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Computational Problems in Rel

There are customer’s Rel programs with thousands of mutually recursive rules.



Queries in Rel

First order logic queries with
• Built-in predicates such as arithmetic ops, hashing, string ops, · · ·
• Aggregations (reduce operator such as sum, max, min, · · · )
• Recursion (fixpoint operator) with negation, aggregation

Focus of this talk:
• Conjunctive queries
• Aggregation queries over a conjunctive body



The Main Query Optimization / Evaluation Problem

Query Q D Q(D)

s(D)

statistical profile

on/off-line

The Query Optimization Problem
Given Q andD, compute Q(D) in the most efficient (optimal!?) way possible.



Precise Problem Formulation

• What do we mean by “query"?
• Full conjunctive queries
• Sum-product queries

• What is in the statistical profile s(D)?
• Degree constraints
• · · · Frequency moment constraints, histograms, samples, ML models

• What do we mean by “optimality"?
• Worst-Case Optimality
• Fixed-Parameter Tractability, Fine-Grained Complexity
• · · · Instance Optimality

Note: Optimizer designed to work before seeing Q.
• Optimizer = Meta-Algorithm (input: problem, output: algorithm)
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Output Cardinality Bound

Query Q D Q(D)

s(D)

statistical
profile

on/off-line
sup

D′|=s(D)
|Q(D′)|



Worst-Case Optimal Join (WCOJ) Algorithm

Query Q D Q(D)

s(D)

statistical
profile

on/off-line
sup

D′|=s(D)
|Q(D′)|

Definition
A “worst-case optimal” join algorithm is an algorithm computing Q(D) in time

Õ

(
|D|+ sup

D′|=s(D)
|Q(D′)|

)

Õ hides log and query dependent factors



(For Now) Assume Q is a Full Conjunctive Queries

In a movie database
Q(director, actor, movie, actor_age, name) ←

parent(director, actor)
∧ acted_in(actor, movie)
∧ director_of(director, movie)
∧ age(actor, actor_age) ∧ (20 < actor_age ∨ actor_age != 10)
∧ person_name(director, name) ∧ regex_match(".*spiel.*", name)

In a graph database with edge relation E,
Q(a, b, c) ← E(a, b) ∧ E(a, c) ∧ E(b, c)



(For Now) Assume Q is a Full Conjunctive Queries

More generally,H = (V, E) is the hypergraph of a query:
Q(XV )←

∧
S∈E

RS(XS)

For example Q(a, b, c) ← E(a, b) ∧ E(a, c) ∧ E(b, c)

• V = {a, b, c}
• H = (V, E) = (V, {ab, ac, bc})
• RF = E for all F ∈ E .



What is in the Statistical Profile s(D)?

Query Q D Q(D)

s(D)

statistical
profile

on/off-line
sup

D′|=s(D)
|Q(D′)|

Degree constraints



Degree Constraints [ANS 16, ANS 17]

Relation R(actor,movie, role), imagine a frequency vector dactor (billions of entries)
actor movie role

alice

bob

bob

bob

bob

carol

carol

dactor(alice) = 1 dactor(bob) = 4

dactor(carol) = 2

dactor(v) = 0 v /∈ {alice, bob, carol}

The profile s(D) contains degree constraints:
• ∥dactor∥∞ = 4 (degree constraint!)
• ∥d∅∥∞ = 7 = |R| (cardinality constraint!)
• ∥dactor,movie∥∞ = 1 (functional dependency)

General DC : (X,Y,N) in relation Rmeans |πY σX=xR| ≤ N, ∀x



Hierarchy of Output Cardinality Bounds Under Degree Constraints

log sup
D′|=s(D)

|Q(D′)| = combinatorial-bound(Q, s) computable (?) but impractical
≤ entropic-bound(Q, s) not (known to be) computable
≤ polymatroid-bound(Q, s) [ANS 17]

≤ flow-bound(Q, s, σ) [IMNP 25]

≤ chain-bound(Q, s, σ) [N 18]

≤ agm-bound(Q, s) [AGM 08]

≤ integral-edge-cover(Q, s)

• We settle for algorithms running in Õ (|D|+ bound(Q, s))

• Algorithm is a WCOJ algorithm when the bound is tight



Hierarchy of Join Algorithms

(not achievable ?) sup
D′|=s(D)

|Q(D′)|

(not achievable ?) ≤ entropic-bound(Q, s)

(IAAT) ≤ polymatroid-bound(Q, s) PANDA – [ANS 17]
(VAAT) ≤ chain-bound(Q, s, σ) NPRR, LFTJ, GJ
(VAAT) ≤ agm-bound(Q, s) NPRR, LFTJ, GJ
(JAAT) ≤ integral-edge-cover(Q, s) Binary Join Plans
Some bounds are in log-scale, where runtime = Õ(|D|+ 2bound)



Hierarchy of Join Algorithms

JAAT Join at a time
VAAT Variable at a time
IAAT Inequality at a time

The Algorithm is in the Pudding
Proof =⇒ Algorithm!



Example: Output Cardinality Bound for the Triangle Query

Q△(A,B,C)← R(A,B) ∧ S(B,C) ∧ T (A,C)

AGM-bound for Q: (E.g. num triangles in a graph ≤ |E|3/2)
|Q△| ≤ |R|λR · |S|λS · |T |λT

whenever λ = (λR, λS , λT ) is a fractional edge cover for the triangle:
λR + λS ≥ 1

λR + λT ≥ 1 λ ≥ 0

λS + λT ≥ 1

Pick λ to minimize the bound.



Example: Proving the AGM Bound for the Triangle Query

Consider a “section” of this query on a given value a ∈ Dom(A):
Q△( a ,B,C)← R( a ,B) ∧ S(B,C) ∧ T ( a ,C)

Need (b, c) in the intersection S ∩ (σA=aR× σA=aT ), thus
|σA=aQ△| ≤ min

{
|S|, |σA=aR| · |σA=aT |

}
≤ |S|λS · (|σA=aR| · |σA=aT |)1−λS

≤ |S|λS · |σA=aR|λR · |σA=aT |λT

We used λS + λR ≥ 1 and λS + λT ≥ 1



Triangle Query: AGM Bound Based on Hölder Inequality

Iterate over all possible values of a:
|Q△| =

∑
a

|σA=aQ△|

≤
∑
a

|S|λS · |σA=aR|λR · |σA=aT |λT

= |S|λS ·
∑
a

|σA=aR|λR · |σA=aT |λT

(Hölder) ≤ |S|λS ·
(∑

a

|σA=aR|
)λR ·

(∑
a

|σA=aT |
)λT recall λR + λS ≥ 1

= |S|λS · |R|λR · |T |λT

Example: |Q△| ≤
√
|R| · |S| · |T |



Example: JAAT Query Plans Are Sub-Optimal for Triangle Query

R

T

S

|R| = |S| = |T | = 2N − 1

Q∆(a, b, c) = R(a, b) ∧ S(b, c) ∧ T (a, c)

sup
D′|=DC(D)

|Q∆(D
′)| = O(N1.5)

a

b c

R T

S

R T

1Ω(N2) S

1

S T

1Ω(N2) R

1

R S

1Ω(N2) T

1



Triangle Query: VAAT Algorithm Inspired by the proof

Q△(A,B,C)← R(A,B), S(B,C), T (A,C)

Algorithm 1: based on Hölder’s inequality proof
for a ∈ πAR ∩ πAT do

for b ∈ πBσA=aR ∩ πBS do
for c ∈ πCσB=bS ∩ πCσA=aT do

Report (a, b, c);
In words, we followed exactly what the proof did:

• For each a ∈ πAR ∩ πAT , enumerate (a, b, c) ∈ σA=aQ△



Triangle Query: VAAT is in the Pudding

Computing this “section” of the query on a given value a ∈ Dom(A)

Q△( a ,B,C)← R( a ,B), S(B,C), T ( a ,C)

is to compute the intersection S ∩ (σA=aR× σA=aT ), which can be done in time
Õ
(
min

{
|S|, |σA=aR| · |σA=aT |

})
≤ Õ

(
|σA=aR|λR · |σA=aT |λT · |S|λS

)
Overall, the algorithm runs in time (Modulo Õ(N) pre-processing)

Õ

(∑
a

|σA=aR|λR · |σA=aT |λT · |S|λS

)
= Õ

(
|S|λS · |R|λR · |T |λT

)



Full Conjunctive Query

Q(V )←
∧
S∈E

RS(S) Query hypergraphH = (V, E)

AGM-bound for Q: Assuming only cardinality constraints (∅, S, |RS |)

|Q| ≤
∏
S∈E
|RS |λS

whenever λ = (λS)S∈E is a fractional edge cover forH:
∀v ∈ V :

∑
S∈E,v∈S

λS ≥ 1 λ ≥ 0.

Pick λ to minimize the bound.



Full Conjunctive Query: AGM Bound from Hölder Inequality

Consider a “section” of this query on a given value a ∈ Dom(A):
σ
A= a Q(V )←

∧
S∈E,A/∈S

RS(S) ∧
∧

S∈E,A∈S
σ
A= a RS(S)

Now iterate over all possible values of a:
|Q| =

∑
a

|σA=aQ△| ≤
∑
a

∏
S∈E,A/∈S

|RS |λS ·
∏

S∈E,A∈S
|σA=aRS |λS

(Hölder’s inequality) ≤ ∏
S∈E,A/∈S

|RS |λS ·
∏

S∈E,A∈S

(∑
a

|σA=aRS |

)λS

=
∏
S∈E
|RS |λS .



Full Conjunctive Query: VAAT Algorithm [NPRR 12] [Veldhuizen 14]

Q(V )←
∧
S∈E

RS(S)

Algorithm 2: based on Hölder’s inequality proof
for a ∈

⋂
S∈E,A∈S

πARS do

Recursively solve the query section σA=aQ (on variables V − {A});
Report {a} × σA=aQ

Runtime Õ
(∑

S∈E
|RS |

)
+ Õ

(∏
S∈E
|RS |λS

)
. Proof: straightforward.



Reminder: Hierarchy of Join Algorithms

(not achievable ?) sup
D′|=s(D)

|Q(D′)|

(not achievable ?) ≤ entropic-bound(Q, s)

(IAAT) ≤ polymatroid-bound(Q, s) PANDA – [ANS 17]
(VAAT) ≤ chain-bound(Q, s, σ) NPRR, LFTJ, GJ
(VAAT) ≤ agm-bound(Q, s) NPRR, LFTJ, GJ
(JAAT) ≤ integral-edge-cover(Q, s) Binary Join Plans
Some bounds are in log-scale, where runtime = Õ(|D|+ 2bound)



Polymatroids

Polymatroid is a function h : 2V → R+ such that h(∅) = 0 and
• h(X) ≤ h(Y ) ifX ⊆ Y monotonicity
• h(X) + h(Y ) ≥ h(X ∪ Y ) + h(X ∩ Y ) submodularity

Let Γn be the set of all polymatroids on n variables.



The Polymatroid Bound

Theorem (ANS 17)
If s(D) contains only degree constraints, then

log sup
D′|=s(D)

|Q(D′)| ≤ max
h∈Γn∩DC

h(V )

where DC is the set of linear constraints of the form

h(X ∪ Y )− h(X) ≤ logN, for each degree constraint (X,Y,N),

The PANDA algorithm [ANS 17] achieves this bound
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Worst-Case Optimality is Insufficient for Queries with Aggregations

4-cycle detection
• Q()← ∃A,B,C,D E(A,B) ∧ E(B,C) ∧ E(C,D) ∧ E(D,A)

• Worst-case size bound on |Q| is 1, on the conjunction is |E|2
• Answerable in O(|E|

3
2 )-time [AYZ 97]

k-cycle detection
• Worst-case size bound on the conjunction is O(|E|⌈k/2⌉)

• k-cycle detection can be done in O(|E|2−
1

⌈k/2⌉ )-time [AYZ 97]



Worst-Case Optimality is Insufficient for Queries with Aggregations

k-walk counting (or any sub-trees in general)
• Q = count[X1, . . . , Xk+1 : E1(X1, X2) ∧ · · · ∧ E(Xk, Xk+1)]

• Worst-case size bound on |Q| is 1, on the conjunction is |E|⌈k/2⌉
• But, we can answer this in Õ(k|E|)-time.

Conjunctive query with negation
• Q()← R(X,Y ) ∧ S(Y, Z) ∧ T (Z,U) ∧X ̸= U

• Worst-case size bound on |Q| is 1, on the conjunction is O(N2)

• But, we can answer this in Õ(N)-time.



Need Two New Ideas in Our Framework

Idea 1: an abstraction to capture aggregation queries.
• max,min,∑, ∃, etc.

Idea 2: a better notion of “optimality”
• Fine-grained complexity, parameterized complexity.



Idea 1: Sum-Product-Queries Proposed and Studied in AI

Given a semiring (D,⊕,⊗,0,1), a Sum-Product-query is
φ(XF ) :=

⊕
XV −F

⊗
S∈E

ψS(XS)

Example 1: ({true, false},∨,∧, false, true) is the Boolean semiring.
Q() =

∨
A,B,C

E(A,B) ∧ E(A,C) ∧ E(B,C)

Example 2: (R,+,×, 0, 1) is the sum-product semiring.
Q(A) =

∑
B,C,D

E(A,B)× E(B,C)× E(C,D)× 1A̸=D



Idea 2: Better Notion of Optimality Fixed Parameter Tractability

Õ

(
|D|+ sup

D′|=s(D)
|Q(D′)|

)
=⇒ Õ

(
|D|+ sup

D′|=s(D)
f(Q,D′) + |Q(D)|

)

Accompanied by a meta algorithm

D

Q(D)

Q ∈ { database, CSP, PGM, logic, graph, linear algebra } queries

Query Q

Qh Qh(D)

Intermediate
Representation

Qe

Tensor Decomposition
“worst-case optimal”

Variable Elimination
“instance optimal”



Variable Elimination Q = count[A,B,C,D : R(A,B) ∧ S(B,C) ∧ T (C,D)]

Overloading notation
R(a, b) := 1(a,b)∈R S(b, c) := 1(b,c)∈S T (c, d) := 1(c,d)∈T

Variable elimination [ZP 94] Works for any semi-ring!
Q() =

∑
a

∑
b

∑
c

∑
d

R(a, b) · S(b, c) · T (c, d)

=
∑
a

∑
b

∑
c

R(a, b) · S(b, c) ·
∑
d

T (c, d) =
∑
a

∑
b

∑
c

R(a, b) · S(b, c) ·W (c)

=
∑
a

∑
b

R(a, b) ·
∑
c

S(b, c) ·W (c) =
∑
a

∑
b

R(a, b) · V (b)

Database jargon: (aggregation | projection | predicate) pushdowns



Indicator Projection, and Fractional Hypertree Width [GM 06] [ANR 16]

Q =
∑

a,b,c,d,e,f

R(a, b)S(a, c)T (b, c, d, e)W (e, f)V (d, f)

=
∑

a,b,c,d,e

R(a, b)S(a, c)T (b, c, d, e)
∑
f

πdeT (d, e) W (e, f)V (d, f)

︸ ︷︷ ︸
Õ(N3/2),WCOJ

=
∑

a,b,c,d,e

R(a, b)S(a, c)T (b, c, d, e)M1(d, e)

=
∑
a,b,c

R(a, b)S(a, c)
∑
d,e

πbR(b)πS(c) T (b, c, d, e)M1(d, e)

=
∑
a,b,c

R(a, b)S(a, c)M2(b, c) =
∑
a,b,c

R(a, b)S(a, c)M2(b, c)︸ ︷︷ ︸
Õ(N3/2),WCOJ



Variable Elimination, Message Passing, Belief Propagation, Yannakakis

Q =
∑

a,b,c,d,e,f

R(a, b)S(a, c)T (b, c, d, e)W (e, f)V (d, f)

Output a, b, c b, c, d, e d, e, f
Q() M2(b, c) M1(d, e)

• Yannakakis algorithm [Yannakakis 81]
• Belief propagation [Pearl 82]



A Different Variable Elimination Order for the Same Query

Q =
∑

a,b,c,d,e,f

R(a, b)S(a, c)T (b, c, d, e)W (e, f)V (d, f)

=
∑

a,b,c,d,e

R(a, b)S(a, c)T (b, c, d, e)
∑
f

πdeT (d, e) W (e, f)V (d, f)

︸ ︷︷ ︸
M1(d,e) in Õ(N3/2),WCOJ

=
∑
b,c,d,e

T (b, c, d, e)M1(d, e)
∑
a

πbcT (b, c)R(a, b)S(a, c)︸ ︷︷ ︸
M2(b,c) in O(N3/2),WCOJ

=
∑
b,c,d,e

M1(d, e)T (b, c, d, e)M2(b, c)



Different Variable Elimination Order⇒ Different Tree Decomposition

Q =
∑

a,b,c,d,e,f

R(a, b)S(a, c)T (b, c, d, e)W (e, f)V (d, f)

Output b, c, d, e

a, b, c

d, e, f

Q()

M2(b, c)

M1(d, e)



Detour: Tree Decompositions

S()← R(a, b, d) ∧ c < d ∧ T (c, b, d) ∧ U(b, e) ∧ V (c, e)

∧ b+ e = f ∧W (b, e, g) ∧ g/f = h ∧X(i, j, h) ∧ e− b = k.

b , c, e bag

a, b , c, d bag b , e, f, g, h bag

h, i, j bag e, b , k bag

HypergraphH = (V, E)
Tree T = (V (T ), E(T ))

∀S ∈ E ,∃t ∈ V (T ) s.t. S ⊆ χ(t)
∀v ∈ V, {t | v ∈ χ(t)} is a subtree



Dynamic Programming over a Single Tree Decomposition Fix (T , χ)

D

∧
F∈E

RF

Qh Qh(D)

Q(D)

∧
t∈V (T )

Tχ(t)

Multiple Conjunctive Rules

Õ

(
min
(T ,χ)

max
D′|=DC

max
t∈V (T )

|Pt(D
′)|
)

WCOJ algo
Õ(|Qh(D)|+ |Q(D)|)
Variable Elimination

Qe

Pt : Tχ(t) ←
∧
F∈E

RF

Recall the polymatroid bound:
log min

(T ,χ)
max

D′|=DC
max

t∈V (T )
|Pt(D

′)| ≤ min
(T ,χ)

max
t∈V (T )

max
h∈Γn∩DC

h(χ(t))



Realization of Idea 2 Fractional Hypertree Width

Õ

(
|D|+ sup

D′|=s(D)
f(Q,D′) + |Q(D)|

)
Becomes:

Õ

(
|D|+ 2

min
(T ,χ)

max
t∈V (T )

max
h∈Γn∩DC

h(χ(t))
+ |Q(D)|

)
Corrolaries when the input has only cardinality constraints:

• Õ (|D|+ |Q(D)|) if Q is acyclic [Yannakakis 81]
• Õ (|D|+ |D|fhtw(Q) + |Q(D)|

)
fhtw = fractional hypertree width, [GM 06]
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Multiple Tree Decompositions! Idea from [Marx 13]

D

∧
F∈E

RF

Qh Qh(D)

Q(D)

∨
(T ,χ)

∧
t∈V (T )

Tχ(t)

Ranges over tree decompositions

max
D′|=s(D)

|Qh(D
′)| ≈ ?

???

Õ(|Qh(D)|+ |Q(D)|)
Variable Elimination

Qe

Assuming Boolean conjunctive query for now



Example: Q : S()← R12 ∧R23 ∧R34 ∧R41

A1 A3

A2

A4

R12 R23

R34R41

A1
A2 A3

A1 A4
A3

A2

A3

A4

A2

A1

A4

(T123 ∧ T134) ∨ (T124 ∧ T234)← R12 ∧R23 ∧R34 ∧R41

By distributivity, rewrite the head:
(T123 ∨ T124) ∧ (T123 ∨ T234) ∧ (T134 ∨ T124) ∧ (T134 ∨ T234) ← R12 ∧ R23 ∧ R34 ∧ R41

(Each “clause” has one bag per TD)



Example: Q : S()← R12 ∧R23 ∧R34 ∧R41

(T123 ∨ T124) ∧ (T123 ∨ T234) ∧ (T134 ∨ T124) ∧ (T134 ∨ T234) ← R12 ∧ R23 ∧ R34 ∧ R41

Is the same as evaluating 4 disjunctive datalog rules:
T123 ∨ T124 ← R12 ∧R23 ∧R34 ∧R41

T123 ∨ T234 ← R12 ∧R23 ∧R34 ∧R41

T134 ∨ T124 ← R12 ∧R23 ∧R34 ∧R41

T134 ∨ T234 ← R12 ∧R23 ∧R34 ∧R41



Semantics of a Disjunctive Datalog Query

P : T123 ∨ T124 ← R12 ∧R23 ∧R34 ∧R41

The model contains two tables T123(A1, A2, A3) and T124(A1, A2, A4), such that:
• if R12(a1, a2), R23(a2, a3), R34(a3, a4), and R41(a4, a1)

• then T123(a1, a2, a3) OR T124(a1, a2, a4).
Output size

• Write T |= P if T is a model T = (T123, T124).
• Define |T | = max{|T123|, |T124|}



Multiple Tree Decompositions

D

∧
F∈E

RF

Multiple Disjunctive Datalog Rules!
Qh Qh(D)

Q(D)

∧
B∈B

∨
B∈B

TB

max
D′|=s(D)

max
B
|PB(D

′)|

how?
Õ(|Qh(D)|+ |Q(D)|)
Variable elimination

Qe

PB :
∨
B∈B

TB ←
∧
F∈E

RF |PB|
def
= min

T :T |=PB
max
B∈B
|TB|

Each B ∈ B is a collection of bags, one per TD.



New Problem: Polymatroid Bound for Disjunctive Datalog

PB :
∨
B∈B

TB ←
∧
F∈E

RF what is max
D′|=s(D)

|PB(D
′)|?

Theorem (ANS 17)

Define DC def
= {h | h(Y |X) ≤ logN ∀(X,Y,N) ∈ s(D)}, then

log sup
D′|=s(D)

|PB(D
′)| ≤ max

h∈Γ∗
n∩DC

min
B∈B

h(B) Entropic Bound

≤ max
h∈Γn∩DC

min
B∈B

h(B) Polymatroid Bound

Generalize the entropy argument for conjunctive datalog (fun exercise!)



4-Cycle Example

P :
∨
B∈B

TB ←
∧
F∈E

RF |P (D)| def= min
T :T |=P

max
B∈B
|TB| A1 A3

A2

A4

R12 R23

R34R41

DC : |R12| ≤ N, |R23| ≤ N, |R34| ≤ N, |R41| ≤ N.

P123,234 : T123 ∨ T234 ← R12 ∧R23 ∧R34 ∧R41 B = {123, 234}
sup

D′|=DC
log |P123,234(D

′)| ≤ max
h∈Γn∩DC

min{h(A1A2A3), h(A2A3A4)}

≤ max
h∈Γn∩DC

1

2
[h(A1A2A3) + h(A2A3A4)]

(Shannon-inequality) ≤ max
h∈Γn∩DC

1

2
[h(A1A2) + h(A2A3) + h(A3A4)]

≤ 3

2
logN.



Realization of Idea 2

Õ

(
|D|+ sup

D′|=s(D)
f(Q,D′) + |Q(D)|

)
Becomes:

Õ

(
|D|+ 2

max
B∈B

max
h∈Γn∩DC

min
B∈B

h(B)
+ |Q(D)|

)
Another problem: WCOJ for disjunctive datalog!



Another Problem : WCOJ for Disjunctive Datalog

PB :
∨
B∈B

TB ←
∧
F∈E

RF compute a model in worst-case optimal time

Theorem (ANS 17)
Given a collection s(D) of degree constraints, and a disjunctive datalog program PB,
PANDA computes a model of PB in time(

|D|+ 2
max

h∈Γn∩DC
min
B∈B

h(B)
)



Realization of Idea 2 Submodular Width

Õ

(
|D|+ sup

D′|=s(D)
f(Q,D′) + |Q(D)|

)
Becomes:

Õ

(
|D|+ 2

max
B∈B

max
h∈Γn∩DC

min
B∈B

h(B)
+ |Q(D)|

)
Corrolaries when the input has only cardinality constraints:

• Õ (|D|+ |D|subw(Q) + |Q(D)|
)

subw = submodular-width, [Marx 13]
• Detecting k-cycle can be done in O(N

2− 1
⌈k/2⌉ )-time [AYZ 97]
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The Polymatroid Bound and Its Dual max {h(V ) | h ∈ Γn ∩ DC}

More explicitly,
max h(V ) dual vars
s.t. h(Y )− h(X) ≤ logN, (X,Y,N) ∈ DC δY |X

h(I ∪ J |J)− h(I|I ∩ J) ≤ 0, I ⊥ J σI,J

h(X)− h(Y ) ≤ 0, ∅ ̸= X ⊂ Y ⊆ V µY |X

h(Z) ≥ 0, ∅ ̸= Z ⊆ V.

I ⊥ J means I ̸⊆ J and J ̸⊆ I .
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The Polymatroid Bound and Its Dual max {h(V ) | h ∈ Γn ∩ DC}

min
∑

(X,Y,N)∈DC

logN · δY |X

s.t. excess(V ) ≥ 1,

excess(Z) ≥ 0, ∅ ̸= Z ⊆ V.
(δ,σ,µ) ≥ 0.

where, for any ∅ ̸= Z ∈ 2V , the quantity excess(Z) is defined by
excess(Z) :=

∑
X:(X,Z)∈DC

δZ|X −
∑

Y :(Z,Y )∈DC

δY |Z +
∑
I⊥J

I∩J=Z

σI,J

+
∑
I⊥J

I∪J=Z

σI,J −
∑

J:J⊥Z

σZ,J −
∑

X:X⊂Z

µX,Z +
∑

Y :Z⊂Y

µZ,Y .
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Contributions of coefficients to excess(Z)

Z

Y

X

I

J

I ∪ J

I ′

J ′

I ′ ∩ J ′

I ∩ J = I ′ ∪ J ′ = Z X ⊂ Z ⊂ Y

+σI,J

+σI′,J ′

+µZ,Y

+δZ|X

Z

Y

X

J

Z ∩ J

Z ∪ J

−σZ,J

−δY |Z

−µX,Z
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Shannon-Flow Inequalities [ANS 17]

Definition
Given δ ≥ 0, the following is a Shannon-flow inequality if it holds for all h ∈ Γn:

h(V ) ≤
∑

(X,Y,N)∈DC

δY |X · (h(Y )− h(X))

• δ defines a Shannon-flow inequality iff ∃(σ,µ) s.t. (δ,σ,µ) is dual-feasible.
• If DC contains only cardinality constraints (X = ∅, Y,N), then δ defines a
Shannon-flow inequality iff it is a fractional edge cover of the query
hypergraph. Shearer’s Lemma!
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Example: Shannon-Flow Inequality for Triangle Query

h(A,B,C) ≤ 1

2
(h(A,B) + h(B,C) + h(A,C))

A step-by-step proof: [Radhakrishnan 2003]
h(A,B) + h(A,C) + h(B,C)

(decomposition) = h(A) + h(B|A) + h(B,C) + h(A,C)

(sub-modularity) ≥ (h(A|B,C) + h(B,C)) + (h(B|A) + h(A,C))

(composition) = h(A,B,C) + (h(B|A) + h(A,C))

(sub-modularity) ≥ h(A,B,C) + (h(B|A,C) + h(A,C))

(composition) = h(A,B,C) + h(A,B,C)
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Example: Another Shannon-Flow Inequality

h(ABCD) ≤ 1

2
[h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)],

h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)

(decomposition) = h(AB) + h(B) + h(C|B) + h(CD) + h(D|AC) + h(A|BD)

(sub-modularity) ≥ h(AB) + h(B) + h(C|B) + h(CD|B) + h(D|AC) + h(A|BD)

(composition) = h(AB) + h(C|B) + h(BCD) + h(D|AC) + h(A|BD)

(sub-modularity) ≥ h(AB) + h(C|B) + h(BCD) + h(D|AC) + h(A|BCD)

(composition) = h(AB) + h(C|B) + h(D|AC) + h(ABCD)

(sub-modularity) ≥ h(AB) + h(C|AB) + h(D|AC) + h(ABCD)

(composition) = h(ABC) + h(D|AC) + h(ABCD)

(sub-modularity) ≥ h(ABC) + h(D|ABC) + h(ABCD)

(composition) = h(ABCD) + h(ABCD).
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Shannon-flow Inequalities – Summary [ANS 17]

From LP-duality, there exists δ ≥ 0 s.t.
polymatroid-bound := max{h(V ) | h ∈ C ∩ Γn} =

∑
(X,Y,N)∈DC

δY |X logN,

and for these δ, from Farkas’s lemma we have
h(V ) ≤

∑
(X,Y,N)∈DC

δY |X · h(Y |X), ∀h ∈ Γn
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Proof Sequence for a Shannon-Flow Inequality

h(V ) ≤
∑

(X,Y,N)∈DC

δY |X · h(Y |X)

A proof sequence is a conversion from RHS to LHS using a sequence of steps of
the form

(In)equality Steps (X ⊆ Y )
h(X) + h(Y |X) = h(Y ) h(X) + h(Y |X)→ h(Y )

h(Y ) = h(X) + h(Y |X) h(Y )→ h(X) + h(Y |X)

h(Y ) ≥ h(X) h(Y )→ h(X)

h(Y |X) ≥ h(Y ∪ Z|X ∪ Z) h(Y |X)→ h(Y ∪ Z|X ∪ Z)
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Existence of Proof Sequence

Lemma (ANS 2017)
There is a proof sequence for every Shannon-flow inequality. (The length is at most
doubly exponential in |V |).

The Shannon-flow inequality is a linear combination of dual constraints; the proof
sequence is more stringent than that.

Logic, Algebra, & Category Theory 2025



Outline

Appendix: PANDA Algorithm
Shannon-Flow Inequalities
IAAT Algorithm
PANDA for Disjunctive Datalog



One Inequality At A Time (IAAT)

There is an algorithm (called PANDA) that converts a proof sequence→ an
efficient algorithm to answer the original query

Steps (X ⊆ Y ) Relational Operator
h(X) + h(Y |X)→ h(Y ) (join)
h(Y )→ h(X) + h(Y |X) (data partition)
h(Y )→ h(X) (projection)
h(Y |X)→ h(Y ∪ Z|X ∪ Z) (NOP)

Theorem
PANDA solves any conjunctive query Q in time Õ(N + poly(logN) · 2polymatroid bound)
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Example: PANDA for Triangle Query

Q(A,B,C)← R(A,B), S(B,C), T (A,C)

Rheavy(A,B) = {(a, b) : |σA=aR| >
√
N}

Rlight(A,B) = {(a, b) : |σA=aR| ≤
√
N}

Algorithm is in the pudding!
h(A,B) + h(A,C) + h(B,C) R(A,B), S(B,C), T (A,C)

= h(A) + h(B|A) + h(B,C) + h(A,C) Rheavy(A,B), Rlight(A,B), S(B,C), T (A,C)

≥ (h(A|B,C) + h(B,C)) + (h(B|A) + h(A,C)) Rheavy(A,B), Rlight(A,B), S(B,C), T (A,C)

= h(A,B,C) + (h(B|A) + h(A,C)) Iheavy(A,B,C), Rlight(A,B), T (A,C)

≥ h(A,B,C) + (h(B|A,C) + h(A,C)) Iheavy(A,B,C), Rlight(A,B), T (A,C)

= h(A,B,C) + h(A,B,C) Iheavy(A,B,C), I light(A,B,C).
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Example: PANDA for Triangle Query

The real query plan:
R(A,B) ∧ S(B,C) ∧ T (A,C)
= (Rheavy(A,B) ∨Rlight(A,B)) ∧ S(B,C) ∧ T (A,C)
= (Rheavy(A,B) ∧ S(B,C) ∧ T (A,C)) ∨ (Rlight(A,B) ∧ S(B,C) ∧ T (A,C))
= (Rheavy(A,B) ∧ S(B,C) ∧ T (A,C)) ∨ (Rlight(A,B) ∧ S(B,C) ∧ T (A,C))
= Iheavy(A,B,C) ∧ T (A,C) ∨ I light(A,B,C) ∧ S(B,C).

• Note that |Iheavy(A,B,C)| ≤ N3/2 and |I light(A,B,C)| ≤ N3/2.
• Overall runtime is Õ(N3/2).
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Example: PANDA for a More Interesting Example [ANS 17]

Q(A,B,C,D)← R(A,B)∧S(B,C)∧T (C,D)∧hash(A,C) = D∧hash(B,D) = A

From the Shannon-flow inequality:
h(ABCD) ≤ 1

2
[h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)],

we know
log2 |Q| ≤

1

2
[log2 |R|+ log2 |S|+ log2 |T |+ 0 + 0]

or
|Q| ≤

√
|R||S||T |
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Example: Another Shannon-Flow Inequality

h(ABCD) ≤ 1

2
[h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)],

h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)

(decomposition) = h(AB) + h(B) + h(C|B) + h(CD) + h(D|AC) + h(A|BD)

(sub-modularity) ≥ h(AB) + h(B) + h(C|B) + h(CD|B) + h(D|AC) + h(A|BD)

(composition) = h(AB) + h(C|B) + h(BCD) + h(D|AC) + h(A|BD)

(sub-modularity) ≥ h(AB) + h(C|B) + h(BCD) + h(D|AC) + h(A|BCD)

(composition) = h(AB) + h(C|B) + h(D|AC) + h(ABCD)

(sub-modularity) ≥ h(AB) + h(C|AB) + h(D|AC) + h(ABCD)

(composition) = h(ABC) + h(D|AC) + h(ABCD)

(sub-modularity) ≥ h(ABC) + h(D|ABC) + h(ABCD)

(composition) = h(ABCD) + h(ABCD).
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Example : PANDA for a More Interesting Example

R(A,B) ∧ S(B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

= R(A,B) ∧ Sheavy(B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

∨R(A,B) ∧ S light(B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

= R(A,B) ∧ Sheavy(B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

∨R(A,B) ∧ S light(B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

= R(A,B) ∧ Iheavy(B,C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

∨ I light(A,B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

= R(A,B) ∧ Iheavy(B,C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

∨ I light(A,B,C) ∧ T (C,D) ∧ hash(A,C) = D ∧ hash(B,D) = A

= R(A,B) ∧ Jheavy(A,B,C,D) ∧ hash(A,C) = D

∨ J light(A,B,C,D) ∧ T (C,D) ∧ hash(B,D) = A.
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Example : PANDA for a More Interesting Example

Main question

How to define Sheavy and S light so that runtime is Õ(2h
∗(A,B,C,D))

Sheavy(B,C) = {(b, c) : |σC=cS| > 2h
∗(B,C)−h∗(C)}

S light(B,C) = {(b, c) : |σC=cS| ≤ 2h
∗(B,C)−h∗(C)}

Assuming h∗ and (δ∗,σ∗,µ∗) are primal-dual optimal: (δ∗CD|∅ > 0 and δ∗AB|∅ > 0)
|S light(B,C) ∧ T (C,D)| ≤ 2h

∗(B,C)−h∗(C) · 2h∗(C,D) = 2h
∗(B,C,D) ≤ 2h

∗(A,B,C,D)

|Sheavy(B,C) ∧R(A,B)| ≤ 2h
∗(C) · 2h∗(A,B) = 2h

∗(A,B,C) ≤ 2h
∗(A,B,C,D).

= holds because SFI holds with = for h∗.
Logic, Algebra, & Category Theory 2025



The Actual PANDA Algorithm (Needs Another Talk)

More complicated because:
• Couldn’t prove that every heavy / light copy reaches h(V ) eventually.
• Couldn’t prove that in the proof sequence we won’t ever compose terms
which were decomposed in an earlier step

Main ideas to push through:
• A decomposition h(A,B)→ h(A) + h(B|A) corresponds to partitioning R into
logarithmically many “uniform” parts.

• Essentially, each each part, both the heavy condition and the light condition
are satisfied.

• Induct on logarithmically many subproblems, including constructing a new
proof sequence for each of them

Logic, Algebra, & Category Theory 2025



The Actual PANDA Algorithm

PANDA runs in Time

Õ(N + poly(logN) · 2polymatroid bound forQ) = Õ(N + poly(logN) · sup
D′|=s(D)

|Q(D′)|)
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Evaluating a Disjunctive Datalog Program within max
h∈Γn∩HDC

min
B∈B

h(B)

There exists non-negative λ = (λB)B∈B, with ∥λ∥1 = 1, s.t.
max

h∈Γn∩HDC
min
B∈B

h(B) = max
h∈Γn∩HDC

∑
B∈B

λB h(B)

Shannon-flow inequality: There exists δ ≥ 0 s.t. (Farkas’s lemma)
2

max
h∈Γn∩HDC

min
B∈B

h(B)
=

∏
(X,Y,N)∈s(D)

N δY |X

∑
B∈B

λB · h(B) ≤
∑

(X,Y,N)∈s(D)

δY |X · h(Y |X), ∀h ∈ Γn
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Proof sequence

Shannon-flow inequality: h(Y |X)
def
= h(Y )− h(X),X ⊆ Y∑

B∈B
λB · h(B) ≤

∑
(X,Y,N)

δY |X · h(Y |X)

Proof sequence, convert RHS to LHS using following steps
(In)equality Steps (X ⊆ Y )
h(X) + h(Y |X) = h(Y ) h(X) + h(Y |X) → h(Y )

h(Y ) = h(X) + h(Y |X) h(Y ) → h(X) + h(Y |X)

h(Y ) ≥ h(X) h(Y ) → h(X)

h(Y |X) ≥ h(Y ∪ Z|X ∪ Z) h(Y |X) → h(Y ∪ Z|X ∪ Z)

Theorem
There is a proof sequence for every Shannon-flow inequality.
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Example: P : T123 ∨ T234 ← R12 ∧R23 ∧R34 ∧R41.

|R12|, |R23|, |R34|, |R41| ≤ N ⇒ |P | ≤ N3/2

log |P | ≤ min(h(A1A2A3), h(A2A3A4)) (polymatroid bound)
≤

1

2

(
h(A1A2A3) + h(A2A3A4)

)
(linearize)

≤
1

2

(
h(A1A2) + h(A2A3) + h(A3A4)

)
(Shannon-flow)

≤
3

2
logN (Cardinality constraints)

Proof sequence Proof Step
h(A1A2) + h(A2A3) + h(A3A4)

(
h(A3A4) → h(A4|A3) + h(A3)

)
h(A1A2) + h(A2A3) + h(A4|A3) + h(A3)

(
h(A4|A3) → h(A4|A2A3)

)
h(A1A2) + h(A2A3) + h(A4|A2A3) + h(A3)

(
h(A2A3) + h(A4|A2A3) → h(A2A3A4)

)
h(A1A2) + h(A2A3A4) + h(A3)

(
h(A1A2) → h(A1A2|A3)

)
h(A1A2|A3) + h(A2A3A4) + h(A3)

(
h(A1A2|A3) + h(A3) → h(A1A2A3)

)
h(A1A2A3) + h(A2A3A4)



Example: P : T123 ∨ T234 ← R12 ∧R23 ∧R34 ∧R41.

|R12|, |R23|, |R34|, |R41| ≤ N ⇒ |P | ≤ N3/2

h(A3A4) → h(A4|A3) + h(A3)

)

h(A4|A3) → h(A4|A2A3)

)

h(A2A3) + h(A4|A2A3) → h(A2A3A4)

)

h(A1A2) → h(A1A2|A3)

)

h(A1A2|A3) + h(A3) → h(A1A2A3)

)

R34(A3, A4) → R
(ℓ)
34 (A3, A4), R

(h)
3 (A3)

)

R
(ℓ)
34 (A3, A4) → R

(ℓ)
34 (A3, A4)

)

R23(A2, A3) 1 R
(ℓ)
34 (A3, A4) → T234(A2, A3, A4)

)

R12(A1, A2) → R12(A1, A2)

)

R12(A1, A2) 1 R
(h)
3 (A3) → T123(A1, A2, A3)

)
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