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Limitations of QWhile

» No classical variables

> Poor data types/structures

Enhanced Expressivity of Programming Language

> Classical variables
» Quantum arrays
> Parameterized quantum gates



Quantum Types

> A basic quantum type H denotes an intended Hilbert space.



Quantum Types

> A basic quantum type H denotes an intended Hilbert space.
> A higher quantum type is defined of the form:

Ty X .. XTy —H

where Ty, ..., T,; are basic classical types, and H is a basic
quantum type.

7_[®(T1><...><Tn) _ ® 7_[

tl €T1,...,tn €Ty



Quantum Types
> A basic quantum type H denotes an intended Hilbert space.
> A higher quantum type is defined of the form:
Ty X .. XTy —H

where Ty, ..., T,; are basic classical types, and H is a basic
quantum type.

7_[®(T1><...><Tn) _ ® 7_[

tl €T1,...,tn €Ty

» Example: A qubit array g of type integer — H,
Section gk : 1] stands for the restriction of g to the interval
[k:1] = {integeri | k <i <I}.
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Quantum Variables

> Simple quantum variables, of a basic quantum type, say H;

> Array quantum variables, of a higher quantum type, say
T1 X ... x T, = H.

> Let g be an array quantum variable of the type T1 x ... x T, — H,
and for each 1 <i <, lets; be a classical expression of type T;.
Then

q[51, s Sn]
is a subscripted quantum variable of type H.

> Example: If g : integer x integer — H; is a two-dimensional
array of qubits, and x, y are integer variables, then

q[2x —y,3x + 4y — 75]

is a subscripted qubit variable.



Syntax of Quantum Programming Language qWhile™

P:=skip |x:=e¢|q:=|0)
| U(tl,...,tm>[q1,...,qn]
| x == M[q1, ..., qu]
| P1; P, | if b then P; else Py | while b do P



Example - Circuit of QFT on n qubits

QFT[q1, o) Gn] ==
H[q]; C(R2)[g2
Hlg,]; C(Rp)

qs, qz] C(R
H(g,-1]; C(R2)[qn, Gn-1];
Hiqn];

Reverse[qy, ..., qn]

where:

> C(Ry)[qi,q;] — controlled-R;:

7} C(R3)[q3,91); -+
3)[94,92); -

C(Rnfl)[%flr‘h])
C(Ru-1)[qn, 92;

C(Rn)[gn, q1];



Example - Circuit of QFT on n qubits

QFT[q1, o) Gn] ==
H[q]; C(R2)[g2
Hlg,]; C(Rp)

71); C(R3)[g93,91]; --; C(Ru—1)[qn-1,91]; C(Rn) [qn, q11;
g3, 972] C(R3)[q4,92); -+ C(Ru—1)[9n, 32;
H[gy-1]; C(R2) [Gn, Gn—11;

H[Qn};
Reverse[qy, ..., qn]

where:
> C(Ry)[qi,q;] — controlled-R;:

1 0
R, = < 0 e2ni/2 >

> Reverse[qy, ..., qn] is the quantum gate that reverses the order of
qubits g1, ..., 4x.



Example - QFT in qWhile™
Introduce qubit array 4.

QFTIgq[1 : n]] == QFT*[g[1 : n]]; Reverse[q[1 : n]],
QFT*[g[m : n]] == if m = n then H|q[n]]
else H[Q[m]]; CR[g[m : n]]; QFT*[g[m + 1 : n]],
CRIg[m : n]] ::= if m = n then skip
else CR[g[m : n — 1]]; C(Ry—m+1) [qn, Gm]-
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3. A Practical QHL
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Limitations of QHL

> Curse of dimensionality: a quantum predicate for n qubits is a
2" x 2" matrix — a bottleneck for scalable verification.
> Assertion language?
> An assertion for a classical program is a predicate —
Boolean-valued function, over the state space.
> It can be represented by a first-order logical formula —
constructed from atomic formulas using connectives and
quantifiers.
> Often much more economic than as a Boolean-valued function
over the entire state space.
> How to define an assertion language for quantum programs?
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Correctness Specifications
> Syntax of quantum predicates:
Az=K(H)[g] | A AL @A [ F(B)[g]({A:})-
> Hoare triples:

{9, A} P{y,B}

> @, are first-order logical formulas;
> A, B are quantum predicates parameterized by classical variables
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Partial and Total Correctness

> {@,A} P {¢, B} is true in the sense of total correctness, written
ot {9, A} P{¢, B},
if for any input (o, p) with ¢ |= ¢, it holds that
p) <Y {ltr (¢'(B)o’) |(¢),p") € [PN(0,p) and o’ = |} .

> Partial correctness [=pqr {@, A} P {1, B}:

o) < Y {ltr (¢/(B)p)) |(e”,¢) € IPN(0,p) and o’ = 9|}
+NT(P)(0,p)

where NT(P)(c, p) — nontermination probability.
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Proof system

> The proof system can be conveniently combined with classical
first-order logic.

Proof System - Partial Correctness

(Axiom-Ski)  {¢, A} skip {¢, A}
(Axiom-Ass)  {¢le/x],Ale/x]} x:=e{¢p, A}
(Axiom-Init)  {¢,Fplq](A)} q:=0) {g, A}
(Axiom-Uni) ~ {¢,Fu(f)[g](A)} U(D)[7] {p, A}
(Axiom-Meas) yiéfree(qo) Uco(4) U {f}

{oly/x], Fm(y) [g](Aly/x])} x:= M[g] {9 Ax =y, A}
(Rule-Seq) {q)'A} Py {IP/B} {IP/B} Py {9,,C}

{9, A} P1; P, {0,C}

{pnb,A} Pr{y,B}  {@A—bA}Po{yp B}
(Rule-Cond) {@,A} if b then P; else Py {¢, B}




Proof System - Partial Correctness (Continued)

{¢ AbA}P {9, A}
{p,A} whilebdo P {¢p A —b,A}
(¢, A" = (9,A) {9, A}P{y,B} (y,B) = (¢/,B)
(Rule-Conseq) 9, A P (¢, B
{9,A;} P{y; B} foreveryi=1,..,n
(Rule-Accum1) (Vir,i2) (i # i = (i, A i)
1ym n 1

{go, 7 2i=1 Ai} P {\/izl Vi, EB}

{9, A;} P {y,B;} for every i
0 < p; for every i Yipi <1

{9, LipiAi} P {y,LipiBi}

(Rule-Loop-par)

(Rule-Accum?2)




Proof System - Total Correctness

{pAb A} P {g A}
{pANbDAt=2zI} P{t <zI}
p—t>0

(Rule-Loop-tot) ¢y While b do P {g /b, A}



Proof System - Total Correctness

{pAb A} P {g A}
{pANbDAt=2zI} P{t <zI}
p—t>0

{¢,A} whilebdo P {9 A —b,A}

(Rule-Loop-tot)

Soundness Theorem
For any quantum program P, classical first-order logical formulas
@,¥, and quantum predicate formulas A, B:

~ois, {04} P {3 B} implies Fpur {9, A} P {1, B);
'_QHL;t {p,A} P {y,B} implies = {9, A} P {y,B}.
[1] M. S. Ying, A practical quantum Hoare logical with classical

variables, 1, Information and Computation 2026 (also see arXiv
2412.09869).
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QHL™ Theorem Prover

» Two teams are currently working on the Al-assisted
formalisation of QHL " in Lean 4.

> Classical program verification:

Program = VC (verification condition) generation
= First-order logical formula = SAT/SMT solver

> Quantum program verification:

Program = VC (verification condition) generation
= Matrix inequality = SDP solver +???
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4. Topics for Further Research
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[3] L. Zhou, et al., A quantum interpretation of bunched logic for
quantum separation logic, LICS 2021.



Open Question

> (Relative) Completeness?

Scalable Verification
> Separation logic
[2] X. -B. Le, et al., A quantum interpretation of separating
conjunction for local reasoning of quantum programs based on
separation logic, POPL 2022.

[3] L. Zhou, et al., A quantum interpretation of bunched logic for
quantum separation logic, LICS 2021.

> Al for Formalisation and Verification???
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Applications

> Classical-quantum hybrid reasoning for QEC

[4] W. Fang et al., Symbolic execution for quantum error
correction programs, PLDI 2024.

[5] Q. F. Huang, et al., Efficient formal verification of quantum
error correcting programs, PLDI 2025.

[6] K. A. Chen, et al., Verifying fault-tolerance of quantum error
correction codes, CAV 2025.

> Incorrectness logic for debugging

[7] P. Yan, et al., On incorrectness logic for quantum programs,
OOPSLA 2022.



Applications

> Relational reasoning for quantum compilers + security

[8] D. Unruh, Quantum relational Hoare logic, POPL 2019.
[9] G. Barthe, et al., Relational proofs for quantum programs,
POPL 2020.

[10] M. Barbosa, et al., EasyPQC: verifying post-quantum
cryptography, CCS 2021.



Applications

> Relational reasoning for quantum compilers + security

[8] D. Unruh, Quantum relational Hoare logic, POPL 2019.
[9] G. Barthe, et al., Relational proofs for quantum programs,
POPL 2020.

[10] M. Barbosa, et al., EasyPQC: verifying post-quantum
cryptography, CCS 2021.

» Concurrency Reasoning for QOS???

[11]]. Z. Ye, ..., ]. Palsberg, HALO: A fine-grained resource
sharing quantum operating system, arXiv 2602.07191.

[12] 2. C. Delle Donne, et al., An operating system for executing
applications on quantum network nodes, Nature 2025.

[13] E. Giortamis, et al., QOS: quantum operation system, OSDI
2025.
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