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Introduction

» Idea: take a hodgepodge of existing results and make a
systematic sense of them.

» Ingredients:

» Some results on bisimulations in hybrid and dynamic logics, for
example [Areces et al., 2001, Hodkinson and Tahiri, 2010].

» Classical first-order stuff: Ehrenfeucht-Fraissé games, partial
isomorphisms, back-and-forth.

» Institution theory framework.

P> Recipe:

» Mix, shake well, simmer in a pot (see [Badia et al., 2025]) long
enough for Daniel to lose patience.

» Rewrite everything in institution theory framework, get some
new results on the way.
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Signatures

» All signatures will be of the form (3, Prop), where ¥ = (F, P)
is a single-sorted first-order signature consisting of

» a set of constants F' (nominals), and
> a set of binary relation symbols P (accessibility),

and Prop is a set of propositional symbols.
» We let A range over signatures of the form (X, Prop). When
necessary, we will use indexing in a natural way.

» A signature morphism x : Ay — Ay consists of a first-order
signature morphism x : ¥ — Y9 and a function
X : Prop; — Prop,.

» The extension of A by a fresh nominal k is denoted Alk]
yielding the inclusion A — A[k].

» We denote by SigHPPL the category of HDPL signatures.
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Models

» Models over a signature A are standard Kripke structures
M = (W, M), where:
» W is a first-order structure over ¥, that is,
W = (|9, (A" )acp). So [9M] is the set of worlds, and AW
are accessibility relations.
» M is a propositional valuation, that is, a map
M : |9 — |Mod""(Prop)|, where Mod"" stands for power-set.

» Convention: 91 and 1 range over Kripke structures of the
form (W, M) and (V,N).

» A-homomorphism h : 9T — 91 between two Kripke structures
M and N is a first-order homomorphism A : W — V such
that h(M(w)) € N(h(w)) for all states w € ||, that is, h
preserves truth of propositions.

» A-homomorphisms form a category Mod"PPL(A).
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Actions / Programs

The set of actions AHPPL(A) over a signature A is defined by the
following grammar:

ax=A|aUala;ala",

where A is a binary relation on nominals. Actions are interpreted in
Kripke structures (W, M) as accessibility relations, as follows:

> AP = \W for all binary relations X in A,

> (g Uay)™ = agﬁ U afzm (union),

» (a1;0a2)™ =ad"; ad' (composition),

> (a*)™ = (a™)* (reflexive & transitive closure).
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Sentences

The set of sentences Sen"PPL(A) over a signature A is defined by:

¢=plE[\N®|=¢| ()¢ [ Qx| lr-dy| Tz 00,

where (i) p is a propositional symbol, (ii) k is a nominal, (i) ® is
a finite set of sentences over A, (iv) z is a variable for A, (v) a is
an action over A, (vi) ¢, € SenHPPL(A[z]).

» (a)¢ is read ¢ holds after a run of a (possibility),
» Q¢ is read ¢ holds at state k (retrieve),
» |z ¢, is read ¢, holds with the current state set to x (store).

Usual abbreviations are in force: \/ ® for =(A ;e —¢), [a]¢ for
—(a)—¢, and Vz - ¢, for =3z - —¢p,.
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Local satisfaction relation

Satisfaction of a sentence ¢ at a world w € |91 in a model M = (W, M)
over a signature A, is defined by induction:

> M w) =pif pe M(w);

> (M) =k if w= k"
V(W,w)):/\ti)lf(i)ﬁw)#qbforallqbefb;
> (O, w) = g if (0, w) o

> (0, w) = @ 6 i () = o

> (M )):(} if (M, v) = ¢ for some

vea M(w) = {w' € |M| | (w,w') € a™};
> (m,’LU) ): \foybm if (mw(—w7,w) ': ¢xv

where ¥ s the expansion of 9 to A[z] interpreting x as w;

» (M, w) =3Iz ¢y if (MY, w) = ¢, for some v € |M.
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Local satisfaction condition

We call the pair (9, w) a pointed model, and w the current state.

Theorem (Local satisfaction condition)

For all signature morphisms x : A1 — Ao, all Ay-models I, all
states w € |M|, all A,-sentences ¢, we have

(O, w) = x(¢) iff (M|x, w) = ¢ .

where M|y is the x-reduct of IN.

» Technically, this shows that HDPL is a stratified institution
(see [Diaconescu, 2017, Gaing, 2020]).

» In practice, it means that signature morphisms are very decent
translations.

» Folklore in institution theory (see [Diaconescu, 2016]).

=] 5
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Framework for fragments

HDPL is too powerful, so we want to consider fragments. Let

£ = (SighPPL Sen® Mod"PPL =) of HDPL be an arbitrary
fragment of HDPL closed under Boolean connectives. Boolean
closure in not needed for the games, but it is for game sentences.

In practice, any L is obtained from HDPL by discarding:

» some constructors for actions from the grammar which defines
actions in HDPL, and/or

» some constructors for sentences from the grammar which
defines sentences in HDPL.

Two extreme cases:
» drop the action part, get hybrid propositional logic (HPL),
» drop the hybrid part, get propositional dynamic logic (PDL).
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Notational conventions

> Let O C {0,@Q, |, 3} be the subset of the sentence
constructors which belong to L.

» { € O means that L is closed under possibility over actions,
but no assumption is made concerning the existence of action
constructors. One or more constructors for actions can be
discarded from L.

> Let Mod,(A) = {(M,w) | M € [Mod(A)| and w € |M|} be
the class of pointed A-models.

» Let Mod,(A, ¢) = {(IM,w) € Mod,(A) | (M, w) = ¢} be the
class of pointed A-models which satisfy a sentence ¢.

» Let Seny : Sig — Set be the subfunctor of Sen : Sig — Set
which maps each signature A = (X, Prop) to the set of basic
(or atomic) sentences F'U Prop.
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Elementary equivalence

Let A be a signature.

» Two pointed A-models (9, w) and (N, v) are L-elementarily
equivalent, in symbols,
(M, w) = (N, v), when (M, w) = ¢ iff (N, v) = ¢, for all
A-sentences ¢ € Sen“(A).

» Two A-sentences ¢1 and ¢ are semantically equivalent if

they are satisfied by the same pointed models, that is,
MOdp(A, ¢1) = Modp(A, ¢2)

» [-elementary equivalence is an equivalence relation for any L.
» Strength of = depends on L.
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Ehrenfeucht-Fraissé games in our framework
Idea based on [G3ind and Kowalski, 2020].

» A game is a collection of all its plays over a set of gameboard
trees.

» A play of the game starts with two pointed models (9, w)
and (91, v) defined over the same signature A, and a
gameboard tree tr with root(tr) = A.

» dloise loses if the following game property is not satisfied:

(M, w) = o iff (M, v) = for all ¢ € Seny(A).

» Otherwise, the play can continue and Vbelard can move one
of the pointed models along an edge of the gameboard tree.
Wiog, Vbelard picks up the first pointed model (9, w).

» A winning strategy for a player is a sequence of moves that
ensure that the player wins any play of the game.
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(S)Jt, wl)

(M, v1)

some move
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Gameboard trees

A gameboard tree describes the possible moves in the play of a
game. The edges are labelled to account for different kinds of
“quantifiers”: (a), @, |, 3.

» Nodes are labelled by signatures

» Edges are labelled by sentence operators; they are uniquely
identified by source and label.

Here are all possible labels for HDPL. For a particular £ there may
be fewer possible labels. But the idle label 1 always occurs for
technical reasons.

A A Alz] Alx] A
\ <a>\ o 1 P 1 /'

\\%

A
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Labels

¢ € O: A pair consisting of the identity signature morphism
1a : A — A and the modal operator (a).

@ € O: A pair consisting of the identity signature morphism
1A : A — A and the operator retrieve Qy, .

1 € O: A pair consisting of a signature inclusion A — A[z]
and the operator store |x.

3 € O: A pair consisting of a signature inclusion A — Alx]
and the first-order quantifier Jx.

idle: The identity signature morphism 1A : A — A. The
idle edge serves to construct complex gameboard
trees from simpler components and to define game
sentences that represent conjunctions.



Intro Hybrid-Dynamic Propositional Logic (HDPL) Finite EF Games Countable EF games
o 000000000 000080000000 0000000000

Moves
O e o:
A move along A ﬂ» A. The next state wy chosen by Vbelard is accessible from w via a™ . Sloise needs to
find a state vy accessible from v via a” such that for her new pointed model (9, vy ) the game property still

holds.
(M, w) (@, w1)
(a)
Ae— 3A
(M, v) (M, v1)
Qe O:

Q@
A move along an edge A —k, A. Vbelard changes the current state w to k™. The only possible choice for
Floise is (N, km). If the game property still holds, the play continues with (90, km) and (91, km),
(MM, w) o (o, k™)
A— A

(M, v) (k™M)

leoO:

A move along A i» Alz]. Vbelard gives name z to his current state. Jloise can only respond by giving name x

to her current state.
(M, w) (MECW, w)

A —¢> Alz]
(0, v) (MY, v)
Je O

3 . . . . .
A move along A — Afx]. Vbelard gives name = to a new arbitrary state wy € |9Mt| without changing his
current state. Jloise needs to match Vbelard's choice by giving name « to a state v1 € [91].

(0, w) (M1, w)
A—3>A[z]
O, v) (ML, 0)
. 1 .
idle: A — A, no change in models. = =] = = =
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Game sentences

The set of game sentences Oy, over a gameboard tree ¢r with root
labelled by a finite signature A, is defined by structural induction
on gameboard trees:

» Base case (tr = A). Put
92 = {A\pcsena) '?) | £ : Seny(A) = {0,1}}, where p° = p and
p* = —p. (All atomic “state descriptions”)

> Inductive step (tr = AL try ... 2% tr,,)), as below:

trq tra e try,

T by b b, —

» Fix an index i € {1,...,n}. Then define

1. asubset S; C P(Oy,) of the powerset of Oy, and
2. a A-sentence @r for each set of game sentences I' € 5.

Depending on the label [b;, there are five cases:
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which we will not go into. Except two:
» Possibility move (A o, A): This case assumes ¢ € O.
1. Si = P((—)t’l‘i)v and

2. or = (A\,er( @) A([a] VT) forall T" € ;.

(For any v € T one can go somewhere where ~ holds, and
wherever one goes some ~ will hold.)

» Existential . move: (A 3 Alx]): This case assumes 3 € O.
1. Si = P(@t”), and

2. or = (N\,er3Iz-7) A(Vz- V), forall T € 5;.
The set of game sentences over tr is
Ou ={pr, A Aer, |1 €51,

I P




Intro Hybrid-Dynamic Propositional Logic (HDPL) Finite EF Games Countable EF games
o 000000000 000000080000 0000000000

Fraissé-Hintikka theorem

Let A be a finite signature.

1. For all pointed models (9, w) defined over A, and all gameboard
trees tr with root(tr) = A, there exists a unique game sentence
© € Oy, such that (M, w) = p.

2. For all pointed models (M, w) and (N, v) defined over A and all
gameboard trees tr with root(tr) = A, the following are equivalent:

2.1 (M, w) =y (M, 0)
2.2 There exists a unique game sentence ¢ € Oy, such that
(M, w) | ¢ and (N, v) | .

3. For each sentence ¢ defined over A, there exists a gameboard tree
tr with root(tr) = A and a set of game sentences ¥, C Oy, such
that ¢ <+ \/ ¥, is a theorem of L.
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Finite EF games: exactly what you would expect

Corollary

Let M and N be two Kripke structures defined over a finite
signature A. The following are equivalent:

1. (M, w) and (M, v) are L-elementarily equivalent. In symbols
(M, w) = (M, v).

2. dloise has a winning strategy for the EF game starting with
(M, w) and (N, v), that is, (M, w) ~ (N, v) for all finite
gameboard trees tr.

u}
o)
I
i
it
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Example 1

Let A be a signature with no nominals, one binary relation A, and
one propositional symbol p. Let 9T and 91 be the A-models shown

below:
1 e

'@ @r @ 0 Y] @

1. If £Lis PDL, then (99t,0) and (91,0) are L-elementarily
equivalent.

2. If £ is HPL, then (9,0) %4 (M, 0) for any complete
gameboard tree tr of height greater or equal than 3, as shown

below:
(m’ 0) (m.'m D‘ 0) (mw 01 1) (m'l,( 0< 2)
A Alz] ) Alz] Alz]
(9, 0) (Mm=<0,0) (Me<0,1)

In the third round, Jloise loses.
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Example 2
Let A be the signature with one relation A. Let 9t be the model
on the left, and 91 the model on the right, with one infinite path.

1. In all fragments of HPL, Jloise has a winning strategy over finite
gameboard trees starting with (991,0) and (0, 0).

2. In any fragment of HDPL closed under the Booleans and actions,

. A (A
Jloise loses the game played over A Q A —5 ! A A starting
with (99%,0) and (M, 0):
(M,0) % ",1) o) (0, m) o M, m+1)
A A A A

(9, 0) (9, nl) (9, nn)
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Example 3

Let A be a signature with one binary relation A, and let 9t and 9
be model on the left and right, respectively.

22 V-

u SR (7N

1. (9,0) = (91,0) in any fragment £ of HPL closed under the
Booleans.

2. (M,0) # (M, 0) in any fragment of HDPL closed under the
Booleans, actions and store. For Vbelard can win in three
steps:

(9’{, 0) (;nau—o7 0) (;ﬁm—o, 1)
(oY) ()
A Alz] Alz] Alz]
(901, 0) (M0, 0) (M0, n1) (M0, 0)




Intro Hybrid-Dynamic Propositional Logic (HDPL) Finite EF Games Countable EF games
o 000000000 000000000000 ©000000000

Interlude: a glossary of equivalences

already occurred

= | isomorphism
elementary equivalence
= | dloise has a winning strategy in a finite EF game

to come shortly

~, | dloise has a winning strategy in a countable EF game
=7 | back-and-forth equivalence
=p | bisimulation equivalence
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Gameboard trees

A countable gameboard tree ¢r is of countable height and
countable width, and is defined recursively as follows. Start with:

/

TR e
\\\ i /

tro

where

» = {k; | i < a} is an enumeration of all A-nominals and «
is the cardinal of Sen(A),

» A(A) ={a; | i < a} is an enumeration of all actions defined
over A.

Extend so that each of trg, try, tro, tr) and tr are trees of the
same form as tr.
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w-bisimulations

Let 9t and 9 be Kripke structures. A relation By C (|SITI\Z X [90]) % (|‘Jl\e X [91]) is an £-bisimulation from
M to N if for all (w, w) By (v, v) the following hold:

(prop) p € M(w) iff p € N(v) for all propositional symbols p € Prop;
(nom) w = k™ iff v = k™ for all nominals k € F;
(wvar) w(j) =wiffo(j) =vforalll <j < ¢
(forth) if & € O then for all actions a € A(A) and all states w’ € a™% (w) there exists
v’ € a™(v) such that (w, w’) By (T,v’);
(back) if & € O then for all actions a € A(A) and all states v’ € a™ (v) there exists
w’ € a™ (w) such that (w, w’) By (v,v');
(atv) if @ € O then (w,w(j)) By (v,v(j)) forall 1 < j < 4
(atn) if @ € O then (w, k™) By (v, k™) for all nominals k € F;
An w-bisimulation from 9 to 9N is a family of £-bisimulations B = (By) e, from 91 to 91 such that for all
natural numbers £ € w and all tuples (w, w) € |M|* x [M| and (T, v) € [N x |N| the following conditions
are satisfied:
(st) if L € O and (w,w) By (T, v) then (W w,w) Byy1 (T v,v),
where the juxtaposition stands for the concatenation of sequences; and
(ex) if 3 € O and (w,w) By (T, v) then:
(ex-f) for all w’ € |9M]| there is v’ € |9 such that
(@ w',w) Bppy (0o, v),
(ex-b) for all v/ € |9 there is w’ € |M| such that
(w w’, w) Byt (v v’ v).

o (=] = =
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w-bisimilar models

Two pointed models (M1, w) and (M, v) are w-bisimilar if there
exists an w-bisimulation B from 9 to N such that w By v.

» Notation for w-bisimilarity: (9, w) =p (M, v).
» An w-bisimulation is a relation between |9t|* and [91]*.
» Very roughly: w-bisimulations are bisimulations with memory.

Lemma

Let B be an w-bisimulation between (M, 1) and (M, v) such that (u, u’) By (v, v') for some
(1, ) € |9 x || and (v, V") € |N| x |N|. Let x : A — A[z] be a signature extension with a variable
x. Then B® = (By ) e, defined by

(w, w) By (v,v) iff (uw,w) Berq (v7,v),

forall € € w, all (@, w) € [M|® x |9M]| and all (T, v) € [9N]° x N,

is a bisimulation between (IM*<H /) and (MZ Y, v').

u}
o)
I
i
it
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Back-and-forth systems

A partial isomorphism h : 9t - 1 is a bijection between a subset of |91
and a subset of |N|, preserving and reflecting all accessibility relations .

A back-and-forth system between two Kripke structures 9t and 91 over a
signature A = ((F, P),Prop) is a non-empty family Z of basic partial
isomorphisms between 9t and 9t satisfying the following:

» (@-extension) If L is closed under retrieve, then for all h € Z and all
k € F, there exists a g € Z such that h C g and k™" € dom(g).

» (O-extension) If £ is closed under possibility over an action a, then:

> (forth) for all h € Z, all wy € dom(h) and all wp € |M| such that wy a™ wo, there exists a
g € T such that h C g, wa € dom(g), and g(wq) a” g(wz);

P (back) for all h € Z, all v; € rng(h) and all vo € |N| such that vy a™ vy, there exists a
g € T such that h C g, va € rng(g), and g_l(vl) o g_l(vg).

» (3-extension) If L is closed under existential quantifiers, then:

»  (forth) for all h € Z and all w € |9|, there exists a g € Z such that h C g and w € dom(g);
» (back) for all h € Z and all v € ||, there exists a g € Z such that h C g and v € rng(g).
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Back-and-forth systems

» Two Kripke structures 9t and 9t are back-and-forth
equivalent, if there is a back-and-forth system Z between 901
and I, in symbols, 91 =7 .

» Two pointed models (9, w) and (N, v) are back-and-forth
equivalent, if there is a back-and-forth system Z between It

and 1 such that h(w) = v for some h € Z, in symbols,
(m7 w) =7 (ma ’U).

u}
o)
I
i
it
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Bisimulations, back-and-forth systems, w-EF games

Let (9M,w) and (N, v) be two pointed models over a signature A. Then:

(mv U}) =B (mv U) iff (ma w) Nw (m’ ’U).

Theorem

Let (M, w) and (N, v) be two pointed models over a signature A.

1. If (O, w) =7 (N, v) for some back-and-forth system Z, then
(M, w) =, (M, v).

2. Assume that (i) | € O, and (ii) @ € O whenever $ € O or 3 € O.
Then the converse holds as well, that is:
If (M, w) ~, (M,v), then (M, w) =z (M, v) for some
back-and-forth system T.

u}
o)
I
i
it
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A model M is image-finite if each state has a finite number of
direct successors.

Let (M, w) and (M, v) be two image-finite pointed models defined
over a signature A. Then:

(M, w) = (N, v)

i (D, w) Ay (T, 0)
Corollary (Hennessy-Milner theorem)

(M, w) = (N, v)

Let (M, w) and (N, v) be two image-finite pointed models. Then:

iff (M, w) =p (N,v)
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Countable rooted models
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Assume that {0, @, |} C O. Let (M, wp) and (M, vy) be two
rooted pointed models that are countable. Then:

(m, wo) = (‘ﬁ UQ)

iff (9, wo)
Corollary

=B (ma UO) .
Assume that {0, @, |} C O. Let (M, wp) and (M, vy) be two
rooted image-finite pointed models. Then:

(M, wo) = (M, v0) iff (9, wo) = (M, v0)
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