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A tree-shaped tableau for Linear Time Temporal Logic

Propositional linear time temporal logic (LTL) is the standard
temporal logic for computing applications and many reasoning
techniques and tools have been developed for it. Tableaux for
deciding satisfiability have existed since the 1980s. However, the
tableaux for this logic do not look like traditional tree-shaped
tableau systems and their processing is often quite complicated. In
this talk we describe a novel style of tableau rule which supports a
new simple traditional-style tree-shaped tableau for LTL. We
outline the proof that it is sound and complete. As well as being
simple to understand, to introduce to students and to use, it is
also simple to implement and is competitive against state of the
art systems. It is particularly suitable for parallel implementations.



Outline

o The Logic LTL
o A tableau for LTL-Sat
@ Soundness

o Completeness



Model of a System:

Thus we suppose that we can model the system as a finite state
machine: a set of states and a set of allowed transitions from some
states to other states.

In order to allow abstraction of observable basic, or atomic
properties, we also suppose that there are a set of atomic
properties, and that some properties are true at some states.



Properties:

Examples.

If a process stays in a waiting state then it will eventually be given
a resource.

The program will eventually terminate.

The program will never return a null value.

The two processes will never both be in their critical states at the

same time.

The program will never be in a logged-in state unless a correct PIN
has been entered beforehand.

The system will always dispense a product after the correct money
has been inserted.



Structures:

We assume a countable set £ of propositional atoms, or atomic
propositions.

A transition structure is a triple (S, R, g) with S a finite set of
states, R C S x S a binary relation and for each s € S, g(s) C L.

R is the transition relation and labelling g tells us which atoms are
true at each time.

R is assumed to be total: every state has at least one successor
Vx e S3dy e Sst(x,y)eR



Fullpaths:

Given a structure (S, R, g).
An w-sequence of states (sp, s1, 2, ...) from S is a fullpath
(through (S, R, g)) iff for each i, (s, si+1) € R.

If o = (s0, 51,52, ...) is a fullpath then we write o; = s;,
o>j = (S}, Sj+1, Sj+2, ---) (also a fullpath).



LTL Syntax:

Define some strings of symbols as (well formed) formulas, or wffs
of LTL.

If p € L then p is a wiff.

If & and 8 are wff then so are —a, a A 8, Xa, and aUS.

Read: Not, and(conjunction), tomorrow (or next), and until.



LTL Semantics:

Write M, o |= « iff the formula « is true of the fullpath o in the
structure M = (S, R, g) defined recursively by:

M,o = p iff  peg(og), forpe L

M,o E -« iff M,o =«

M,oEanp iff MokEaand Mo =

M,o = Xa iff M,o>1 Fa

M,o = aUB iff thereis some i > 0 such that M,o>; =

and for each j, if 0 < j < i then M,0>; F «



Abbreviations:

Classical: T=pV-p, L=-T, aVp=-(-aA-p),
a—=pB=-aVh ae == p)AN (L — a).
Read: truth, falsity, or(disjunction), implication, iff(equivalence).

Temporal: Fa = (TUa), Ga = —F(—a).
Read: eventually, always.



Example Properties:

G-(pAq)

G(p — (XqV XXq VvV XXXq))
G(p — Fq)

G(Gp — Fq)

GFp A GFq

G(t — Gt)

Fp — ((=p)U(q A —p))

FGp Vv GFq



LTL satisfiability

We start a detailed look at an algorithm to decide the satisfiability
of LTL formulas.

We want to invent an algorithm which solves the LTL-SAT
problem. Input should be a formula from LTL. Output is "“yes” or
“no” depending on whether the formula is satisfiable or not.



Satisfiability:

A formula « is satisfiable iff there is some structure (S, R, g) with
some fullpath o through it such that (S, R, g),0 = a.

Eg, T, p, Fp, p A Xp A F=p, Gp are each satisfiable.

Eg, L, pA—p, FpAG=p, pA G(p — Xp) A F—p are each not
satisfiable.

Can we invent an algorithm for deciding whether an input formula
(of LTL) is satisfiable or not?



Build a model:

To test satisfiability of a formula, what about trying to build a
model of it?

Eg, suppose that we ask about the satisfiability of

—p A X=p A (qUp)

Let's make —p A X—=p A (qUp) true at sp.

By propositional reasoning we need to make —=p, X—p and qUp
true at sp as well.



Build a model of =p A X=p A (qUp):

So {—p A X=p A (qUp),—p, X—p, qUp} are to hold at sp.

Easy to make —p hold there.
Easy to see that we should also make —p true at s;.
But what about qUp?



qUp:

There are two alternative ways to make aUf3 true at a state s.
You can make S true there.

OR

You can make « true there and make aUf true at a next state.

In our case, with qUp we can not do the former in sy so we need
to make g true at sp and postpone qUp until s;.

And again at s; we have to make g true there and postpone qUp
until s,.

At s, we can use the first case.

Thus we show the formula is satisfiable and we have built a model.



From tableau labels to labelling:

{=p A X=p A (qUp),—p,X—p,qUp, q} are to hold at sp.
{-p, qUp, g} are to hold at s;.
{qUp, p} are to hold at s,.

Answer: {q},{q},{p}.{},{} -



Can this be generalised?:

Labelling nodes with formulas is good. Starting from sy and
working forwards in time is good.

However, some problems:

How to deal with choices (that are not immediately obvious).
What if we need to go on forever building the model?

What if we go on forever making something that is not going to be
a model?

The following is my newish tree-shaped tableau for LTL. It builds
on work by Sistla and Clarke (1985) and is influenced by LTL
tableaux by Wolper (1982) and Schwendimann (1998). There's a
GANDALF paper Reynolds (2016) and the idea is also described
with an implementation in an IJCAI 2016 paper (BGM 2016).



Reminder of Tableau for classical propositional logic:

Possibilities branch into a tree as we work down the page ...

pA(qV-r)

P, (qV )

b, q b, T



Same rules for LTL:

Same things can happen for LTL within a state ...

XpA((qUr) Vv —Xp)

Xp, ((qUr) v =Xp)

Xp,qUr Xp,~Xp



[EMP]: If a node is labelled {} then this node can be ticked.
[X]: If a node is labelled I' with some & and = in I then this
node can be crossed.

[DNEG]: If a node is labelled ' U {=—a} then this node can have
one child labelled ' U {a}).

[CONJ: If a node is labelled ' U {aw A B} in T then this node can
have one child labelled I' U {a, 5}.

[DIS]: If a node is labelled ' {—(a A 8)} in T then this node can
have two children labelled ' U {—a} and ' U {—=/} respectively.
(plus similar for other abbreviations and their negations)



Until also gives us choices:

q p, X(pUq)

~(pUq)

=q, p —q, X—(pUq)



Rules for Until:

[UNT]: If a node is labelled ' J {«UB} in T then this node can
have two children labelled I' U {a, X(aUB)} and T U {5}.

[NUN]: If a node is labelled I'J {—(aUB)} in T then this node can
have two children labelled I U {—3, X—=(aUp)} and I U {-a, =5}.

(plus similar for F and G.)



But what to do when we want to move forwards in time?:

-pAX-pAqUp

—p, X—pAqUp

—p, X—p,qUp

—p, X—p,p —p, X—p,q, X (qUp)



Introduce a new type of step:

“pAX-pAqUp

—p, X—pAqUp

—p, X—p,qUp

—p, X—p,p —p, X—p,q, X (qUp)

X —-p,qUp



Step Children:

If none of the above (static) rules are applicable to a node then we
say that the node is propositionally complete and then, and only
then, is the following rule applicable.

[TRANSITION]: The node, labelled by propositionally complete
[" say, can have one child, called a step-child, whose label A is
defined as follows.

A ={o|XaelT}U{-a|-XaeTl}.

Note that A may be empty. After a step rule the try to use the
static rules again.



Exercise:

Can now do the whole =p A X—p A (qUp) example.

Try it.



Exercise answer: —p A X—p A (qUp) example.

—pAX-pAqUp
—p, X—p A qUp
—p, X—p,qUp
-, X-p,p -, X—p, ¢, X (¢Up)
X ﬁp,_qu
-, p -, ¢, X (qUp)
X qu

— .
p 4, X(qUp)
{_} q;p



Infinite behaviour:

Still some work to do.

We will try these examples in the next few slides ...
Gp

G(pAg)AF-p

pAG(p <+ X—p)AG(g— —p) N GF-g N\ GF—p
pAG(p— Xp)AF-p



Example: Gp

Gp gives rise to a very repetitive infinite tableau.
Gp

p, XGp

Gp

p, XGp

Gp

p, XGp

Notice that the infinite fullpath that it suggests is a model for Gp
as would a fullpath just consisting of the one state with a self-loop
(a transition from itself to itself).



Example: G(p A g) A F—p

But G(p A g) A F—p shows that we can not just accept infinite
loops as demonstrating satisfiability....

GlpANg) NF-p
G(pAq), Fp
pAq, XG(pAq), Fp
p, ¢, XG(p A q), F-p

16, XGpAg),~p p¢,XGpAg),XFp
% -
G(pAg), F-p

XG(pNg), XF-p

G(pAq), Fp

XG(pAq),XF-p



G(p A q) N F—p continued

Notice that the infinite fullpath that the tableau suggests is this
time not a model for G(p A g) A F—p.

Constant repeating of p, g being made true does not satisfy the
conjunct F—p.

We have postponed the eventuality forever.

This is not acceptable.



Eventualities:

An eventuality is just a formula of the form aUg.

(This includes Fy = T Uy).

If a«UQB appears in the tableau label of a node u then we want 3 to
appear in the label of some later (or equal node) v. In that case

we say that the eventuality is satisfied by v.

Eventualities are eventually satisfied in any (actual) model of a
formula: by the semantics of until.



If a label is repeated along a branch and all eventualities are
satisfied in between then we can build a model by looping states.
In fact, the ancestor can have a superset and it will work.

[LOOP]: If a node n has a proper ancestor (i.e. not itself) m such
that ['(m) D I'(n), m has a STEP-child, and all eventualities in
'(m) are satisfied by labels between m and n (including m itself)
then n can be ticked.



Nice example to try:

pAG(p < X=p)AG(qg— —p)AG(r—=—p)AG(q—
—r) A GFg N GFr



Are we done yet?

No.

Examples like G(p A g) A F—p may have branches that go on
forever without a tick. We need to stop and fail branches so that
we can answer “no" correctly and terminate and so that we do not
get distracted when another branch may be successful. In fact, no
infinite branches should be allowed.

Try also: p A G(p — Xp) A F—p

Can't we see that these infinite branches are just getting repetitive
without making a model?



Closure set:

As we construct the tableau model we only need to record, in the
labels, which formulas we want to be true at that time from a
finite set of interesting formulas.

The closure set for a formula ¢ is as follows:

{i, =|Y < ¢} U{X(aUB), ~X(aUB)|aUB < ¢}
(Where ¢ < ¢ means that 1 is a subformula of ¢.)

Size of closure set is < 4n where n is the length of the initial
formula.

This shows that only formulas from a finite set will appear in labels.

...and only < 24" possible labels.



Don’t go on further than you need to:

This gives us the idea of useless intervals on branches in the
tableau.

If a node at the end of a branch (of a partially complete tableau)
has a label which has appeared already twice above, and between
the second and third appearance there are no new eventualities
satisfied then that whole interval of states has been useless!



The REPetition rule:

[REP]:

(later called PRUNE rule)

Suppose that u = up, U, ..., Uj_1,Uj = V, Ujq1, ..., U = W is a
sequence of consecutive descendants in order.

Suppose that ['(u) =T (v) =T'(w), v and v have STEP-children
and w is propositionally complete.

Suppose also that for all eventualities U € I'(u), if 3 is satisfied
between v and w then f is satisfied between u and v anyway.
Then w can be crossed.

(We assume that there are some unsatisfied eventualities from
I(u) left. Otherwise you should have used the LOOP rule earlier to
tick the branch.)



Examples:

Now try G(p A g) A F-p and pA G(p — Xp) A F-p.



LTL Tableau Summary:

Is a finite tree of nodes labelled by subsets of the closure set of ¢
such that:

o the root is labelled with {¢}

o the labels of children of each node are according to one of the
tableau rules

Successful if some leaf is ticked.
Failed if all leaves are crossed.
(Not really a proper description of an algorithm but we will see

that the further details of which formula to consider at each step
in building the tableau are unimportant).



Proof of Correctness:

This will consist of three parts.

Proof of soundness. If a formula has a successful tableau then it
has a model.

Proof of completeness: If a formula has a model then building a
tableau will be successful.

Proof of termination. Show that the tableau building algorithm
will always terminate.



Part One:, the Proof of Termination:

(Sketch only)

Any reasonable tableau search algorithm will always terminate
because there can be no infinitely long branches.

We know this because the REP rule will cross any that go on too
long.

Thus there will either be at least one tick or all crosses.

Termination is also why we require that other rules are not used
repeatedly in between STEP rules.



Part Two: Proof of Soundness:

(Overview)
Use a successful tableau to make a model of the formula, thus
showing that it is satisfiable.

Use a successful branch. Each STEP tells us that we are moving
from one state to the next.

Within a particular state we can make all the formulas listed true
there (as evaluated along the rest of the fullpath). Atomic
propositions listed tell us that they are true at that state.

An induction deals with most of the rest of the formulas.
Eventualities either get satisfied and disappear in a terminating

branch or have to be satisfied if the branch is ticked by the LOOP
rule.



PART 3: Proof of Completeness:

We have to show that if a formula has a model then it has a
successful tableau.

This time we will use the model to find the tableau.



Proof of Completeness:

The basic idea is to use a model (of the satisfiable formula) to
show that in any tableau there will be a branch (i.e. a leaf) with a
tick.

A weaker result is to show that there is some tableau with a leaf
with a tick.

Such a weaker result may actually be ok to establish correctness
and complexity of the tableau technique.

However, it raises questions about whether a “no” answer from a
tableau is correct and it does not give clear guidance for the
implementer.



Completeness Proof:

Suppose that ¢ is a satisfiable formula of LTL.

It will have a model. Choose one, say (S, R, g),0 = ¢. In what
follows we (use standard practice when the model is fixed and)
write o>; = a when we mean (S, R, g),0>; = a.

Also, build a tableau T for ¢ in any manner as long as the rules
are followed. Let I'(x) be the formula set label on the node x in T.
We will show that T has a ticked leaf.

To do this we first construct a sequence xg, x1, X2, .... of nodes,
with xp being the root. This sequence may terminate at a tick
(and then we have succeeded) or it may hypothetically go on
forever (and more on that later).

In general the sequence will head downwards from a parent to a
child node but occasionally it may jump back up to an ancestor.



Invariant

As we go we will also make sure that each node x; is associated
with a state oj(;y in S.

We will ensure that for each i, for each a € ['(x;), o>j(y = o
Start by putting j(0) = 0 when Xxg is the tableau root node.
Note that the only formula in ['(xg) is ¢ and that o>¢ = ¢.
Good start.



Now suppose that we have identified the x sequence up until x;.

Consider the rule that is used in T to extend a tableau branch
from x; to some children.

[EMP] If [(x;) = {} then we are done. T is a successful tableau as
required.

[X] Consider if it is possible for the branch to stop at x; with a
cross because of a contradiction. So there is some o with o and
—avin T'(x;). But this can not happen as then o) = « and

72j(i) = e



So ==« is in ['(x;) and there is one child, which we will make
x(i+1) and we will put j(i +1) = j(i). Because o>y F ~—a we

also have 0>j(i41) = a. Also for every other

B € T(xit1) = M(x;) U{a}, we still have 0(41) F 8. So we have

the invariant holding.

(CON, DIS etc are similar)



So aUp is in I'(x;) and there are two children. One y is labelled
M(x;) U{B} and the other, z, is labelled '(x;) U {a, X(aUpB)}.

We know o> (jy = aUB. Thus, there is some k > j(i) such that

o>k = B and for all 1, if 0 </ < k then o>y F .

If 0j(jy = B then we can choose k = j(i) (even if other choices as

possible) and otherwise choose any such k > j(i). Again there are

two cases, either k = j(i) or k > j(i).

In the first case, when o () E B, we put x;+1 = y and otherwise

we will make xj11 = z. In either case put j(i + 1) = j(i).

Let us check the invariant. Consider the first case.

We know that we have o> i1y = 5.

In the second case, we know that we have 0.1 1) E « and

o>j(it1)+1 F aUB. Thus o541y FE X(aUB).

Also, in either case, for every other v € '(xj11) we still have

O>j(i+1) E .

So we have the invariant holding.



[STEP]

So I'(x;) is propositionally complete and there is one child, which
we will make x; 1 and we will put j(i +1) =j(i)+1
Consider a formula
v € M(xit1) = {a|Xa € T(x;)} U {—a|-Xa € T(x;)}.
CASE 1: Say that X« € I'(x;). Thus, by the invariant,

iy = X7. Hence, o>j(iy41 = 7. But this is just o> 11) F 7
as reqwred
CASE 2: Say that v = =0 and =X§ € ['(x;). Thus, by the
invariant, o>j(jy = = X4d. Hence, 0>j(j)+1 [~ 0. But this is just
0>j(i+1) = 7 as required.
So we have the invariant holding.



If, in T, the node x; is a leaf just getting a tick via the LOOP rule
then we are done.

T is a successful tableau as required.



[REP]

Now the tricky case.

Suppose that x; is a node which gets a cross in T via the REP rule.
So there is a sequence

U = Xpy Xht1y ey Xhta = Vy Xhtatls - Xhtatb = X; = W such that
M(u) =T(v) =T (w) and no extra eventualities of u are satisfied
between v and w that were not already satisfied between u and v.
What we do now is to choose some such u, v and w, there may be
more than one triple, and proceed with the construction as if x;
was Vv instead of w.

That is we move on to look at the rule (as above, and the rule will
not be REP) that is used to get from v to its children.

However, we use o>; to make the choice of child xjy; (if there is a
choice).

All the reasoning above works because '(v) = I'(x;) and so the
invariant holds for v instead of x; as well.

Thus we keep going.



The above construction may end finitely with us finding a ticked
leaf and succeeding.

However, at least in theory, it may seem possible that the
construction keeps going forever even though the tableau will be
finite.

The rest of the proof is to show that this actually can not happen.
The construction can not go on forever. It must stop and the only
way that we have shown that that can happen is by finding a tick.



We suppose for contradiction that the construction does go on
forever.

Thus, because there are only a finite number of nodes in the
tableau, we must meet the REP rule and jump back up the tableau
infinitely often.

The proof by contradictions shows that as eventualties are
witnessed the path of x;s can never jump back up higher again.
Have a read!



You might like to read up on other approaches to deciding
satisfiability in LTL.

Wolper [Wol85]

Schwendiman [Sch98]

Sistla and Clarke [SC85]

Schmitt and Goubault-Larrecq [SGLI7]

Automata-based approaches

Resolution-based approaches.

Others, e.g. Small model theorems with axiom systems.
Implementation races, and benchmarking: [GKS10]



What about complexity?

Deciding LTL satisfiability is in PSPACE [SC85].

In fact our tableau approach can be used to show that.

Easiest to use the tableau search to directly show that the problem
is in NPSPACE and then Savitch tells us also in PSPACE.

We are allowed to guess the right choices and need to show that
“yes" answers can be guessed and checked using memory space
bounded by a polynomial in the size of the input. To do this, just
guess the right branch and remember at each step: the label here,
the previous label (to check you do the STEP rule properly), the
label back at an ancestor that you want to LOOP to, and the
eventualities that you still have to satisfy from that. (Size of
memory usage just linear in size of input even though branch
length may be exponential).



Questions

And that's alll

Thank you.

Any questions.



Extended Proof of Completeness:

The following slides are only to be used if there is extra time or
questions about the completness proof.



Proof of Completeness:

The basic idea is to use a model (of the satisfiable formula) to
show that in any tableau there will be a branch (i.e. a leaf) with a
tick.

A weaker result is to show that there is some tableau with a leaf
with a tick.

Such a weaker result may actually be ok to establish correctness
and complexity of the tableau technique.

However, it raises questions about whether a “no” answer from a
tableau is correct and it does not give clear guidance for the
implementer.



Completeness Proof:

Suppose that ¢ is a satisfiable formula of LTL.

It will have a model. Choose one, say (S, R, g),0 = ¢. In what
follows we (use standard practice when the model is fixed and)
write o>; = a when we mean (S, R, g),0>; = a.

Also, build a tableau T for ¢ in any manner as long as the rules
are followed. Let I'(x) be the formula set label on the node x in T.
We will show that T has a ticked leaf.

To do this we first construct a sequence xg, x1, X2, .... of nodes,
with xp being the root. This sequence may terminate at a tick
(and then we have succeeded) or it may hypothetically go on
forever (and more on that later).

In general the sequence will head downwards from a parent to a
child node but occasionally it may jump back up to an ancestor.



Invariant

As we go we will also make sure that each node x; is associated
with a state oj(;y in S.

We will ensure that for each i, for each a € ['(x;), o>j(y = o
Start by putting j(0) = 0 when Xxg is the tableau root node.
Note that the only formula in ['(xg) is ¢ and that o>¢ = ¢.
Good start.



Now suppose that we have identified the x sequence up until x;.

Consider the rule that is used in T to extend a tableau branch
from x; to some children.

[EMP] If [(x;) = {} then we are done. T is a successful tableau as
required.

[X] Consider if it is possible for the branch to stop at x; with a
cross because of a contradiction. So there is some o with o and
—avin T'(x;). But this can not happen as then o) = « and

72j(i) = e



So ==« is in ['(x;) and there is one child, which we will make
x(i+1) and we will put j(i + 1) = j(i). Because o>y F ~—a we

also have 0>j(i41) = a. Also for every other

B € T(xit+1) = T(x;) U{a}, we still have o> ;(i11) = 8. So we have

the invariant holding.



So a A B is in T'(x;) and there is one child, which we will make
x(i+1) and we will put j(i + 1) = j(i). Because o>y F a A B
we also have o> j(i11) = o and o5ty = 8. Also for every other
v € M(xit1) = T(xi) U{a, B}, we still have o011y F7-

So we have the invariant holding.



[DIS]

So —=(a A ) is in I'(x;) and there are two children. One y is
labelled I'(x;) U {—a} and the other, z, is labelled '(x;) U {—=3}.
We know o> (i) = (a/\ﬁ) Thus, O’>() K= a A B and it is not
the case that both o) = o and o>y = 8. So either

':—|Oz OFO’Z/() ):—ﬁ
If the former, i.e. that o> E -« we will make x;11 =y and
otherwise we will make xj41 = z. In either case put j(i + 1) = j(i).
Let us check the invariant. Consider the first case. The other is
exactly analogous.
We already know that we have o (i, 1) = —a. Also for every other
v € M(xi+1) = T(y) = '(x;) U {—a}, we still have o> ;(i11) F 7.
So we have the invariant holding.



So aUp is in I'(x;) and there are two children. One y is labelled
M(x;) U{B} and the other, z, is labelled '(x;) U {a, X(aUpB)}.

We know o> (jy = aUB. Thus, there is some k > j(i) such that

o>k = B and for all 1, if 0 </ < k then o>y F .

If 0j(jy = B then we can choose k = j(i) (even if other choices as

possible) and otherwise choose any such k > j(i). Again there are

two cases, either k = j(i) or k > j(i).

In the first case, when o () E B, we put x;+1 = y and otherwise

we will make xj11 = z. In either case put j(i + 1) = j(i).

Let us check the invariant. Consider the first case.

We know that we have o> i1y = 5.

In the second case, we know that we have 0.1 1) E « and

o>j(it1)+1 F aUB. Thus o541y FE X(aUB).

Also, in either case, for every other v € '(xj11) we still have

O>j(i+1) E .

So we have the invariant holding.



[NUN]

So =(aUp) is in T(x;) and there are two children. One y is
labelled I'(x;) U {—c, =5} and the other, z, is labelled

() U {~6, X~(aUB)}.

We know o> (jy | ~(aUB).

So for sure o> j(iy = 8.

Furthermore, possibly o> j( ): -« as well, but otherwise if

0>j(iy = a then we can show that we can not have

o>j(iy+1 = aUB. Suppose for contradiction that o> (;) = « and

UZj(i)—i—l FaUB.



[NUN] continued

We have supposed that o> (;y = o and o> (j)11 | aUB while also
i) i QUB.

Then there is some k > 0 such that o> (j)+14« = B and for all /, if

0 </ < kthen 05j(j)1141 F .

But then for all /, |f0</<k+1then T>j(i)+1 F

Thus o>y = aUB.

Contradiction.



[NUN] continued

So we can conclude that there are two cases when the NUN rule is
used.

CASE 1: 0>j(i) ): ﬁﬂ and T>j(i) ): Q.

CASE 2: T>j(i) ): _|,8 and O>j(i)+1 ): ﬁ(aUﬁ)

In the first case, when o> ;) = -3, we put xj+1 = y and otherwise
we will make x;11 = z. In either case put j(i + 1) = j(i).

Let us check the invariant. In both cases we know that we have
o>jiiv1) F B

Now consider the first case. We also have () F —a.

In the second case, we know that we have o)1 = —(aUB).
Thus O'ZI'(H_]_) ): X—\(aUﬁ)

Also, in either case, for every other v € I'(x;j41) we still have
O>j(i+1) Skt

So we have the invariant holding.



[STEP]

So I'(x;) is propositionally complete and there is one child, which
we will make x; 1 and we will put j(i +1) =j(i)+1
Consider a formula
v € M(xit1) = {a|Xa € T(x;)} U {—a|-Xa € T(x;)}.
CASE 1: Say that X« € I'(x;). Thus, by the invariant,

iy = X7. Hence, o>j(iy41 = 7. But this is just o> 11) F 7
as reqwred
CASE 2: Say that v = =0 and =X§ € ['(x;). Thus, by the
invariant, o>j(jy = = X4d. Hence, 0>j(j)+1 [~ 0. But this is just
0>j(i+1) = 7 as required.
So we have the invariant holding.



If, in T, the node x; is a leaf just getting a tick via the LOOP rule
then we are done.

T is a successful tableau as required.



[REP]

Now the tricky case.

Suppose that x; is a node which gets a cross in T via the REP rule.
So there is a sequence

U = Xpy Xht1y ey Xhta = Vy Xhtatls - Xhtatb = X; = W such that
M(u) =T(v) =T (w) and no extra eventualities of u are satisfied
between v and w that were not already satisfied between u and v.
What we do now is to choose some such u, v and w, there may be
more than one triple, and proceed with the construction as if x;
was Vv instead of w.

That is we move on to look at the rule (as above, and the rule will
not be REP) that is used to get from v to its children.

However, we use o>; to make the choice of child xjy; (if there is a
choice).

All the reasoning above works because '(v) = I'(x;) and so the
invariant holds for v instead of x; as well.

Thus we keep going.



The above construction may end finitely with us finding a ticked
leaf and succeeding.

However, at least in theory, it may seem possible that the
construction keeps going forever even though the tableau will be
finite.

The rest of the proof is to show that this actually can not happen.
The construction can not go on forever. It must stop and the only
way that we have shown that that can happen is by finding a tick.



Suppose for contradiction that the construction does go on forever.
Thus, because there are only a finite number of nodes in the
tableau, we must meet the REP rule and jump back up the tableau
infinitely often.

When we do apply the REP rule with triple (u, v, w) call that a
jump triple.

There are only a finite number of jump triples so there must be
some that cause us to jump infinitely often.

Say that (up, vo, wp) is one such.

We can choose ug so that for no other infinite jump triple

(u1, vi, wi) do we have u; being a proper ancestor of wup.



As we proceed through the construction of xg, x1,.. and see a jump
every so often, eventually all the jump triples who only cause a
jump a finite number of times stop causing jumps.

After that time, (ug, vo, wp) will still cause a jump every so often.
Thus after that time ug will never appear again as the x; that we
choose and all the x;s that we choose will be descendants of wug.
This is because we will never jump up to ug or above it (closer to
the root).

Say that xp is the very last x; that is equal to ug.



Now consider any aUf3 that appears in I'(up). (There must be at
least one eventuality in ['(ug) as it is used to apply rule REP).

A simple induction shows that aU3 will appear in every I'(x;) from
i = N up until at least when /3 appears in some ['(x;) after that (if
that ever happens).

This is because if aUpS is in ['(x;) and § is not there and does not
get put there then X(aUp) will also be put in before the next
temporal step rule.

Each temporal step rule will thus put aUpS into the new label.



Now j(/) just increases by 0 or 1 with each increment of i, We also
know that o>y = aUp from i = N onwards until (and if) 3 gets
put in I'(x;).

Since o is a fullpath we will eventually get to some j with

o) = 5.

In that case our construction makes us put 3 in the label.

Thus we do eventually get to some i > N with 5 € '(x;).

Let Ng be the first such i > N.

Note that all the nodes between vy and XNg in the tableau also
appear as x; for N < i < Ng so that they all have aUj3 and not 3
in their labels ['(x;).



Now let us consider if we ever jump up above xy, at any step of
our construction (after Ng).

In that case there would be tableau nodes u, v and w arranged
according to the jump situation.

Since u is not above ug and v is above XNg, We must have

M(u) = T(v) with aUp in them and not satisfied in between.

But w will be below xp,, at the first such jump, meaning that j is
satisfied between v and w.

Contradiction.



The above reasoning applies to all eventualities in '(up).

Thus, after they are all satisfied, the construction x; does not jump
up above any of them.

When the next supposed jump involving vy with some v and w
happens after that it is clear that all of the eventualities in I'(up)
are satisfied above v.

This is a contradiction to such a jump ever happening.

Thus we can conclude that there are not an infinite number of
jumps after all.

The construction must finish with a tick.

END of completeness proof.
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