the rest of the lecture, we restrict the sentences to
@ (ground) equations t = t, and
@ (ground) relations m(ti,...,tn).

Mg t=t' FTest=t Tkt =t"
) — (S) — (T) —
s t=1t My t/ =t s t=1t
F) FTbksti=t...T ks ta =t (P)FF;'fr(tl,.‘.,t,,) FTesti=t...T sty =t
My o(ty, ..., ty) =o(t], ..., th) s w(ty, ..., t))

Table: Basic first-order proof rules

Definition 29 (Basic entailment relation)

The basic entailment relation " is the least binary relation on sets of sentences closed under
@ all entailment properties described on page 16 except (Translation), and

@ the basic proof rules described above.
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Basic first-order entailment relation

Remark 30

According to Definition 29 "= |, ,, &', where the chain of relations -0, 1", . .. is defined inductively:
rcr’ FIEEF  [PEL
Monotonicity) ———— Transitivity) ———— =
Yy Yy
relr T (=5
i o for all o
(Union) Z‘p—ILPG (R) —5——
rHite FFle=¢
()I’k’zt:t’ (T)I’k’zt:t’ ref ¢ =t
THER ¥ =¢ [ IFE™ ¢ = 6
® Tty =t ... THL &, =t (P)r»—(:w(tl,...,t,,) Tty =# ... T &, =t
TEE ot o te) = o(t], ..., t]) Fegt (], 1)
v
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Basic first-order reasoning

¥ =(S,F) Let I' be the set of X-sentences which consists of:
+ es0=1 ©@s0+s0=0

0.1 ; S 0s5ss0=0 e 0+s0=s(0+0)
) e0+0=0 ©s50+0=s5s(0+0)

The following is a proof of the fact ' > 1 +1 = 0, where T is defined in Example 31.

(F) rk°1=s0 rr°1=so0
(T TMH'14+41=s0+s0 rMNP°s0+s0=0
r?141=0

Prove that T F° (1 +1) +1 = 1, where I is defined in Example 31.
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Basic first-order reasoning

Suar = (St F . .
05 = (Eon i) Let Iyar be the set of Yyar-sentences which consists of:

e 0+t=tforall t € Ty, and
o sti+t=-s(ti+t)forall ti,tr € Tryy.

® Tar F2 s 0+ 5 0=5(0+5 0) ® Mar F00+s0=s0
™ Myar F°s s 0+5 0=5(s 045 0) Mat 1 s(s 0+5 0) =5 s(0+5s 0) P Mt F1s(0+s0)=ss0
T F
ar F2s s 045 0=5 s(0+s 0) Mt F2s s0+s0)=sss0

(T)

Mar F3s s 0+s0=s5s5s0
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Basic entailment relation is well-defined

Lemma 34 (Basic entailment relation is well-defined)

The basic entailment relation Ho= Uicw ' is well-defined.

Proof.

(1) ‘ FHCH* forall i € w ‘

If [ 5 T then by (Transitivity), [ =i . Hence, I 5 T for all i € w.
If [ =5 I then since I" L [, by (Transitivity), [ =57 7.
Hence, H' CH™! for all i € w.

Q ‘ b is closed under (Translation)

It is straightforward to show that b is closed under the basic proof rules and all the entailment
properties except (Translation). In order to show that F° is closed under (Translation) it suffices to show

that x (%) CHL, forall i € w:

> Monotonicity: Assume that I C I’ C Sen(X), which means [ -3 .
Then x(I) C x(I”"), which means x(I') FZ, x(I").

> R:Forall I C Sen(X) and all t € T, we have I F2 t = t.
Let x'™ : Ty — Ty I'x be the unique homomorphism.
We have x(I) I—OX, x™(t) = x"(t), which means x(I") )—0):/ x(t =t).
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Proof of Lemma 34.

> Transitivity: Assume I FL [ and I’ =5 7/, which by (Transitivity) means I =271 177,
By the induction hypothesis, we have x(I) 5, x(I’) and x(I'") FL, x(T'").
By (Transitivity), x(I) I—‘;?l x(I'").

> F: Assume I )—;Z t = tl' .. l—;_ t = tl/, which implies I I—gl o(tr, ... ty) = a'(t{, e, t,g)
By induction hypothesis, x(I) F& x™(t:1) = x™(t]) ... x(T) F& x"™(t.) = x"™(t}).
By (F), x(N) it x(0)(x*™(t2), - - - s x*™(ta)) = x(0)(X*™(8), - - -, X" (21))-
Hence, x(I) F&! x(o(t1, - - s ta) = o(t], .. ., 7).

The remaining cases can be proved similarly.

@ | F° is the least entailment relation closed under the basic proof rules
Let I’ be another entailment relation closed under the basic proof rules.
One can straightforwardly prove that - CF for all i € w.

It follows that F°CH'.
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Basic soundness

Theorem 35 (Basic soundness)

The basic entailment relation F° is sound.

We show that |= is closed under all basic proof rules defined on page 20.
@ R: Obviously, [ =5 t = t.

e S If Il ':): t1 = tr then I ):): th = t3.
) T.'|fr|:): t1 =t andr|:z tzztgthenr':z t1 = t3.
o FFlfTEsti=uw ...TEsth=unthenT Ex o(tr,...,ta) = o (u1,...,un):
1  assume A=T
2 .A):t,-:u,- sinceA):FandF):t,-:u,-
3 A, ) =0t ut)  since t4 = uf forall i € {1,...,n}
4 AkEo(t,...,ty) =o(ur,...,uy) by definition
5 TEo(t,...,ta) =o(ut,...,un) since A was arbitrarily chosen

@ P: Similar to the case above.

Since F? is the least entailment relation closed under the basic proof rules, F*Cl=. O

v
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Basic compactness

Theorem 36 (Basic compactness)

The basic entailment relation ° is compact.

Let ¢ be the largest compact entailment relation included in 2.
It is straightforward to show that ¢ is closed under all basic proof rules:

For example, consider the case corresponding to (T), and assume that I -5 t1 = &
and I b5 t, = t3. By definition, 'y l—)”:o t1 =t and '} I—gl t, = t3, for some finite
¥; C ¥ and some finite ['; C T, where j € {0,1}. Let X = Yo U X; and
I+ = o UT1. By (Translation) and (Monotonicity), we get I'¢ l—gf t; =t and
Frbg, to=ts. By (T), [ 3, t1 = ts. Hence, I 5 11 = t3.

Since F? is the least entailment relation closed under the basic proof rules, F°CH<.

By definition, F<CH®.

It follows that ¢ = .

Hence, ° is compact. O
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Basic completeness

For all signatures ¥ and all sets I of atomic sentences over ¥, the relation
=r:={(t,t') | T F2 t = t'} is a congruence on Tx.

Straightforward, by the basic proof rules (R), (S), (T) and (F). O

Lemma 38

Let I be a set of atomic sentences over a signature X and let = be the congruence defined in
Lemma 37. Let Ar be the model obtained from Ty /= by interpreting each (w : w) € P as

{[t] | T b m(t)}. Then Ar =T

Proof.
Notice that wAT is well-defined:

if [ 2 7(t) and [t] = [t/] then T FP t = t/, and by (P), I F° =(t).
Q@ r-be=tiff[t] =[t']iff Ar Et=1t.

We show that Ar =T
Q I b 7(t) iff [t] € mAT iff Ar = w(t).
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Basic completeness

Theorem 39 (Basic completeness)

For any set of atomic sentences I over a signature ¥, the following are equivalent:

(a)T = p. (b) Ar = p and (c) T E° p,

for all atomic sentences p over ¥, where Ar is the model defined in Lemma 38.

| \

Proof.
(a) = (b) | Since Ar =T and T |= p, we get Ar = p.
(b)  (c)

Q@ IFet=tiff[t] =[t']iff Ar =t =1t
Q I 2 n(t) iff [t] € A iff Ar |= n(t).
(c) = (a) | By soundness, T F* p implies T |= p. O

By the proof of Lemma 38:
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