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Introduction

A(n) (abstract) logic (J. Barwise) L or model-theoretic logic (S. Feferman) consists of a
collection of mathematical structures, a collection of formal expressions, and a relation of
satisfaction between the two (many-sorted first-order logic is denoted as Lωω aka FOL).

We will touch on two aspects of the study of logics in this section of the course: (1) the
isolation and study of specific model-theoretic languages, or logics, for the study of
various mathematical properties, and (2) the investigation into relations between these
logics.

These two parts of the subject are called extended model theory and abstract model
theory, respectively.
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Introduction

In extended model theory one asks: What is the logic of specific mathematical concepts?

More explicitly, given a particular mathematical property (like being a finite, infinite,
countable, uncountable, or open set, or being a well-ordering or a continuous function, or
having probability greater than some real number r), what is the logic implicit in the
mathematician’s use of the property?

What sorts of mathematical structures isolate the property most naturally?

What sorts of languages best mirror the mathematician’s talk about the property?

What forms of reasoning about it are legitimate?

Which other properties are implicit in it or are presupposed by it?
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Introduction

(Many-sorted) first-order logic considers mathematical structures of a particularly
algebraic sort, domains of individuals with arbitrary sets and functions to serve as
interpretations for various predicate and function symbols.

It allows expressions that build in the concepts and, or, not, every and some, and
concepts that can be expressed in terms of them, but nothing else.

If Lωω is the inspiration for much of extended model theory, it is also its nemesis.

W. Quine’s first-order thesis (also called Hilbert’s thesis after David Hilbert): logic is
first-order logic, anything that cannot be defined in first-order logic is outside the domain
of logic.
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Introduction

Logicians do logic a disservice by convincing others that logic is first-order logic and then
convincing them that almost none of the concepts of modern mathematics can really be
captured in first-order logic.

Paging through any modern mathematics book, one comes across concept after concept
that cannot be expressed in first-order logic.

Concepts from set-theory (like infinite set, countable set), from topology (like open set
and continuous function), and from probability theory (like having probability greater
than some real number r), are central notions in mathematics which, on the
mathematician-in-the-street view, have their own logic.

Yet none of them fit within the domain of first-order logic (Lωω).
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Introduction

In some cases the basic presuppositions of first-order logic about the kinds of
mathematical structures one is studying are inappropriate.

For example, a topological group ((G , ·,−1 ), τ) is a structure where G is a topological
space for the topology τ , (G , ·,−1 ) is a group and the group operations are continuous
(this structure is not naturally a first-order structure, although it can be represented as a
many-sorted structure in a suitable expanded signature).

In other cases (as we will see soon), the structures dealt with are of the sort studied in
first-order logic, but the concepts themselves cannot be defined in terms of the logical
constants (i.e. the operators of first-order logic).
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Introduction

Extended model theory adds a new dimension and new tools to the study of the logic of
mathematics.

The first-order thesis, by contrast, confuses the subject matter of logic with one of its
tools.

First-order logic is just an artificial language constructed to help investigate logic, much
as the telescope is a tool constructed to help study heavenly bodies.

From the perspective of the mathematician in the street, the first-order thesis is like the
claim that astronomy is the study of the telescope (Jon Barwise).
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Expressive limits of (many-sorted) first-order logic

Theorem 1 (Compactness theorem; proved by Gödel and generalized by Malcev)

Any set of sentences Φ which is finitely satisfiable (i.e. every finite subset of Φ has a
model) is satisfiable.

Proof.

Let Φ be a finitely satisfiable theory. Contraposing Gödel’s Completeness theorem, all we
need to show is that Φ 6`Σ ⊥ in order to get a model of Φ as desired. By the
compactness of `Σ (also known as finitarity), we just need to show that for all finite
Φ0 ⊆ Φ, Φ0 6`Σ ⊥. The latter follows simply from the soundness theorem and the
hypothesis of the theorem.
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Expressive limits of (many-sorted) first-order logic

Corollary 2

The concept of having a finite sort cannot be captured in first-order logic.

Proof.

There can be no theory Φ true in exactly the models with a finite sort. Otherwise, the
theory Φ ∪ {∃x1 . . . xn

∧
1≤i<j≤n xi 6= xj | n < ω} in the signature Σ is finitely satisfiable,

and by the Compactness theorem, it has a model. Any model of this theory is infinite,
which gives a contradiction.

Corollary 3

The concept of having an infinite sort cannot be captured by a sentence in first-order
logic.

Proof.

If there would be a sentence ϕ true in exactly the models with an infinite sort, ¬ϕ would
pin down exactly the finite models, which is impossible.
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Expressive limits of (many-sorted) first-order logic

Exercise 4

Show that the concept having at least one sort of size n can be captured in first-order
logic, i.e., there is a sentence of Lωω which is true in exactly the models with a sort of
size n for any finite n.

Exercise 5

Show that the concept of having at least one infinite sort can be captured in first-order
logic, i.e., there is a theory in Lωω which is true in exactly the models with an infinite
sort.
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Expressive limits of (many-sorted) first-order logic

Theorem 6 (Downwards Löwenheim-Skolem theorem)

Any countable theory with an infinite model has a countable model.

Theorem 7 (Upwards Löwenheim-Skolem theorem; proved by Malcev)

Any countable theory Φ with a model with an infinite sort has arbitrarily large models.

Proof.

Let M |= Φ be infinite and κ uncountable. Expand the signature Σ by constants
{cα | α < κ} (for one of the sorts that are infinite in M ). Then, each finite subset of
the theory Φ ∪ {cα 6= cβ | α < β < κ} has a model (namely a signature expansion of the
infinite model of Φ). Hence, by Compactness, Φ has a model of size > κ.
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Expressive limits of (many-sorted) first-order logic

Corollary 8

The complementary concepts of having at least one countable sort and having at least
one uncountable sort cannot be defined in first-order logic.

Proof.

There can be no theory Φ true in exactly the uncountable structures, as by the
downwards L-S theorem, it would have a countable model, which is a contradiction.
Moreover, if there would be a theory Φ with only countable models, by the upwards L-S
theorem we would get an uncountable model of Φ, which is absurd.
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The completeness problem

There is nothing straightforward about knowing the best questions to ask about a given
logic.

They will depend, in general, on the concepts it captures.

But one question always suggests itself just by virtue of being a study of logic, the
completeness problem: is there any kind of completeness theorem that goes with the
logic, analogous to the completeness theorem for first-order logic?

That is, given a logic L, is there a list of valid rules of inference that generate all valid
theorems of the logic, i.e., the set of sentences that hold in all its structures?
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The completeness problem

Using the language of recursion theory, the completeness problem can be phrased quite
abstractly (abstract completeness).

For if it has a positive solution, then the set of valid sentences is recursively enumerable.

And, conversely, if the set of valid sentences is recursively enumerable, then in principle
we can find such a completeness theorem (using William Craig’s trick).

However, this does not give one a simple set of rules of inference which generate the
valid sentences.

Thus the first question about a logic L that we usually ask is: Is the set of valid
sentences recursively enumerable?
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The completeness problem

The completeness problem ties up with the first-order thesis and an even older view of
logic, where it was seen as the study of axioms and rules of inference.

Of the logics studied here, some have a completeness theorem, some don’t.

If one thinks of logic as limited to the study of rules of inference, then logics without an
abstract completeness theorem will not seem part of logic.

But if you think of logic as the mathematician in the street, then the logic in a given
concept is what it is, and if there is no set of rules which generate all the valid sentences,
well, that is just a fact about the complexity of the concept that has to be lived with.

It is this latter point of view that is implicit in the study of model-theoretic logics.
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Second order logic

Everyday mathematical experience shows us that the concepts of arbitrary set and
function are important and powerful.

Notions like finite, infinite, countable, uncountable, well-ordering, the natural and real
numbers, are all definable in terms of these notions.

Second-order logic is the extension of first-order logic, L2, where these concepts are built
in by allowing quantifiers not just over individuals in the domain M, but also over
subsets of that domain and over relations and functions on the domain.

Judged by the standards of first-order logic, the model theory of second-order logic was
deemed unmanageable.

None of the basic theorems of first-order logic extended to second order logic.
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Second order logic

Definition 9 (Σ-sentences in L2)

For all signatures Σ, the set of Σ-sentences, denoted Sen(Σ), is constructed inductively
as for first-order logic but with the following addition:

Second-order Quantifiers
X is a finite set of relation (function) variables for Σ γ′ ∈ Sen(Σ[X ])

∃X · γ′ ∈ Sen(Σ)
where Σ[X ] = (S ,F ,P[X ]) (Σ[X ] = (S ,F [X ],P)), and P[X ] (F [X ]) is obtained
from P (F ) by adding the elements of X as relations to P (functions to F ).

Given this, the satisfaction relation for second-order quantificational formulas is defined
identically as for the first-order case.
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Second order logic

Proposition 10

Second-order logic doesn’t satisfy the Compactness theorem.

Proof.

The L2-sentence, ∃f (∀x , y(f (x) = f (y)⇒ x = y) ∧ ∃z∀v(z 6= f (v))), where f is a
functional variable taking inputs and giving outputs in the same sort, is true in exactly
the structures with an infinite sort: it says that there is an injection from the domain of
the structure into a proper subset of such domain (e.g. there is an injection from the
natural numbers into the even numbers). This sentence allows us to pin down exactly the
structures with sorts that are Dedekind infinite sets.

The compactness theorem is a ubiquitous tool, applied at almost every turn in first-order
model theory. It was natural that it should have been deemed a crucial property for a
logic to have, if one wanted to exploit experience gained in first-order model theory.
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Second order logic

Proposition 11

The abstract completeness theorem fails for second-order logic.

Proof.

With a bit more difficulty we can show (see the details here, section 5) that for any
sentence ϕ in the one-sorted signature of arithmetic {+, ·, 0}, there is a second order
sentence ϕ∗ in the empty signature such that:

(N,+, ·, 0) |= ϕ iff ϕ∗ is valid.

If the validities of second-order logic would be recursively enumerable, then it would
contradict a famous theorem of Gödel which states that the first-order formulas true in
(N,+, ·, 0) are not recursively enumerable.
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Second order logic

Proposition 12

The upwards Löwenheim-Skolem theorem fails for second-order logic.

Proof.

Consider a signature ΣNAT
∗ obtained from ΣNAT by removing the ordering relation. We can

then write down the theory Φ (in fact it can be expressed as a sentence):

(1) ∀X ((X (0) ∧ ∀y(X (y)⇒ X (s(y))))⇒ ∀y(X (y))),

(2) ∀x(s(x) 6= 0), (3) ∀x , y(x 6= y ⇒ s(x) 6= s(y).

For any model M of the appropriate signature, M |= Φ iff M is isomorphic to (N, s, 0)
where s is the successor function (the isomorphism is given by sending each natural n to
the interpretation of the term s . . . s︸ ︷︷ ︸

n times

(0) in the structure M). This latter fact was shown

by R. Dedekind in the 1800s. But then Φ has no uncountable models despite having a
countable model, which means that the upwards Löwenheim-Skolem cannot hold for
second-order logic.
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Second order logic

Proposition 13

The downwards Löwenheim-Skolem theorem fails for second-order logic.

Proof.

In the ordered field of real numbers, any bounded nonempty set has a least upper bound
(this is the Dedekind completeness of the field). We can translate this by the
second-order sentence:

∀X ((∃yX (y) ∧ ∃y , z(Xy ⇒ y ≤ z))⇒ ∃z , y(∃u(X (u) ∧ y ≤ u) ∨ z ≤ y)).

It is known that any ordered field that satisfies this second-order sentence is isomorphic
to the ordered field of reals (e.g. see here). Since the axioms of ordered fields can be
written in first-order logic with a countable signature, there is a second order theory that
has only uncountable models, ruling out the possibility of a downwards
Löwenheim-Skolem theorem.
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Extensions obtained by adding cardinality quantifiers

One of the first explicit proposals for studying extensions of first-order logic by the
methods of model theory came from A. Mostowski in 1957.

His idea was that since various concepts like finitely many and countably many are not
definable in first-order logic but are important in modern mathematics, we should add
quantifiers embodying such concepts directly.

For any infinite cardinal ℵα, Mostowski proposed a quantifier Qα, forming the logics
L(Qα) extending a given logic L.
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Extensions obtained by adding cardinality quantifiers

Definition 14 (Σ-sentences in L(Qα))

For all signatures Σ, the set of Σ-sentences, denoted Sen(Σ), is constructed inductively
as for L but with the following addition:

Cardinality Quantifiers
X is a finite set of variables for Σ γ′ ∈ Sen(Σ[X ])

QαX .γ′ ∈ Sen(Σ)
where Σ[X ] = (S ,F [X ],P), and F [X ] is obtained from F by adding the elements of
X as constants to F .

Definition 15 (Satisfaction relation)

The satisfaction between models and sentences is inductively defined as for L but with
the addition:

A |=Σ Qα.Xγ
′ iff there are at least ℵα-many expansions A′ of A to the signature

Σ[X ] s.t. A′ |=Σ[X ] γ
′
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Extensions obtained by adding cardinality quantifiers

The logic L(Q0) builds in the finite/infinite distinction missing from first-order logic.

It is a notion at the heart of much mathematics, especially in modern algebra. Using it
one can define notions like torsion group, finitely generated group, finite-dimensional
vector space, and one can define the natural numbers.

The logic L(Q1) on the other hand, builds in the countable/uncountable distinction
missing from first-order logic, but it does not include L(Q0).

Using it one can define notions like countably generated groups, uncountable structures,
and the like.
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Extensions obtained by adding cardinality quantifiers

Proposition 16

The logic Lωω(Q0) does not have an abstract completeness theorem if the signature Σ
has a binary relation symbol.

Proof.

By a famous result of B. Trakhtenbrot from the 1950s (a full proof is here), the
first-order valid sentences on finite models are not recursively enumerable if the signature
has a binary relation symbol. In the logic Lωω(Q0), for any first-order sentence ϕ,
(¬Q0x .>)⇒ ϕ is valid iff ϕ is valid on finite models. The sentence (¬Q0x .>) simply
expresses that the model is finite. Hence, the validities of Lωω(Q0) cannot be recursively
enumerable on pain of contradicting Trakhtenbrot’s result.
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Extensions obtained by adding cardinality quantifiers

Exercise 17

Show that the logic Lωω(Q0) does not have a compactness theorem. Hint: Recall that
the sentence (¬Q0x .>) is true in exactly the finite models.

Proposition 18

The logic Lωω(Q0) satisfies the downwards Löwenheim-Skolem theorem.

Proof.

This result follows from Proposition 1.3.1 in here.
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Extensions obtained by adding cardinality quantifiers

Proposition 19

The logic Lωω(Q0) does not have an upwards Löwenheim-Skolem theorem.

Proof.

Consider a signature Σ with a binary relation <. Write down the axioms for a linear
ordering (exercise) denoted by the symbol <. Let us call these axioms Φ. Now consider
the theory Φ ∪ {Q0x .>} ∪ {∀y(¬Q0x .x < y)}. This theory says that the ordering
denoted by < has exactly ℵ0 elements (it has at least ℵ0 since Q0x .> holds and < is a
total ordering, and if it’d had more than ℵ0-many elements, then ∀y(¬Q0x .x < y) could
not hold, i.e., below a certain element there might be infinitely many elements in the
ordering).
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Extensions obtained by adding cardinality quantifiers

One of the first surprises in extended model theory was the dramatical asymmetry
between Lωω(Q1) and Lωω(Q0).

Proposition 20 (Vaught, 1964)

The logic Lωω(Q1) has an abstract completeness theorem.

Proposition 21 (Fuhrken, 1964)

The logic Lωω(Q1) has a compactness theorem only for countable sets of sentences.
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Extensions obtained by adding cardinality quantifiers

In fact the two results above can be improved:

Proposition 22 (Keisler, 1970)

There is a concrete finitary formal system for Lωω(Q1) which is sound and complete
(both compactness and abstract completeness are corollaries; compactness follows exactly
as it did for Lωω).
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Extensions obtained by adding cardinality quantifiers

Exercise 23

Show that the logic Lωω(Q1) does not have a downwards Löwenheim-Skolem theorem.
Hint: consider the theory of linear orderings plus the sentences
{Q1x .>} ∪ {∀y(¬Q1x .x < y)}.

Observe you can’t use the compactness theorem of this logic to get the upwards L-S
theorem because you would need to apply compactness to an uncountable set of
sentences.

Exercise 24

Show that the logic Lωω(Q1) does not have an upwards Löwenheim-Skolem theorem.
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Infinitary logic

A number of logics more or less equivalent to Lωω(Q0) (e.g. weak second-order logic,
that allows quantification over finite sets) were worked on until they were gradually
replaced by the study of logics with infinitely long formulas.

Actually, the investigation of such languages is older (going back to the early 1930s and
Zermelo) than that dealing with generalized quantifiers but had fallen on hard times until
the late 1950’s and early 1960’s, when work of Alfred Tarski, Leon Henkin, Carol Karp,
Dana Scott, Ken López-Escobar, William Hanf, and Howard J. Keisler revitalized the
subject.
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Infinitary logic

Early work on infinitary logics dealt with certain languages Lκλ which were generated by
allowing conjunctions and disjunctions of size less than κ and homogeneous strings of
quantifiers of length less than λ.

The early work looked for analogues of the compactness, completeness and
Löwenheim-Skolem theorems.

The most salient example of this kind of logic is known as Lω1ω.
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Infinitary logic

Definition 25 (Σ-sentences in Lω1ω)

For all signatures Σ, the set of Σ-sentences, denoted Sen(Σ), is constructed inductively
as for Lωω but with the following addition:

Countable Disjunctions
Γ ⊆ Sen(Σ) has size ω∨

Γ ∈ Sen(Σ)

The definition of satisfaction is the same as for Lωω except that now we have infinite
conjunctions around as well.

Exercise 26

Show that Lω1ω does not satisfy the compactness theorem even for countable theories.
Hint: the sentence ∀x⊥ ∨

∨
n<ω(∃x1 . . . xn∀y

∧
1≤i≤n y = xi ) is true in exactly the finite

structures.
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Infinitary logic

Proposition 27 (Karp, 1964)

Lω1ω satisfies an abstract completeness theorem.

Proposition 28

The logic Lω1ω has a downwards Löwenheim-Skolem theorem.

Proof.

This is a consequence of the completeness theorem for Lω1ω in Makkai, 1967.
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Infinitary logic

Exercise 29

Show that Lωω(Q0) is a sublogic of Lω1ω in terms of expressive power, i.e., that every
sentence of Lωω(Q0) has an equivalent sentence in Lω1ω.

Exercise 30

Show that Lω1ω does not satisfy the upwards Löwenheim-Skolem theorem.
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