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Notations

Let X be a signature.

@ The set of sentences over X is denoted by Sen(X).

@ The class of models over X is denoted by |Mod(X)|.

@ The class of homomorphisms over X is denoted by Mod(X).
Let I C Sen(X) and v € Sen(X).

o We write [ = if A =T implies A |= v for all A € [Mod(X)|.
In this case, we say that v is a semantic consequence of .

Let Yyar+ be the signature of natural numbers with addition and multiplication. Then
o Vx,y - x+y=y+xEVx-x+0=0+x.
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Theories and presentations

@ A presentation is a pair (X, ), where X is a signature and I is a set of Y-sentences.

o *:={A € Mod(X)| | A =5 I'} for all sets of sentences I' C Sen(X);

@ M® :={v € Sen(X) | A =5 v for each A € M} for all classes of models M C |Mod(X)|.
°

°

A presentation (X, ) such that [ = ®*® is called a theory.
A class of models M C |Mod(X)| such that M®® = M is called elementary.

Exercise 3

Let ¥ be a signature, and I C Sen(X) a set of sentences.
@ The set of semantic consequences of I is a theory, that is, { | [ =~} is a theory.

@ The class of all models satisfying I is elementary, that is,

Mod(X, )| is elementary.
v
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Theories and presentations

Exercise 4

Let ¥ be a signature.
(1) (U rH® = ﬂ I? for all families of sets of ¥ -sentences {I;}ic;.

iel iel
Q (U M;)® = ﬂ M? for all families of classes of ¥-models {M;}ic;.
icl icl
Exercise 5

The pair of functions (_)® from Definition 2 forms a Galois connection, i.e. for all sets of
Y -sentences 1,2, and all classes of ¥-models M1, My, M, we have:

Q1 CTlyimpliesT3 CT? ercre Q@re=re
Q@ M; C M, implies M3 C M3 Q MC M** QO M* = M***
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Signature morphisms

Definition 6 (Signature morphisms)

A signature morphism x = (x*, x%,x"): £ — X’ consists of
@ a function between the set of sorts x*: S — S’
@ a family of functions between the sets of function symbols
X? ={x": Fuos — F)Qst(w)ﬁxst(s)}(w,s)es*><$.
0:S...5 — 5| N > xP(0) : x*(s1) - - - X" (50) = X(S)
o a family of function between the sets of relation symbols

X" = {X”: P, — P;(sr(w)}wes*

T:iS1...5| 8 >'X”(7r) 2 'XSt(sl)...XSt(s,,)

When there is no danger of confusion we may drop the superscripts st, op or rl from the
above notations.
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BN
Examples of signature morphisms
Signature extensions with variables ¥ — X[X]. I
Example 8
Yeir = (Seur, Feor) Yr1st = (Sust, Frist)
(J
Let x : g <> Xrrst be an inclusion.
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Examples of signature morphisms

Example 9

> crovp = (SGRUUP, FGRDU'P) YR = (Snmc, FRING)
+, %

Let x : Xcrovr — Xrmc be the signature morphism which renames the sort Group to Ring
and it adds a new constant (1 :— Ring) and a new binary function symbol
_x_:Ring Ring — Ring:

@ Group — Ring,

@ (0 :— Group) — (0 — Ring)

o (—-:Group — Group) — (—-: Ring — Ring)

o (-+ -: Group Group — Group) — (-+ - : Ring Ring — Ring)
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Examples of signature morphisms

Example 10
zR.I]\IG = (SRING7 FRING) zGROUP = (SGROUPa FGROUP)
+, % +

N

Let x : Xre — Xcroue be the the surjective signature morphism which maps:

@ Ring +— Group,

o (1:— Ring) — (0 — Group)

@ (0 :— Ring) — (0 — Group)

@ (—_:Ring — Ring) — (—-: Group — Group)

@ (-+ -:Ring Ring — Ring) — (_+ - : Group Group — Group)
o (_*_:Ring Ring — Ring) — (_+ - : Group Group — Group)
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Examples of signature morphisms

Example 11

ZGRDU’P = (SGROUP> FGRDU'P) ZVECTOR - (SVECT0R7 FVECTUR)

Let x : Xcrovr —> Lvector be the injective signature morphism which maps:
@ Group > Vector,
@ (0 :— Group) — (O > Vector)
@ (—-: Group — Group) — (—-: Vector — Vector)

@ (-+ -: Group Group — Group) — (-+ - : Vector Vector — Vector)
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Model reducts

Definition 12 (Model reducts)
Given a signature morphism x: ¥ — ¥/ as in Definition 6,
@ the reduct A’ [, of a X'-model A’ is a ¥-model defined as follows:
> (A’/[X)s = A;(s)/for all sorts s € S,
> a(A/Fx) = X(O’)‘A,Z A;(St(w) — A;{st(s)
» 7(Alx) = x(m)A for all (7 : w) € P.

@ the reduct A’ |y of a £'-homomorphism h’ is a X-homomorphism h’ [, = {h;(s)}ses-

forall (6 :w —s)€F,

(a) A’ is called a x-expansion of A, and

’ j—
o If A'[x= A then (b) A is called the x-reduct of A’.

@ If x : ¥ < ¥’ is an inclusion and A’ is a ¥'-model, we may write A’ [y instead of A’ [y.
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Examples of model reducts

Example 13

@ Let Yyar+ be the signature of natural numbers with addition and multiplication.
@ Let ¢ : Xyar+ < Xwar+[X, y] be an extension of Xyart with two variables x and y.
@ Let N be the Xyar+-model of natural numbers interpreting all symbols in the usual way.

Let f : {x,y} — |N| be the evaluation defined by f(x) =2 and f(y) = 5.
Then (N, f)[,= N.

Example 14

| A\

@ Let Ygir < Xr1sT be the inclusion defined in Example 8.
@ Let L be the structure consisting of lists of natural numbers:
» Lg1t = w, the set of natural numbers, and

> Lpist = {emptyeji®jp@---0j,|ji,...,jn €wand n € w},
the set of all lists of natural numbers.

Then L[5, . is the model that interprets the sort E1t as w.

Remark 15

Notice that the reduct changes the universe of L by discarding the set corresponding to the sort
List.

v
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Examples of model reducts

Example 16
@ Let x : Lerour — Xrmne be the injective signature morphism of Example 9.
o Let Z be the Xgme-model of integers.

Then Z [ is obtained from Z by discarding the interpretation of the unit and the
multiplication:

® (Z Iy )eroup = Zring, the set of integers

@ 0%!x = 0%, since x maps (0 :— Group) to (0 :— Ring)

o —(Z1x) = —Z since x maps (—. : Group — Group) to (—_ : Ring — Ring)

@ +Z1x) = 42 since x maps (_+ _: Group Group — Group) to (_+ _ : Ring Ring — Ring) |
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Examples of model reducts

@ Let x : Xpme — Xcroup be the surjective signature morphism of Example 10.

@ Let Q be the group of rationals defined over the signature X croup-
Then Q[ is the model over Xy which interprets
@ both 0 :— Ring and 1 :— Ring as 0,
@ both _+ _: Ring Ring — Ring and _ * _ : Ring Ring — Ring as the addition.

(Q I'x» f) Trmve[x, ¥, 2]
Qlx Trine — 2 croup Q

Remark 18

Notice that Q [ is not a ring, since Q [ doesn't satisfy the distributivity of multiplication over addition, that
is, QIxlE Vx, ¥,z xx (y +2) = (x xy) + (x * 2). Define f : {x,y,z} = |QIy | by f(x) = f(y) = f(z) = 1.

)

#(Ux0 (,@x0) L (@xh) 7@ 1)

'(f(Y)Jr f(Z))—3¢4

=(f)+ f()) + (f(X)+ f2) ) .

= (x (@ (@) (1) L8N (U 4 @) (1)
= ((x*y) + (xx 2))
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Sentence translations

@ How do we translate 1 * 0 = 0 along x : Xring — Xcroup defined in Example 10?7
X

Re: By replacing the symbols in 10 = =
0 according to X, we obtain 0+ 0 = 0. / \\ / \\
* 0 + 0
1 0 0
@ Let x = (vp, Ring, Ypyyg) be a variable for Tgiyg.
How do we translate Vx - x % 1 = x along x : Xring — Xcroup?

’

X
xx1l=x Trme[x] > Taroup[x'] x'+0=x'
Vx-x#1=x Tame ———> Tarovr vx'x' +0=0
L
Vxoxrl=1 vX’:}Jrc:o
Vo Voo
Re: We define x’ := (v, Group, Z¢roup), the translation of x along x. / \ / \
We define x : Yrina[x] — Zcroup[x’] the extension of x that maps x to x’. x — o _
Then x(Vx-x*1=x) =Vx"-x +0=x". \
A A
/ : X,/ \
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Sentence translations

Definition 19 (Term translations)

Any signature morphism x: ¥ — ¥’ determines a function x": Ty — T/ inductively defined:
@ x"(c) = x°(c) for all constants (c :— s) € F.
@ Xx"(o(t1,---,tn)) = x(a)(x"™(t1), - - -, x""(tn)), for all terms o(t1,...,t,) € Tx.

We may drop the superscript tm from the above notations when there is no danger of confusion.

Definition 20 (Sentence translations)

Any signature morphism x: ¥ — ¥’ determines a function Sen(x): Sen(X) — Sen(X) which replaces the
symbols from ¥ with the symbols from ¥’ according to x:

Sen(x)(t1 = t2) = (x""(t1) = x""(t2))
Sen(x)(ﬂ(fh o tn) = X P ()M (f), - X (1)
en(x)(—v) = ﬁSen(X)( )
en(x)(V ) == V Sen(x)(I)
Sen(x)(3X - v) := 3X’ - Sen(x’)(7), where
> X' = {{vi,x(s), ') | (vi,s,Z) € X}, and
> x': £[X] — X'[X'] is the extension of x which maps each (v;,s,¥) € X to (v, x(s),Z’) € X'.

v

We denote Sen(x) simply by x when there is no danger of confusion.
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Satisfaction condition

Y A’ Fy x(7)
A
{ ]
bN ATy =53 0l

Theorem 21 (Satisfaction is invariant w.r.t. change of notation)

For all signature morphisms x: ¥ — ¥', all ¥'-models A’, and all X-sentences -y, we have
A" B x(y) iff A Ixfs

In order to prove Theorem 21, we need two preliminary results: Lemma 22 and
Lemma 23.
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Lemma 22

For all signature morphisms x: ¥ — ¥, all ¥'-models A’, and all X-terms t, we have
x(e)t =41,

Proof.
We proceed by induction on the structure of terms:

° X(C)‘A, &6 (A1) for all constants (c:—>s)eF

o x(o(tr, ..., ta))N = /
x(@)(x(tr), - x(ta))* = ,

X(@)* Ot) ™ x(t) ) =
O-(A/[x)(tf‘A [X) . t(A rx)) —

yrce tn

o(te, ..., ta) AT,

I

| A

D. G3in3 (IMI)
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B< SIX] e X g
A :
LX LXI
¥
Blg= ATy Yy ———> 35 A

Assume a signature morphism x: ¥ — X', a finite set of variables X for ¥, and a ¥'-model A’, a £[X]-model
B such that A’ |,= B|x.
Then there exists a unique ¥'[X']-model B’ such that B' |, /= B and B’ |sz/1= A’, where (a) X' is the

translation of X along x, (b) x': £[X] — X'[X'] is the extension of x mapping each variable {v;,s,¥) € X
to (vi, x(s), ') € X', and (c) tx: £’ < T'[X’] is an inclusion.

We define B’ as follows: (a) B’ interprets each symbol in ¥’ as A’, and (b) (vi, X(s) )Bl = (vi,s,%)B for
all (x,x(s), ') € X’. It is straightforward to check that B’ I/= B and B lgr= A

For the uniqueness part, assume a £'[X’]-model C such that C Isr=A"and C|,/=

@ Since Cy/= A’, C interprets all symbols in £’ as A’ and B’.
@ Since C[ = B, we have (v,,x(s) "NC = x((v,s, X)) = (Vi,S,Z>C X = (v,s, )8 =
{vi, s, ):) Mx! x((vi,s, Z))B = (v,-,x(s),Z')B/, for all variables (x, x(s), ') € X".
By (1) and (2), B’ = C. O
v
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B~y B= b P I xS Y -1 B Ex'(7)
A
o i :
o Vs
Al 3X -y Bls= A’ Iy Yy ———> 5 A’ A= 3X X ()

Proof of Theorem 21.

We proceed by induction on the structure of sentences:
0 A g x(t = 1) iff A g x(t1) = x(t2) iff x(t1)A" = x(t2)2 iff (by Lemma 22)
7 /7

tiA ) — tgA ) i A7 IvEs t1 = to.
The case corresponding to m(t1, . . ., t,) is similar to the one above.

0 A 5/ x(—) iff A" =g —x() iff A g x() iff A T fes v iff A Ty Ex oy
The case corresponding to \/ T is similar to the one above.

0 A g x(3X ) iff A =5 3X - X () iff
B' Exiixry X' (7) for some vx/-expansion B’ of A’ iff (by the induction hypothesis)

B’ 1/ Fxix) 7 for some ty/-expansion B’ of A’ iff (Lerg%)

B |=5(x v for some tx-expansion B of Al Ly iff
A’ Iy Es 3X .
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First-order substitutions

Example 24

Let Xyar+ be the signature of natural numbers with addition and multiplication.
Let X = {x1,x2} and Y = {y1, y2, y3} be two sets of variables for Lyar+.
Let 6 : X — Tx,,;, (Y) be a function defined by 6(x1) = y1 + y2 and 6(x2) = y1 + (y2 * y3).

0 : X — Txyy, (Y) determines a reduct functor [g: Mod(Xwar+[Y]) — Mod(Zwar+[X]):
o Let (N, f) be a model over Xyar+[Y], where

> N is the model of natural numbers over Lyar+ and
> f:Y — |N| is defined by f(y1) =1, f(y2) = 3 and f(y3) = 4.

@ The interpretation of x; in to (N, f) g is defined as the interpretation of 6(x;) into (N, f).
o fo’fNQ = O(Xl)(N‘f> = (yl +y2)<N>f> =14+3=4
xgt 0 — 0 ) A = (y1 + (y2 % y3)) ) = 1 4 (3% 4) = 13.
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0 : X — Tsyyp, (Y) determines a sentence translation 65" : Sen(sy,r. [X]) — Sen(zy,r, [Y]):
0
_ -7 2 +zz)+(y1+(yz #y3)) = (1 + (2 % y3)) + (1 + y2)
X1+ X2 =X +x1 —_— ———  ~Y———
P B4
/ \ .
NN
Let 2/ == R

% X
Let z = (vs, Nat, Zyur+[X]) be a variable for X[X]
Jz-x1+z=x -

EIR

N
ANNANANA
N

(v3,Nat, Tyt [Y]) be the translation of z along 6

/\ /\
>
/\

Y2
y3 y2
X1 z

X1

SN
VAN
AYVAY

YI/ \)/2 y2/ \Y3

32 () + 2 =y 4 (2 y3)



First-order substitutions

Definition 25 (Substitution)

Let X be a signature and X, Y two sets of variables for X.
A Y -substitution between X[X] and X[Y] is a function 6 : X — Tx(Y).

(vi, s, TIX]) (vi,s, Z[Y])
Sen(Z[X]) e > Sen(Z[Y])

A substitution 6: X — Tx(Y) determine:
@ a sentence translation 85" : Sen(X[X]) — Sen(X[Y]) which is

> the identity on the symbols in X, and
> maps every variable x € X to (x) € Tx(Y).
@ a model reduct [g: [Mod(X[Y])| — [Mod(X[X])| defined by
(Blg)s = Bs for all sorts s € S,
o(B18) = 5B for all function symbols o € F,
7(Ble) = 2B for all relation symbols o € F,
xBle) = 9(x)® for all x € X.

for all models B € |[Mod(X[Y])].
GSen

vyvyYyy

We drop the superscript Sen from when there is no danger of confusion.
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Theorem 26 (Satisfaction condition for substitutions)

Let 6 : X — Tx(Y) be a substitution. Then for all £[Y]-models B and all £[X]-sentences ~,

B sy 6°°(7) iff Blolxp -

Similarly to the case of satisfaction condition for signature morphisms, we need two lemmas in order to prove
Theorem 26.

For all substitutions 0: X — Tx(Y), all £[X]-terms t and all £[Y]-models B, we have t5'6 = 9(t)%.

We proceed by induction on the structure of terms:
@ xB16 = 9(x)B for all variables x € X;

© o(tr,...,tn)%0 = oBlo(e0, . t79)  oB(o(0)", ..., 0(ts)5) = O(a(tr, ..., tn))".
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lgr
AL T(X,z] P 2]y, 7] 3
A ",
ley Lz ELZ/ ey
o 2
Al,=Blg IX] ———x[¥] B

lo

Let 0 : X — Tx(Y) be a X-substitution and Z a set of variables for X[X]. For all X[X, Z]-models A and all
X[Y]-models B such that A|,,= B g there exists a unique XY, Z')-model C such that C | gr= A and
© r‘z/= B, where
@ .7: ¥[X] < X[X, Z] is an inclusion,
@ Z' = {{vi,s,Z[Y]) | (vi,s,Z[X]) € Z} is the translation of Z along 0,
@ .y : X[Y] < X[Y, Z'] is an inclusion,
> 0'({vi,s, %)) = 0({vi,s, X)) for all {vi,s,¥) € X,

@ 0 : XUZ— Ts(Y UZ') is defined by
> 0({z,s,X[X])) = (z,s, Z[Y]) for all (z,s,X[X]) € Z.
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lgr
AL T[X, 2] - 2o 5[y, Z'] el
A :
ez vz Lzt iz
v £
Al,=Blo 2[X] — 2[Y] B

lo
Proof of Lemma 28.

We define C as follows:

@ C interprets all symbols in £[Y] as B;

@ C interprets Z as A, that is (v;, s, Z[Y])C = (v;, s, Z[X])* for all {v;, s, Z[Y]) € Z'.
By (1), Cl.,, = B. Since 0’ extends 6, by (2), C [= A.

For the uniqueness part, assume another £[Y, Z]-model D such that D,y = A and D[, ,= B.

LZ/
@ Since D Ixivj= B = Clx[y), that is, D interprets all symbols in ¥[Y] as B, and in particular, as the
model C;

@ for all (v;,s,X[Y]) € Z’, since D F9/= A, we have (v;,s, Z[Y])P = 0'((vi, s, Z[X]))? =
(vi, s ):[XDA 0’ (( vi, s, Z[X1))C = (vi, s, Z[YDC.

y (1) and (2), we get C = |
v
e



Reachable models

Definition 29 (Reachable models)

Let X be a signature and A be a X-model. A is reachable iff each element of |A| is the
denotation of some term, i.e. the unique homomorphism h: Ty — A is surjective.

Theorem 30

Let X be a signature, and X a set of variables for ¥.. Then A is a reachable model iff for
all sets of variables X for ¥, each expansion B of A to the signature ¥[X] (i.e. a
valuation f : X — |A|) generates a substitution 6 : X — Tx such that Alo= B.
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Proof of Theorem 30.

“ ”

Let f: X — |A| be a valuation. Since h: Tx — A is h
surjective, there exists §: X — Tx such that 0; h = f. ’:\\ | Al
We show that Afe= (A, f) = B: e,
@ It suffices to show that x(A10) = 9(x){A") for all x € X. o /
0 x(M6) — g(x)A = h(B(x)) = F(x) = x4 for all x € X. X
We show that each element in |A| is the denotation of some T[x] B

ix-expansion of A interpreting x as a, that is xX® = a. By our
assumptions, there exists a substitution 6: {x} — T such that

term. Let s € S and a € A;. Let x = (w,s,X) and B the ) ~.
LXJ\ o) Pex v lo
£
Alo= B. Hence, 0(x)* = x40 = xB = a. 2 A
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