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Outline

The Query Optimization (and Evaluation) Problem



Computational Problems in Rel

def A_exists { exists( (a,b,c) | E(a,b) and E(b,c) and E(c,a))}
def num_a {

count[ [a,b,c] : E(a,b) and E(b,c) and E(a,c) and a<b and b<c]
+

def distancelu, v]: {
min[ [len] :
len = @ and u = source and u = v or
len = min[(w,2z) : z = distance[u, w] + 1 and E(w,v)]

def num_4_paths { count[(a,b,c,d,e) : E(a,b) and E(b,c) and E(c,d) and E(d,e)] }

There are customer’s Rel programs with thousands of mutually recursive rules.



Queries in Rel

First order logic queries with

* Built-in predicates such as arithmetic ops, hashing, string ops, - - -
« Aggregations (reduce operator such as sum, max, min, - - -)

+ Recursion (fixpoint operator) with negation, aggregation
Focus of this talk:

+ Conjunctive queries

+ Aggregation queries over a conjunctive body



The Main Query Optimization / Evaluation Problem

Query Q @ QD)

on/off-line

s(D)
statistical profile

The Query Optimization Problem
Given @ and D, compute Q(D) in the most efficient (optimall?) way possible.




Precise Problem Formulation

* What do we mean by “query"?

* Full conjunctive queries
* Sum-product queries

* What is in the statistical profile s(D)?

+ Degree constraints
+ ... Frequency moment constraints, histograms, samples, ML models

+ What do we mean by “optimality"?

* Worst-Case Optimality
+ Fixed-Parameter Tractability, Fine-Grained Complexity
+ ... Instance Optimality

Note: Optimizer designed to work before seeing Q.

+ Optimizer = Meta-Algorithm (input: problem, output: algorithm)



Outline

Cardinality Bounds and Worst-Case Optimal Joins



Output Cardinality Bound

Query Q

@ Q(D)
on/off-line
s(D) QD)
.. sup
statistical D'l=s(D)

profile



Worst-Case Optimal Join (WCO)) Algorithm

Query Q @ Q(D)
on/off-line
o) sup_ 1Q(D)

Definition
A “worst-case optimal” join algorithm is an algorithm computing Q(D) in time

O(\DH sup IQ(D’)|>

D'=s(D)

O hides log and query dependent factors



(For Now) Assume () is a Full Conjunctive Queries

In a movie database

Q(director, actor, movie, actor_age, name) <—
parent (director, actor)
A acted_in(actor, movie)
A director_of (director, movie)
A age(actor, actor_age) A (20 < actor_age V actor_age != 10)
A person_name(director, name) A regex_match(".*spiel.*", name)

In a graph database with edge relation E,

Q(a, b, ¢c) < E(a, b) A E(a, ¢c) A E(b, c)



(For Now) Assume () is a Full Conjunctive Queries

More generally, H = (V, €) is the hypergraph of a query:
Q(Xv) + /\ Rs(Xs)
See
For example Q(a, b, ¢) + E(a, b) A E(a, ¢c) A E(b, ¢)
« V={ab,c}
© H = (‘/7 8) = (V7 {abv ac, bC})
* Rp=FEforall Fef&.



What is in the Statistical Profile s(D)?

Query Q

D] Q(D)
on/off-line
D) sup QD)
sl o

Degree constraints



Degree Constraints [ANS 16, ANS 17]

Relation R(actor, movie, role), imagine a frequency vector dactor (billions of entries)

actor | movie | role dactor(alice) = 1 dactor(bob) = 4

alice dactor(carol) = 2

bt dactor(V) =0 v ¢ {alice, bob, carol}
bob

bob The profile s(D) contains degree constraints:
bob

carol * ||dactor||co = 4 (degree constraint!)

carol * |ldollsc = 7 = |R| (cardinality constraint!)

* ||dactor,movie|| o = 1 (functional dependency)

General DC: (X,Y, N) in relation R means |ryox—goR| < N, V&



Hierarchy of Output Cardinality Bounds Under Degree Constraints

log sup |Q(D’)| = combinatorial-bound(Q,s) computable (?) but impractical
D'|=s(D)

< entropic-bound(Q, s) not (known to be) computable

< polymatroid-bound(@, s) [ANS 17]

< flow-bound(Q, s, o) [IMNP 25]
< chain-bound(Q, s, o) [N 18]
< agm-bound(Q, s) [AGM 08]

< integral-edge-cover(Q, s)

+ We settle for algorithms running in O (| D| + bound(Q, s))
+ Algorithm is a WCOJ algorithm when the bound is tight



Hierarchy of Join Algorithms

(not achievable?) sup |Q(D’)]

D'=s(D)
(not achievable ?) < entropic-bound(Q, s)
(IAAT) < polymatroid-bound(Q, s) PANDA - [ANS 17]
(VAAT) < chain-bound(@, s, o) NPRR, LFTJ, GJ
(VAAT) < agm-bound(Q, s) NPRR, LFT], GJ
(JAAT) < integral-edge-cover(Q), s) Binary Join Plans

Some bounds are in log-scale, where runtime = O(| D] + 2°°und)



Hierarchy of Join Algorithms

JAAT

Join at a time

VAAT

Variable at a time

The Algorithm is in the Pudding

Inequality at a time

Proof = Algorithm!




Example: Output Cardinality Bound for the Triangle Query

QA(A,B,C)+ R(A,B)ANS(B,C)NT(A,C)
AGM-bound for Q: (E.g. num triangles in a graph < |E|*/?)

Qal < |RP=-|S|Ps - |TT
whenever A = (Ag, Ag, A7) is a fractional edge cover for the triangle:

AR+t Ag>1
AR+ Ar>1 A>0
Ag+Ar >1

Pick A to minimize the bound.



Example: Proving the AGM Bound for the Triangle Query

Consider a “section” of this query on a given value a € Dom(A):
Qar(a,B,C)+ R(a,B)ANS(B,C)ANT(a,C)
Need (b, ¢) in the intersection S N (0 4—q R X 04=,T), thus

|0a=a@al < min{|S|, |oa=aR]| - |oa=aT|}
< ’S’)\S : (’UA:aR| : ‘UA:aT‘)liAS

<S8 - |oa=aRIM - |oa=a T

Weused Ag + Ag > 1and Ag + Ap > 1



Triangle Query: AGM Bound Based on Hélder Inequality

Iterate over all possible values of a:
Qal = loa=aQal
a
< DOISPS - loazaRPR - JoaaTPT
a

=181 > loazaRIM - |oazaT

a

(Holder) < |S|*s - (Z ]aA:aR])AR : (Z |aA:aT|)’\T recall \g + Ag > 1

a a

=|S|s - |RJA® - TP

Example: |Qa| < /[R]-]S] - [T



Example: JAAT Query Plans Are Sub-Optimal for Triangle Query

|R|=[S|=|T|=2N -1
Qal(a,b,c) = R(a,b) A S(b,c) ANT(a,c)

sup  [Qa(D")| = O(N'?)
D'[=DC(D)




Triangle Query: VAAT Algorithm Inspired by the proof

Qa(A,B,C) + R(A,B),S(B,C), T(A,C)

Algorithm 1: based on Hdélder’s inequality proof

fora € tyRN7wsT do
forb € tgop— RN 7S do
for c € mcop—pS N oo a—,T do
‘ Report (a, b, ¢);

In words, we followed exactly what the proof did:

* Foreacha € mgRN 74T, enumerate (a,b,c) € 04—,QA



Triangle Query: VAAT is in the Pudding

Computing this “section” of the query on a given value a € Dom(A)
Qr(a,B,C) <« R(a,B),S(B,C), T(a,C)
is to compute the intersection S M (04—, /7 x 04-,1"), which can be done in time
O (min{|S|, loa=aRl - [04=aT|}) < O (loazaRI*® - loaaT T - |S]s )

Overall, the algorithm runs in time (Modulo O(N) pre-processing)

0 (Z |0a=a R - loa=aTIT - \SIAS> =O(IS*s - [RI* - |T|'7)



Full Conjunctive Query

Q(V) + /\ Rs(S) Query hypergraph # = (V. £)
Seg
AGM-bound for Q: Assuming only cardinality constraints (0, S, |Rgs|)
QI < [] IRs*
Se€

whenever A = (\g)se¢ is a fractional edge cover for H:

YoeV Z Ag >1 A>0.
SeEwes

Pick X to minimize the bound.



Full Conjunctive Query: AGM Bound from Hélder Inequality

Consider a “section” of this query on a given value a € Dom(A):

o g@V)— AN Rs(HA N o, gRs(S)

Se&,A¢S SeE,AeS

Now iterate over all possible values of a:

Q= Z|UA aQal <> I IRsPs- [ loazaRsl™

@ Scg,A¢S Se£,AeS
As
(Holdersinequality) < J[ |RsI™ - ] <Z|0A:aRS|>
Se€,A¢S Se&,AeS a

— H |Rs|s.

Se&



Full Conjunctive Query: VAAT Algorithm [NPRR 12] [Veldhuizen 14]

Q(V) + /\ Rs(S)

Se&

Algorithm 2: based on Holder's inequality proof

fora c m TaRg do
Se&,AeS
Recursively solve the query section 04—, (on variables V' — { A});

Report {a} X 04-,Q

Runtime O <Z \RS|> +0 (H \RS|A5>. Proof: straightforward.

Se& Se&



Reminder: Hierarchy of Join Algorithms

(not achievable?) sup |Q(D’)]
D’'k=s(D)

(not achievable ?) < entropic-bound(Q, s)

(IAAT) < polymatroid-bound(Q, s) PANDA - [ANS 17]
(VAAT) < chain-bound(Q, s, o) NPRR, LFTJ, GJ
(VAAT) < agm-bound(Q, s) NPRR, LFTJ, GJ
(JAAT) < integral-edge-cover(Q, s) Binary Join Plans
Some bounds are in log-scale, where runtime = O(| D| 4 2°°U"%)



Polymatroids

Polymatroid is a function b : 2" — R, such that h(#) = 0 and

ch(X)<hY)IfXCY monotonicity
ch(X)+h(Y)>RXUY)+h(XNY) submodularity

Let T',, be the set of all polymatroids on n variables.



The Polymatroid Bound

Theorem (ANS 17)
If s(D) contains only degree constraints, then

/
<

where DC is the set of linear constraints of the form

(X UY)—h(X)<logN, for each degree constraint (X,Y, N),

The PANDA algorithm [ANS 17] achieves this bound



Outline

Variable Elimination and Tree Decompositions



Worst-Case Optimality is Insufficient for Queries with Aggregations

4-cycle detection

* Q()«3A,B,C,D E(A,B)NE(B,C) NE(C,D)\NE(D, A)
+ Worst-case size bound on |Q| is 1, on the conjunction is |E|?
- Answerable in O(|E|?)-time [AYZ 97]

k-cycle detection

« Worst-case size bound on the conjunction is O(|E|¥/?1)

* k-cycle detection can be done in O(\E|2_ﬁ)-time [AYZ 97]



Worst-Case Optimality is Insufficient for Queries with Aggregations

k-walk counting (or any sub-trees in general)

e Q= count[Xl, coey Xgg1 El(Xl,XQ) N oo N E(Xk,Xk+1)]
« Worst-case size bound on |Q| is 1, on the conjunction is |E|[*/2]

+ But, we can answer this in O(k|E|)-time.
Conjunctive query with negation

c Q)+ RX,Y)ASY,Z)ANT(Z,U)ANX £ U
* Worst-case size bound on |Q| is 1, on the conjunction is O(N?)

« But, we can answer this in O(N)-time.



Need Two New Ideas in Our Framework

ldea 1: an abstraction to capture aggregation queries.
* max, min, Z, 4, etc.
|dea 2: a better notion of “optimality”

+ Fine-grained complexity, parameterized complexity.



Idea 1: Sum-Product-Queries Proposed and Studied in Al

Given a semiring (D, @, ®, 0, 1), a Sum-Product-query is

o(Xr) = P Rvs(Xs)

Xvy_p Se€
Example 1: ({true, false}, v, A, false, true) is the Boolean semiring.

Q)= \/ E(4,B)AE(A,C)AE(B,C)
A,B,C

Example 2: (R, +, x,0,1) is the sum-product semiring.

Q(A) = > E(A,B) x E(B,C) x E(C,D) x 1azp
B,C,D



Idea 2: Better Notion of Optimality Fixed Parameter Tractability

O(!DH sup !Q(D’)\>:>O(!D!+ sup .f(Q,D/)HQ(D)I)

D'=s(D) D'[=s(D)

Accompanied by a meta algorithm
Q € { database, CSP, PGM, logic, graph, linear algebra } queries

Tensor Decomposition Intermediate Variable Elimination i
QUE ) - e i 9D«
worst-case optimal Representation instance optimal




Variable Elimination Q =count[A,B,C,D: R(A,B)\NS(B,C)\NT(C,D)]

Overloading notation
R(a,b) := 1gp)er S(b,c) =1 c)es T'(c,d) :== Y(caper

Variable elimination [ZP 94] Works for any semi-ring!

Q) = YD > > R(ab)-S(bc)-T(c,d)
a b @ d
= > > > R(a,b)-S(b,e)- Y Tle,d)=>_> > R(a,b)-S(b,c)- W(c)
a b c d a b c
= > S R(a,b)- > S(b,0) W(e) =Y Ra,b)- V(b)
a b @ a b

Database jargon: (aggregation | projection | predicate) pushdowns



Indicator Projection, and Fractional Hypertree Width [GM 06] [ANR 16]

Q

> R(a,b)S(a, )T (b, c,d,e)W (e, f)V(d, f)

a7b7c7d7e7f

> R(a,b)S(a,0)T(b,c,d,e) Y T (d,€) Wie, f)V(d, f)
!

a,b,c,d,e

O(N3/2), WCOJ

> R(a,b)S(a,c)T(b,c,d,e)Mi(d, e)

a,b,c,d,e

ZR(a,b)S(a,c)Z mpR(b)ms(e) T'(b,c,d,e)M;(d,e)
a,b,c d.e

ZR a,b)S(a,c) M (b, c) = ZR(a, b)S(a,c)Ma(b,c)
a,b,c a,b,c

O(N3/2), WCO)



Variable Elimination, Message Passing, Belief Propagation, Yannakakis

Q= Y R(a,b)S(a,c)T(becde)W(e, fHV(d, f)

a’b’c’d’e’f

Output « QU

* Yannakakis algorithm [Yannakakis 81]

* Belief propagation [Pearl 82]



A Different Variable Elimination Order for the Same Query

Q= Y R(a,b)S(a,c)T(bc.de)W(e, f)V(d, f)

a,b,c,de, f
= Y R(a,b)S(a,0)T(b,c,d,e) D maT(de) We, /)V(d, f)
a,b,c,d,e f

Mi(d,e) in O(N3/2), WCOJ

= Z T(b,c,d,e)M(d,e) Zﬂ'bcT(b, ¢)R(a,b)S(a,c)
b,c,d,e a

2

-~

M (b,c) in O(N3/2), WCO)
= Z My (d,e)T(b,c,d,e)Msy(b,c)

b,c,d,e



Different Variable Elimination Order =- Different Tree Decomposition

Q= Y R(a,b)S(a,c)T(bcde)W(e, f)V(d, f)

a’b’c’d’e’f

AP R CUT
Output - 0

iy @ep



Detour: Tree Decompositions

S() <+ R(a,b,d) Nc <dANT(c,b,d) NU(b,e) NV (c,e)
ANb+e=fAW(be,g)Ng/f=hANX(i,j,h) N\e—b=kF.

Hypergraph H = (V, &)
Tree T = (V(T), E(T))
VS €& eV(T)st. S Cx()
Vo e V,{t|v € x(t)} is a subtree

bag




Dynamic Programming over a Single Tree Decomposition

Multiple Conjunctive Rules

> Qn » Qn(D) > Qe

O(min max  max |Pt(D’)|>
(Tx) D'E=DCteV(T)

A R A Ty OU@D)I+ QD))

Feg WCOJ algo teV (T) Variable Elimination

Pt : Tx(t) = /\ RF
Fe&

Recall the polymatroid bound:

log min max max |P(D')| < min max max h(x(t))
(T,x) D'EDC teV(T) (Tx) teV (T) heT»NDC

Fix (7, x)

~

Q(D)



Realization of Idea 2 Fractional Hypertree Width

0) <|D| + sup f(Q,D')+ |Q(D)|)

D'|=s(D)

Becomes:
~< min max max__h(x(t))
@)

D] + 27 V(D heluibe Ty rQ<D>’>

Corrolaries when the input has only cardinality constraints:

« O(|D| + |Q(D))) if Q is acyclic [Yannakakis 81]
« 0 <|D] + | D@ 4 |Q(D)|> fhtw = fractional hypertree width, [GM 06]
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Multiple Tree Decompositions! Idea from [Marx 13]

D)~ 7 ~
A e DD VA T Cla®l+iem) -

Fe& 297 (T x) teV(T) Variable Elimination

|

Ranges over tree decompositions

Assuming Boolean conjunctive query for now



Example: Q : S() — Ris A R23 N R34 A Rq

(Th23 AN Tiga) V (Th2a A To34) < Ri2 A Rag A R3q A Ryy

By distributivity, rewrite the head:
(Th23 V Th2a) A (Thas V Taza) A (Thza V Ti2a) A (Tiga V To34) < Ria A Raz A Rsa A Ray

(Each “clause” has one bag per TD)



Example: Q : S() — Ris A R23 N R34 A Rq

(Th2s V Thoa) A (Thas V Taza) A (Thza V Ti2a) A (Tiga V To34) < Riz A Raz A Rsa A Ran

Is the same as evaluating 4 disjunctive datalog rules:

Ti23V Ti24 < Ria A\ Rog A R3a N R
Ti93 V To34 < Ria A\ Rog A R3a A R
Ti34 V Th24 < Ri2 A\ Rog A R3a N R
Ti34 V To34 < R1a A Rog3 A R3a N R



Semantics of a Disjunctive Datalog Query

P Tho3 V T124 < Ri2 AN Ro3 A R3g A Ryq

The model contains two tables T'93( A1, A2, A3) and T124( A1, Ag, Ay), such that:

* if Riz(a1,a2), Raz(az,a3), Ras(as,as), and Ry (a4, aq)

* then Tigs(a1, az, az) OR Ti24(aq, az, as).
Output size

* Write T |= P if T is a model T = (T123, T124)-
+ Define |T| = max{|T123|, |T124|}



Multiple Tree Decompositions

Multiple Disjunctive Datalog Rules!

44444444444444444444 » Qp ey QD) ey Qg e
DRk, mgx [ Pa(D)] O(QuD) +1QD)) -
/\ Br AV Ts L QD)
Fe€ how? BeB BeB Variable elimination
def .
Pg : \/ Tp < /\ Rp |Pg| = min max|Tp]
BEB FES T:Tl:PB BGB

Each B € B is a collection of bags, one per TD.



New Problem: Polymatroid Bound for Disjunctive Datalog

Pg: \/ Te« A\ Rr whatis max |Pz(D’)|?
A L D’Es(D)

Theorem (ANS 17)
Define DC™ {n | h(Y|X)<logN V(X.Y,N) € s(D)}, then

log sup |Pg(D')| < max minh(B) Entropic Bound
D/|=s(D) heT, NDC BEB

< max min h(B) Polymatroid Bound
hel',NDC BeB

Generalize the entropy argument for conjunctive datalog (fun exercise!)



4-Cycle Example

def 0
P \/ Tp + /\ Rr |P(D)| = T{Iﬁgprgggﬁm
BeB Freg

DC: |Ri2] <N, |Ra3| <N, |Rssl <N, |Ru|<N.

Pioszoza: TizsV Toza < Ria A Ros ARza ARy B = {123,234}

sup IOg |P123,234(D/)| <  max min{h(AlAgAg), h(A2A3A4)}
D’=DC hel’,,NDC

1
S herlz‘lfr%(DC 5 [h(AlAgAg) + h(A2A3A4)]

1

- h(AzA
pex 2[h(AlAz) + h(A243) + h(A344)]
< glog N.

(Shannon-inequality) <



Realization of Idea 2

O<|D|+ sup f(Q7D/)+|Q(D)|)

D'}=s(D)

Becomes:
_ max max minh(B)
10 |D| + 9BeB hel'n,NDC BeB 4 |Q(D)|

Another problem: WCO]J for disjunctive datalog!



Another Problem : WCO]J for Disjunctive Datalog

Pg: \/ Ts+ /\ Rr  compute a model in worst-case optimal time
BeB Fe€

Theorem (ANS 17)
Given a collection s(D) of degree constraints, and a disjunctive datalog program Pg,
PANDA computes a model of Pg in time

max__min h(B)
|D| + 2hel'nNDC BeB




Realization of Idea 2 Submodular Width

O (\D| + sup f(Q,D')+ |Q(D)|>

D'|=s(D)
Becomes:

~ max max minh(B)
O | |D| + 2B€B hel'nnDC Beb +|Q(D)|

Corrolaries when the input has only cardinality constraints:

. O(| D|+| D‘subw(Q)—HQ(D)D subw = submodular-width, [Marx 13]

1

+ Detecting k-cycle can be done in O(NQ_ %/2T)-time [AYZ 97]
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Appendix: PANDA Algorithm
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Appendix: PANDA Algorithm

Shannon-Flow Inequalities



The Polymatroid Bound and Its Dual max {h(V) | h € ", " DC}

More explicitly,

max h(V) dual vars
s.t. h(Y) — h(X) <logN, (X,Y,N) e DC Oy |x
h(IUJ|J)—h(I|INJ) <0, I1LJj o1,
h(X)—h(Y) <0, P£XCYCV My |x

hZ) >0, 0£ZCV.

I 1l JmeansI ¢ Jand J & I.

Logic, ALGEBRA, & CATEGORY THEORY 2025



The Polymatroid Bound and Its Dual max {h(V) | h € T',, N DC}

min Z log N - 0y x
(X,Y,N)eDC
s.t. excess(V) > 1,
excess(Z) > 0, 0£ZCV.
(0,0,u) > 0.

where, for any () # Z € 2V, the quantity excess(Z) is defined by

excess(Z) = Z 0z1x — Z Oy|z + Z or,J

X:(X,Z)eDC Y:(Z,Y)eDC ILJ
INT=2
+ E or,J — g 0z,J — E wx,z + g nzy -
ILJ JJLZ X:XCZ Y:ZCY
10T=2
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Contributions of coefficients to excess(2)

A AY +or,5
J
InJ=rvJ =2 Z XczZcCcyYy
J/
+5Z|X +0’]'7J/
Il
X rnJg

Logic, ALGEBRA, & CATEGORY THEORY 2025

—0y|z

—HX,Z

ZUJ

—0zJ J

zZnJ



Shannon-Flow Inequalities [ANS 17]

Definition
Given § > 0, the following is a Shannon-flow inequality if it holds for all h € T',;:

V)< > byix - (MY) = k(X))
(X,Y,N)eDC

+ ¢ defines a Shannon-flow inequality iff 3(o, p) s.t. (4, o, ) is dual-feasible.

« If DC contains only cardinality constraints (X = 0,Y, N), then 4 defines a
Shannon-flow inequality iff it is a fractional edge cover of the query
hypergraph. Shearer's Lemmal
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Example: Shannon-Flow Inequality for Triangle Query

h(A,B,C) < = (h(A, B) + h(B,C) + h(A,C))

E
A step-by-step proof: [Radhakrishnan 2003]
h(A,B) + h(A,C) + h(B,C)

h(A) + h(B|A) + h(B,C) + h(A,C)

(h(A|B,C) + h(B,C)) + (h(B|A) + h(4, C))

(decomposition
(sub-modularity

) =
) =
(composition)
) =
) =

=nh(A,B,C) + (h(B|A) + h(A,C))
(sub-modularity) > h(A, B,C) + (h(B|A,C) + h(A,C))
(composition) = h(A, B,C) + h(A, B, C)
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Example: Another Shannon-Flow Inequality
h(ABCD) < [lz(4B)+h(B(')+h((* ) + h(D|AC) + h(A|BD)],

h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)

(decomposition) = h(AB) + h(B) + h(C|B) + h(CD) + h(D|AC) + h(A|BD)
(sub-modularity) > h(AB) + h(B) + h(C|B) + h(CD|B) + h(D|AC) + h(A|BD)
(composition) = h(AB) + h(C|B) + h(BCD) + h(D|AC) + h(A|BD)
(sub-modularity) > h(AB) + h(C|B) + h(BCD) + h(D|AC) 4+ h(A|BCD)
(composition) = h(AB) + h(C|B) + h(D|AC) + h(ABCD)
(sub-modularity) > h(AB) + h(C|AB) + h(D|AC) + h(ABCD)
(composition) = h(ABC) + h(D|AC) + h(ABCD)
(sub-modularity) > h(ABC) + h(D|ABC) + h(ABCD)
(composition) = h(ABCD) + h(ABCD).
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Shannon-flow Inequalities - Summary [ANS 17]

From LP-duality, there exists § > 0 s.t.

polymatroid-bound := max{h(V) | h e CNT,} = Z dy|x log N,
(X,Y,N)eDC

and for these §, from Farkas's lemma we have

V)< > byix-MY|X), VhET,
(X,Y,N)eDC

Logic, ALGEBRA, & CATEGORY THEORY 2025



Proof Sequence for a Shannon-Flow Inequality

h(V) < Z dy|x - h(Y]X)
(X,Y,N)eDC

A proof sequence is a conversion from RHS to LHS using a sequence of steps of

the form
(In)equality Steps (X CY)
h(X)+ h(Y|X) = h(Y) h(X)+ h(Y|X) = h(Y)
h(Y) = h(X) + h(Y]X) h(Y) = h(X) + h(Y]X)
h(Y) = h(X) hY) = h(X)
R(Y|X) > h(Y U Z|X U Z) hY|X) = h(Y UZ|XUZ)
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Existence of Proof Sequence

Lemma (ANS 2017)
There is a proof sequence for every Shannon-flow inequality. (The length is at most

doubly exponential in |V'|).

The Shannon-flow inequality is a linear combination of dual constraints; the proof
sequence is more stringent than that.
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Outline

Appendix: PANDA Algorithm

IAAT Algorithm



One Inequality At A Time (IAAT)

There is an algorithm (called PANDA) that converts a proof sequence — an

efficient algorithm to answer the original query
Steps (X CY)
h(X)+ h(Y|X) — h(Y)
hY) = h(X) + h(Y|X)
h(Y) = h(X)
hY|X) = h(YUZIXUZ)

Theorem

PANDA solves any conjunctive query Q in time O(N + poly(log N - 2polymatroid bound

Relational Operator

(data partition

(projection

J
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Example: PANDA for Triangle Query

Q(A,B,C) «+ R(A,B),S(B,C),T(A,C)
R"™(A, B) = {(a,b) : |oa—aR| > VN}
R'&"(A, B) = {(a,b) : |0a=aR| < VN}
Algorithm is in the pudding!
h(A, B) + h(A,C) + h(B,

C) R(A,B),5(B,C),T(A,C)
= h(A) + h(BJA) + h(B,C) + h(A,C

)

) R"Y(4,B),R"*"(4,B),5(B,C),T(4,C)
) Rheavy(A,B>,R”ght(A,B),S(
)
)
)

> (h(A|B,C) 4+ h(B,C)) + (h(B|A) + h(A, C) ,C),T(A,0)
= h(A,B,C) + (h(B|A) + h(A,C)) I'*Y(A,B,C),R"&" (A, B),T(A,C)
> h(A,B,C) + (h(B|A,C) + h(A,C)) I'*¥(A,B,C),R"" (A, B),T(A,QC)

=h(A,B,C) +h(A,B,C) I"*%(A,B,C),I"¢"(A, B,C).
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Example: PANDA for Triangle Query

The real query plan:

R(A,B)AS(B,C) AT(A,C)

— (RMY (A4, B) v R"8"(A B)) A S(B,C) AT(A,C)

= (R"*™W(A,B) A S(B,C)AT(A,C)) V (R"&*(A, B) A S(B,C) ANT(A,C))
= (R"*W(A,B) A S(B,C) AT(A,C)) V (R"8(A, B) A S(B,C) AT(A,C))
= I"(A B,C) AT(A,C) v I8 (A, B,C) A S(B,C).

« Note that [I"®%(A, B,C)| < N%/2 and |I"8"(A, B, C)| < N3/2,

« Overall runtime is O(N®/?).
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Example: PANDA for a More Interesting Example [ANS 17]

Q(A,B,C,D) < R(A,B)ANS(B,C)NT(C,D)ANhash(A,C) = DAhash(B,D) = A
From the Shannon-flow inequality:

h(ABCD) < =[h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)],

N~

we know "
log, |Q| < 5[1032 |R| + logy |S| + logy |T'| + 0 + 0]

or

QI < VIRI[S||T]
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Example: Another Shannon-Flow Inequality
h(ABCD) < [lz(4B)+h(B(')+h((* ) + h(D|AC) + h(A|BD)],

h(AB) + h(BC) + h(CD) + h(D|AC) + h(A|BD)

(decomposition) = h(AB) + h(B) + h(C|B) + h(CD) + h(D|AC) + h(A|BD)
(sub-modularity) > h(AB) + h(B) + h(C|B) + h(CD|B) + h(D|AC) + h(A|BD)
(composition) = h(AB) + h(C|B) + h(BCD) + h(D|AC) + h(A|BD)
(sub-modularity) > h(AB) + h(C|B) + h(BCD) + h(D|AC) 4+ h(A|BCD)
(composition) = h(AB) + h(C|B) + h(D|AC) + h(ABCD)
(sub-modularity) > h(AB) + h(C|AB) + h(D|AC) + h(ABCD)
(composition) = h(ABC) + h(D|AC) + h(ABCD)
(sub-modularity) > h(ABC) + h(D|ABC) + h(ABCD)
(composition) = h(ABCD) + h(ABCD).
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Example : PANDA for a More Interesting Example

R(A,B) AS(B,C) AT(C,D) Ahash(A,C) = D Ahash(B,D) = A
= R(A, B) A S"(B,C) AT(C, D) Ahash(A,C) = D Ahash(B,D) = A
V R(A, B) A S"8"(B,C) A T(C, D) A hash(A4,C) = D Ahash(B,D) = A
= R(A, B) A §'Y(B,C) AT(C, D) Ahash(A,C) = D Ahash(B,D) = A
V R(A, B) A S"8"(B,C) AT(C, D) Ahash(A,C) = D Ahash(B,D) = A
= R(A, B) A 1™ (B,C, D) Ahash(A,C) = D Ahash(B,D) = A

v I'"&" (A B, C) AT(C, D) Ahash(A,C) = D Ahash(B,D) = A

= R(A, B) A "% (B, C, D) A hash(4,C) = D Ahash(B,D) = A

v 18" (A B,C) AT(C, D) Ahash(A,C) = D Ahash(B,D) = A

= R(A,B) A J"*(A, B,C, D) Ahash(A,C) = D

v J'e" (A B C, D) AT(C,D) Ahash(B, D) = A.
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Example : PANDA for a More Interesting Example

Main question

How to define $"¢®¥ and $"&" so that runtime is O (2" (4.5:C:D))

Sheavy(B’C) _ {(b, C) . |0'C:(;S| > 2h*(B,C)—h*(C)}
S“ght(B,C) _ {(b, C) : ‘UC:cS’ < 2h*(B,C)—h*(C)}

Assuming h™ and (6", 0", u*) are primal-dual optimal: (65 pg > 0and 6%y > 0)

IS8 (B, ) A T(C, D)| < 2" (BO)=h(C)  gh*(C.D) _ 9h*(B,CD) < gh*(4,B,C,D)
|Sheavy(B’ C) A R(A, B)‘ < 2h*(C) . 2h*(A,B) _ 2h*(A,B,C) < Qh*(A,B,C,D)'

= holds because SFI holds with = for h*.
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The Actual PANDA Algorithm (Needs Another Talk)

More complicated because:

+ Couldn't prove that every heavy / light copy reaches h(V') eventually.
+ Couldn't prove that in the proof sequence we won't ever compose terms
which were decomposed in an earlier step

Main ideas to push through:

+ A decomposition h(A, B) — h(A) + h(B|A) corresponds to partitioning R into
logarithmically many “uniform” parts.

+ Essentially, each each part, both the heavy condition and the light condition
are satisfied.

* Induct on logarithmically many subproblems, including constructing a new
proof sequence for each of them
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The Actual PANDA Algorithm

PANDA runs in Time

O(N + poly(log N) - gpoymatreid bound for @) _ (' 4 poly(log N) - _sup _|Q(D')])
D'|=s(D)
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Appendix: PANDA Algorithm

PANDA for Disjunctive Datalog



Evaluating a Disjunctive Datalog Program within max minh(B)
hel'yN"HDC BeB

There exists non-negative A = (Ag)pep, With ||[A|l1 = 1, s.t.

max min h(B) = max A h(B
hel',,NHDC BeB (B) heT'nNHDC £ Z b
Shannon-flow inequality: There exists § > 0 s.t. (Farkas's lemma)
max __min h(B)
9hel'»NHDC BeB — H NOvIx

(X,Y,N)es(D)

Z AB-h(B) < Z dy|x - h(Y]X), Vh € I'y
BeB (X,Y,N)es(D)
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Proof sequence

. . def
Shannon-flow inequality: A(Y|X) S h(Y)-h(X),XCY
D Ap-h(B)< > byix - h(Y|X)

BeB (X,Y,N)
Proof sequence, convert RHS to LHS using following steps
(In)equality Steps (X C Y)
h(X)+ h(Y|X) = h(Y) h(X)+ h(Y|X) = h(Y)
h(Y) = h(X) + h(Y|X) h(Y) = h(X) + h(Y|X)
h(Y) > h(X) h(Y) = h(X)
R(Y|X) > h(Y U Z|X U Z) R(Y|X) = h(Y U Z|X U Z)

Theorem
There is a proof sequence for every Shannon-flow inequality.
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Example: P: T123 V T234 — R12 A\ R23 N R34 N R41.

|Ri2|, |Resl, |R3al,|Ra1] < N = |P| < N3/2

log |P| < min(h(A1A42A43), h(A2A3A4)) (polymatroid bound)
= %(h(A1A2A3) + h(A2A3A4)) (linearize)
S %(h(AlAﬂ + h(A243) 4+ h(A3A4)) (Shannon-flow)
< g log N (Cardinality constraints)
Proof sequence Proof Step
h(A1A2) + h(A2A3) + h(A3As) (h(A3A4) — h(A4]A3) + h(A3))

h(A1Ag) + h(AzA3) + h(A4|As3) + h(As) (h(A4|A3) — h(A4|A2A3))
h(A1Az) + h(A2As) + h(As| A2 As) + h(As) (h(A2A3) + h(As|A2Az) — h(A2A3A4))
h(A1A3) + h(A3A3As) + h(As) (h(A1A2) — h(A1As|A3))
h(A1Ag|A3) + h(Az A3 Ay) + h(As) (h(A1A2|A3) + h(A3) — h(A14243))
h(A1A2A3) 4+ h(A2A3Ag)



Example: P: T123 V T234 — ng A\ R23 N R34 N R41.

|Ria|, | Ros|, |Raal, |Ru| < N = |P| < N3/2

h(A3A4) — h(A4|As) + h(A3)
h(A4|A3) — h(A4|A2A3)

h(A2A3) + h(A4|A2Az) — h(A2A3Ay)
h(A1Asz) = h(A;Az|A3)

h(A1A2|A3) —+ h(Ag) — h(A1A2A3)

Rsa(As, As) — RSJ (A3, Aq), RV (45)
Ré?(A3’A4) v R:(Q(A:a, Ayg)

Ro3(Az, A3) X Réi)(A_g,A,Q s Thza(As, As, Ad)
Ri2(A1,A2) = Ri2(A1, A2)

Ri2(A1,A2) X Rgh)(A:a) — Th23(A1, A2, A3z)
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