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Introduction
• Inductive theorem proving for equational programs has two problems: 
• Expressiveness. Types and subtypes, conditional equations, and rewriting 

modulo associativity and/or commutativity and/or identity axioms. 
• Scalability. The theorem prover should scale up to large proofs. Tactics, 

auxiliary lemmas, automatic reasoning.
• Maude has been endowed with new symbolic equational reasoning 

techniques during the last 15 years that tackle expressiveness but also 
scalability. 
• Equality predicates, order-sorted conditional narrowing, variant narrowing, 

variant unification, variant satisfiability, and order-sorted congruence 
closure. 

• NuITP is a next-generation inductive theorem prover based on inductive order-
sorted first-order logic. Theoretical foundations in [Meseguer-JLAMP2025].



Features

• Equational Theories in Maude Ω, 𝐵Ω, ∅ ⊆ (Σ1, 𝐵1, 𝐸1) ⊆ (Σ, 𝐵, 𝐸)
• B any combination of associativity (A), commutativity (C) and identity (U)
• E a set of convergent conditional equations
• Constructor subtheory Ω, 𝐵Ω, ∅ and Finite Variant subtheory Σ1, 𝐵1, 𝐸1
• Formulas

• Reduction path ordering (RPO) given by user via annotations
• Generator sets over constructors
• Proof tactics given by user
• Internalization of previously proved auxiliary lemmas
• Automatic Equality Predicate Simplification
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(⌦,⌫⌦, ;) is the constructor subtheory and (⌃1,⌫1, ⇢1) is a con-
vergent modulo ⌫1 subtheory whose equations are unconditional
and have the Finite Variant Property (FVP) [12, 16]. These two
subtheories are, respectively, speci�ed by means of Maude’s ctor
declarations and variant equation attributes (see example in §2.4).
(⌃,⌫, ⇢) is assumed su�ciently complete with respect to the con-
structor subsignature ⌦ and constructors are assumed free modulo
⌫⌦ . The equations in ⇢ \⇢1 can be conditional, but their conditions
should not have any extra variables in either their righthand side
or condition. No Maude built-in features such as the == equality
predicate or the owise attribute are allowed (please, see [8] for
details).

The formulas allowed in NuITP goals are called multiclauses,
which are formulas of the form:
(F1 = F 0

1 ^ . . . ^F= = F 0
=) !

(D11 = E11_ . . ._D1<1 = E1<1 )^ . . .^ (D:1 = E:1 _ . . ._D:<:
= E:<:

)
that condense into a single formula : clauses having the same
condition.

2.1 RPO termination order
The equations ⇢ of an input module fmod (⌃, ⇢ [ ⌫) endfm are
assumed ground convergent and therefore terminating modulo ⌫.
In the process of developing an inductive proof of some property
about such a module, new induction hypotheses � are often added
to the module. By making explicit a suitable reduction path or-
der (RPO) � [1] under which the module’s original equations ⇢
are terminating (modulo the axioms ⌫), NuITP can use this RPO
order to automatically identify and orient a subset of executable
hypotheses Æ�exec that are also RPO-terminating under the same
order. Furthermore, by making � a total order on function sym-
bols, two ground terms that are di�erent modulo ⌫ can always be
compared under the � order [43], which is very useful for some
of NuITP’s inference rules. NuITP requires the user to specify an
RPO order by de�ning a total order on the function symbols of
the input module by means of a tagging of each of its operators
with a natural number using the metadata attribute of Maude (see
example in §2.4), so that, say, operator 5 is bigger than operator
6 i� 5 ’s number is bigger than 6’s number. NuITP can then check
the theory’s RPO-termination modulo its axioms for the speci�ed
order using its check rpo command.

2.2 The inductive inference system behind
NuITP

NuITP is based on the inductive inference system developed in [40].
The inference rules of this system transform inductive goals of
the form [- , E,� ] � � ! ⇤ into sets of goals of the same form,
where [- , E,� ] is an inductive theory with E = (⌃, ⇢[⌫) a ground
convergent and su�ciently complete equational theory (the pro-
gram to verify), � the current induction hypotheses, and - a set
of Skolem constants used in � and � ! ⇤; and where � ! ⇤
is a ⌃(- )-multiclause, with ⌃(- ) =def ⌃ ] - . An initial goal is
represented as [;, E, ;] � � ! ⇤, with � ! ⇤ a ⌃-multiclause.

A proof tree is a tree of goals, with the initial goal that we want
to prove at the root of the tree, and where the children of each node
in the tree have been obtained by applying an inference rule in the

usual bottom-up proof search fashion. Goals in the leaves are called
the pending goals. A proof tree is closed if it has no pending goals, i.e.,
if all its leaves are marked with >. The soundness of the inference
system, proved in [40], means that if the goal [- , E,� ] � q is
the root of a closed proof tree, then q is valid in the inductive
theory [- , E,� ]. To increase its e�ectiveness, the inference system
maintains the invariant that the induction hypotheses � in all
inductive theories will always be in simpli�ed form.

The tool provides basic functionality for managing the proof
tree, including commands to show speci�c goals, the open goals,
etc., to apply the inference rules, and for undoing part of the proof.
The tool can also generate �les including the log of the proof or the
state of the prover, which can then be re-entered to redo the proof
or to recover the state, respectively. The tool can also generate
LATEX and HTML �les documenting the state of the prover. As
part of this documentation proof trees are generated, which are
helpful to get a better idea of our proofs. See, e.g., Figures 1-2 as
examples of the generated tree representations. The documentation
generated by the tool for the running example can be found at
https://nuitp.webs.upv.es.

2.3 Generator sets
With the generator set induction inference rule (§3.4), we can in-
duct on a variable of sort B using not only the constructors of sort B
(the so-called structural induction), but also any set of constructor
terms generating B . For ⌦ an order-sorted signature of constructors
satisfying axioms ⌫, decomposable as ⌫ = ⌫0 ]* for * the iden-
tity axioms, a ⌫0-generator set for sort B is a �nite set of ⌦-terms
{D1, . . . ,D: } of sort B or less such that for any ground ⌦-term E of
sort B there is an 8 , 1  8  : , and a ground substitution d such the
E =⌫0 D8d .

For example, structural induction on the Peano natural numbers
is achieved by the generator set {0, B (# )} for sort Nat, but the
alternative generator set {0, B (0), B (B (# ))} may be better suited for
verifying some functions. This generator set is speci�ed as “0 ;; s(0)
;; s(s(N:Nat))”.

Generator sets are very useful for constructors that satisfy struc-
tural axioms such as associativity or associativity-commutativity.
For example, assume an equational theory E de�ning multisets
(bags) with sorts Elt < NeMSet < MSet such that the construc-
tor for NeMSet, of non-empty multisets, is the union operator
_[_ : NeMSet NeMSet ! NeMSet, and the constructor for MSet is
the constant empty, with _[_ declared associative, commutative
and with unit element empty. There is also a (non-constructor) over-
loaded operator _[_ : MSet MSet ! MSet with the same attributes.
The generator set empty ;; X:Nat ;; S1:NeMSet U S2:NeMSet sup-
ports structural induction; but empty ;; X:Nat ;; X:Nat U S:NeMSet
is a generator set for sortMSet better suited for many functions.

Onemay use several generator sets for the same sort B , depending
on the various functions that one wishes to reason inductively
about. In NuITP, several generator sets can be de�ned for each
sort, and the user can choose the one best suited for each inference
step. A simple method to check the correctness of generator sets is
explained in [40, §2.9]. The �rst set given for each type is considered
as its default one. Although commands allow the explicit use of any
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order modulo axioms that is total on function symbols by ordering the signature of the input theory
by means of a tagging of each of its operators with a natural number using the metadata attribute
of Maude (see examples in Section 4.5.2 of [2]), so that, say, operator f is bigger than operator g i!
f ’s number is bigger than g’s number. This should be done so that all subsort-oveloaded version of
each operators are annotated with the same number, and di!erent operator symbols are annotated
with di!erent numbers. The way to do this is illustrated in the following example.

Consider the following equational theory in which no RPO order has been specified:

fmod PEANO+ADD-NO-ORDER is
sorts Nat NzNat .
subsorts NzNat < Nat .

op 0 : -> Nat [ ctor ] .
op s_ : Nat -> NzNat [ ctor ] .

op _+_ : Nat Nat -> Nat [ assoc comm ] .
eq N:Nat + 0 = N:Nat .
eq N:Nat + s M:Nat = s(N:Nat + M:Nat) .

endfm

where 0 and s_ are constructor symbols and _+_ is a defined function symbol (defined by recursive
equations). Then, a suitable RPO order for this theory making it terminating is 0 → s_ → _+_.
Thus, to declare this RPO order, starting by the smaller symbol in this order, operators must be
tagged as follows:

fmod PEANO+ADD-WITH-ORDER is
sorts Nat NzNat .
subsorts NzNat < Nat .

op 0 : -> Nat [ ctor metadata "1" ] .
op s_ : Nat -> NzNat [ ctor metadata "2" ] .

op _+_ : Nat Nat -> Nat [ assoc comm metadata "3" ] .
eq N:Nat + 0 = N:Nat .
eq N:Nat + s M:Nat = s(N:Nat + M:Nat) .

endfm

Since we want to specify an RPO order to ensure termination of the equations defining the
module’s functions, any constructor symbol should be annotated with a smaller number than that
of any defined symbol. Furthermore, to ensure that the RPO order is total on B-equivalence classes
of ground terms (which is needed for some NuITP commands), it should never be the case that
two syntactically di!erent (not subsort-overloaded) operators are specified with the same metadata
number declaring their RPO priority. Finally, in the above example we have used 1 as the starting
index, but there is actually no restriction on the choice of the smallest value, provided that it is a
natural number and that the intended order between symbols is preserved.

1.4 Running NuITP

NuITP runs with the latest version of the Maude System (version 3.4),4 which can be downloaded
from the Maude’s website at http://maude.cs.illinois.edu.

The current version of NuITP is distributed as a Maude file, named NuITP.maude. To run the
tool simply load the NuITP.maude file by providing it as an argument when starting the Maude
System or by loading it manually by means of Maude’s load command. Once loaded, the tool
will automatically start. To be able to read from and write into files, Maude requires to be run
with the allow-files or trust flags on (see the Maude manual [2, Chapter 9]). After loading the
NuITP.maude file you should see the tool’s prompt:

4Note that NuITP makes use of some functions declared in the file.maude, so you need to have the MAUDE LIB

environment variable declared and pointing to the folder where that file, together with the prelude and the rest
of the default Maude System files, are located. Alternatively, you can have these files where the Maude binary is
located, or load it manually like any other Maude file.

7
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Peano: associativity of addition

for Maude Equational Theories
===================================

Copyright 2021-2023
Universitat Politècnica de València

NuITP>

Then, we set the module as the current active one.

NuITP> set module PEANO+R .

Module PEANO+R is now active.

Then, we set the goal corresponding to the associativity of the _+_ operator.

NuITP> set goal X:Nat + (Y:Nat + Z:Nat) = (X:Nat + Y:Nat) + Z:Nat .

Initial goal set.

Goal Id: 0
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

($1:Nat + ($2:Nat + $3:Nat)) = (($1:Nat + $2:Nat) + $3:Nat)

One first observation on the set goal command is that variables are internally renamed.
Commands acting on specific variables must refer to them using their new names.

Once the top goal has been set, with identifier 0, we can start our proof. In this case, the thing
to do is to apply generator-set induction (GSI) on one of the variables. For example, we can apply
it on the variable $3:Nat, using the generator set given by (i) 0 and (ii) s N for N a natural value.
Note that the generator terms in such a set are separated by ;;. Note also that the generator set
0 ;; s(K:Nat) corresponds to the standard induction on the natural numbers.7

NuITP> apply gsi to 0 on $3 with 0 ;; s(K:Nat) .

Generator Set Induction (GSI) applied to goal 0.

Goal Id: 0.1
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

($1:Nat + ($2:Nat + 0)) = (($1:Nat + $2:Nat) + 0)

Goal Id: 0.2
Skolem Ops:

$4.Nat
Executable Hypotheses:

(($1:Nat + $2:Nat) + $4) => ($1:Nat +($2:Nat + $4))
Non-Executable Hypotheses:

None
Goal:

($1:Nat + ($2:Nat + s $4)) = (($1:Nat + $2:Nat) + s $4)

7Generator sets do not need to be explicitly given in every command requiring one. See Section 2.2 for information
on how to define and use generator sets for the di!erent sorts in your specifications.
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Peano: commutativity of addition, a new proof
NuITP> apply gsi! to 0 on $3 with 0 ;; s(K:Nat) .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.

Goals 0.1.1 and 0.2.1 have been proved.

qed

Notice that the message indicates that goals 0.1.1 and 0.2.1 have been proved. The applica-
tion of the GSI rule generates goals 0.1 and 0.2. Then, their simplification using EPS produces
these other goals which get proven. We can see all the goals internally generated by using the
show goals . command.

1.7 Proving commutativity of addition

In this section, we present a proof of the commutativity of addition as defined in the PEANO+R
module. We can begin by setting the module as the active one, and then setting the goal to prove.

NuITP> set module PEANO+R .

Module PEANO+R is now active.

NuITP> set goal (X:Nat + Y:Nat = Y:Nat + X:Nat) .

Initial goal set.

Goal Id: 0
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

($1:Nat + $2:Nat) =($2:Nat + $1:Nat)

Given this goal, we may begin by attempting to apply generator-set induction on one of the
variables, say $1:Nat, using the generator set we have already used in previous proofs.

NuITP> apply gsi! to 0 on $1 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.

Goal Id: 0.1.1
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

$2:Nat =(0 + $2:Nat)

Goal Id: 0.2.1
Skolem Ops:

$3.Nat
Executable Hypotheses:

None
Non-Executable Hypotheses:

($3 + $2:Nat) = ($2:Nat + $3)
Goal:

13
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variables, say $1:Nat, using the generator set we have already used in previous proofs.

NuITP> apply gsi! to 0 on $1 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.

Goal Id: 0.1.1
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

$2:Nat =(0 + $2:Nat)

Goal Id: 0.2.1
Skolem Ops:

$3.Nat
Executable Hypotheses:

None
Non-Executable Hypotheses:

($3 + $2:Nat) = ($2:Nat + $3)
Goal:
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s($2:Nat + $3) = (s $3 + $2:Nat)

In this case, the goals produced by the GSI rule are not proven after their simplification, and
we are left with goals 0.1.1 and 0.2.1. We can try to solve them by using induction again. Let
us begin with Goal 0.1.1.

NuITP> apply gsi! to 0.1.1 on $2 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.1.1.

Goals 0.1.1.1.1 and 0.1.1.2.1 have been proved.

Unproved goals:

Goal Id: 0.2.1
Skolem Ops:

$3.Nat
Executable Hypotheses:

None
Non-Executable Hypotheses:

($3 + $2:Nat) =($2:Nat + $3)
Goal:

s($2:Nat + $3) =(s $3 + $2:Nat)

Total unproved goals: 1

Goal 0.1.1 has been automatically discharged, and we are left with Goal 0.2.1.

NuITP> apply gsi! to 0.2.1 on $2 with 0 ;; s K:Nat .

Generator Set Induction with Equality Predicate Simplification (GSI!)
applied to goal 0.2.1.

Goals 0.2.1.1.1 and 0.2.1.2.1 have been proved.

qed

An interesting thing about this proof is that the goals are discharged thanks to the application
of non-executable hypotheses handled by a form of ordered rewriting that orients them using the
given RPO (see [7]). Again, we can ask the tool to print all internal goals with the show goals .
or show goal <goal-id> . commands.

1.8 Proving program equivalence

Using NuITP, we can prove that the PEARNO+R module presented in Section 1.5 and the module
PEANO+L below are equivalent, that is, that they compute the same addition function. We can do
so by proving in PEARNO+R the axioms in PEANO+L and vice versa.8

set include BOOL off .

fmod PEANO+L is
sorts Nat NzNat .
subsorts NzNat < Nat .

op 0 : -> Nat [ ctor metadata "1" ] .
op s_ : Nat -> NzNat [ ctor metadata "2" ] .

op _+_ : Nat Nat -> Nat [ metadata "3" ] .

8For a general notion of equivalence between equational programs and a justification of the proof method see:
J. Meseguer, Lecture 14, Lectures Notes for CS 476, Fall 2022, University of Illinois at Urbana-Champaign, available
at https://courses.grainger.illinois.edu/CS476/fa2022/#lecture-14-11th-oct.
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Lists: associativity of concatenation

(0 = $2:Nat) /\ s($2:Nat) = $1:Nat * $1:Nat
-> ($1:Nat = $1:Nat * $1:Nat) /\ s($2:Nat + $1:Nat) = $1:Nat + $1:Nat * $1:Nat

The execution of this command ends with the generation of a new goal, result of the simplifi-
cation of the previous one.

Note that, just by equality predicate simplification, the prover was able to find out that, for the
equality in the condition to be true, the variable Y:Nat ($2:Nat) must be equal to 0 (0 = $2:Nat).
The rule has simplified a complex clause that used multiplication, addition, power, and ordered
and unordered pairs into a much simpler multiclause that only uses addition and multiplication
operations.

4.2 Associativity of list concatenation

Consider the following module that specifies the natural numbers in Peano notation, a constructor
symbol _;_ that builds lists of numbers (with nil representing the empty list), and a symbol _@_
for list concatenation.

fmod LIST-APPEND is
sorts Nat List .

op 0 : -> Nat [ ctor metadata "1" ] .
op s : Nat -> Nat [ ctor metadata "2" ] .

op nil : -> List [ ctor metadata "3" ] .
op _;_ : Nat List -> List [ ctor metadata "4" ] .

op _@_ : List List -> List [ metadata "5" ] .
eq nil @ L:List = L:List .
eq (N:Nat ; L:List) @ Q:List = N:Nat ; (L:List @ Q:List) .

endfm

As usual, first we set our module as the active module:

NuITP> set module LIST-APPEND .

We want to prove that list concatenation is associative, that is, that the _@_ operator is asso-
ciative. We first set the following goal as the initial goal:

NuITP> set goal (L:List @ P:List) @ Q:List = L:List @ (P:List @ Q:List) .

Initial goal set.

Goal Id: 0
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

($1:List @ ($2:List @ $3:List)) = (($1:List @ $2:List) @ $3:List)

For the application of the GSI rule, we need to decide on which variable of the initial goal’a
clause we are going to apply the GSI induction principle. Let us apply it on variable L:List.
We also need to think about a suitable generator set for that variable, which is of the List sort.
For this example, we can use nil ;; (m:Nat ; R:List) as our generator set, since any ground
constructor term instantiating L:List must be either the empty list or a list consisting of a natural
number as the head and another list as the tail. Note that the di!erent alternatives in our generator
set are separated by using a double semicolon.

We are now ready to apply the GSI rule as follows:
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endfm
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Goal:
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For the application of the GSI rule, we need to decide on which variable of the initial goal’a
clause we are going to apply the GSI induction principle. Let us apply it on variable L:List.
We also need to think about a suitable generator set for that variable, which is of the List sort.
For this example, we can use nil ;; (m:Nat ; R:List) as our generator set, since any ground
constructor term instantiating L:List must be either the empty list or a list consisting of a natural
number as the head and another list as the tail. Note that the di!erent alternatives in our generator
set are separated by using a double semicolon.

We are now ready to apply the GSI rule as follows:
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By displaying the qed acronym (quod erat demonstrandum) the prover indicates that the proof
has been completed, since both subgoals have been proved and no more goals remain unproved.

Note that, instead of applying the GSI rule and then the EPS one to each subgoal after setting
our initial goal, we could have applied the GSI! rule, which automatically simplifies the resulting
goals by using the EPS rule:

NuITP> apply gsi! to 0 on $1 with nil ;; (m:Nat ; R:List) .

Generator Set Induction with Equality Predicate Simplification (GSI!) applied to
goal 0.

Goals 0.1.1 and 0.2.1 have been proved.

qed

As we have shown, the GSI rule is a powerful induction rule that can help prove certain goals
easily. However, its correctness heavily relies on the correctness of the provided generator set,
meaning that a faulty or incomplete one that does not cover all possible values for our chosen
variable will result in a faulty or incomplete proof.

4.3 Reversing (non-empty) lists

In this example, we will show how to combine rules EPS and GSI with the narrowing induction
rule NI.

Consider the following equational theory encoding an associative constructor symbol __ for
non-empty lists of elements, and a predicate rev that reverses such lists.

fmod REVERSING-LISTS is
sorts Elt List .
subsort Elt < List .

op __ : List List -> List [ ctor assoc metadata "1" ] .

op rev : List -> List [ metadata "2" ] .
eq rev(X:Elt) = X:Elt .
eq rev(X:Elt L:List) = rev(L:List) X:Elt .

endfm

We begin by setting our functional module as the active module:

NuITP> set module REVERSING-LISTS .

We want to prove that the reverse of a list of the form Q:List Y:Elt is equal to the element
Y:Elt concatenated with the reverse of the list Q:List. For that we set our goal as follows:

NuITP> set goal rev(Q:List Y:Elt) = Y:Elt rev(Q:List) .

Initial goal set.

Goal Id: 0
Skolem Ops:

None
Executable Hypotheses:

None
Non-Executable Hypotheses:

None
Goal:

rev($1:List $2:Elt) = $2:Elt rev($1:List)

We could try using the GSI rule, but instead we use narrowing induction by applying the NI

rule on the subterm rev($1:List $2:Elt) of the clause:
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By displaying the qed acronym (quod erat demonstrandum) the prover indicates that the proof
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Gilbreath’s card trick (1/5)

• Norman L. Gilbreath’s principle
• Given an initial deck of cards with some adequate properties, after a 

random shuffle the resulting deck will preserve some of those properties. 
• In the Gilbreath’s card trick, given an initial deck of cards with alternating 

colors (e.g., red and black), after shuffling it once, if we deal the resulting 
deck in pairs, each pair will always contain one card of each color.

F. Durán, S. Escobar, J. Meseguer, J. Sapiña: 
NuITP: An Inductive Theorem Prover for Equational 
Program Verification. PPDP 2024: 6:1-11



Gilbreath’s card trick (2/5)

1. Begin with an even deck of cards so that they are sorted 
alternating colors (red and black);

2. Split the deck in two, not necessarily equal piles; 
3. If the bottom cards of each pile are equal, take one of the cards 

and move (rotate) it to the top of that pile; 
4. Riffle both piles (the shuffle does not need to be perfect); and 
5. Deal the resulting deck in pairs. All pairs will always have a card 

of each color (e.g., either red-black or black-red cards).



Gilbreath’s card trick (3/5)

NuITP: An Inductive Theorem Prover for Equational Program Verification PPDP ’24, September 10-11, 2024, Milano, Italy

of the de�ned generator sets, if not explicitly indicated, the default
one will be used. See Example 2.1 in §2.4 for several examples.

2.4 Gilbreath’s card trick
The Gilbreath’s card trick is a popular card trick based on Norman
L. Gilbreath’s principle [19, 20], stating that, given an initial deck
of cards with some adequate properties, after a random shu�e the
resulting deck will preserve some of those properties. For example,
in the Gilbreath’s card trick, given an initial deck of cards with
alternating colors (e.g., red and black),1 after shu�ing it once, if
we deal the resulting deck in pairs, each pair will always contain
one card of each color. More precisely, the trick can be achieved
by the following steps: (1) Begin with an even deck of cards so
that they are sorted alternating colors (red and black); (2) Split the
deck in two, not necessarily equal piles; (3) If the bottom cards of
each pile are equal, take one of the cards and move (rotate) it to the
top of that pile; (4) Ri�e both piles (the shu�e does not need to
be perfect); and (5) Deal the resulting deck in pairs. All pairs will
always have a card of each color (e.g., either red-black or black-red
cards).

Despite its apparent simplicity, the trick is a theorem prov-
ing benchmark due to its non-trivial need for induction. Several
proofs have been given in provers such as Coq [31], Nqthm [6],
and SPIKE [5]. We present below the Maude formalization of the
problem that we use to prove the trick in NuITP. It adapts the spec-
i�cation in [5], but uses associativity and identity axioms for list
concatenation, which leads to a more concise presentation.

For this example we need to specify a type of card decks and some
operations on them. We will assume that the deck is represented
as a list of cards. Thus, we have sorts Boolean, Card, NeList, and
List. For boolean values we just need constants True and False. A
card’s color can be either red or black, that is, we have just two
constructor constants for the Card type: black and red. For lists,
we have a subsort declaration Card < NeList < List (i.e., NeList
denotes a non-empty list whereas a List may be empty) and an
associative concatenation operator with empty syntax _ _. Then,
we declare operations (i) paired, that checks whether two cards
are di�erent, (ii) opposite, that checks whether the �rst cards of
two lists are paired, (iii) alter, that checks whether the cards of a
list has alternating colors, (iv) pairedList, that checks whether each
consecutive pair of cards in a list is paired, (v) shu�e, that checks
whether the list of cards given as third argument is the result of
shu�ing the lists given as the �rst two arguments, (vi) even, that
checks whether the number of elements of the list is even, and
(vii) rotate, that rotates the elements in the list by moving the
element in its �rst position to its last one. Note that the equations
de�ning the paired, opposite, and rotate operators are declared with
the variant attribute, which is key to perform constructor-based
variant simpli�cation.2 The de�nition of the shu�e operation has
many equations, but notice that they are very simple, and most of
them are symmetric, considering the cases nil for each of the two
�rst arguments, and C L for each of these arguments matching and
not matching C with the �rst card in the third argument list—for
⇠ a variable of type Card and ! a variable of type List. Note also

1See [30] for a 4-colors formalization of the trick.
2All variant equations satisfy the �nite variant property.

that the paired operator is the negation of an equality predicate on
cards, that is, paired(C, C’) = False i� C = C’. Finally, note the use of
the metadata attribute on each operator to specify the RPO order
(see §2.1).
fmod GILBREATH is

sorts Card NeList List Boolean .
subsorts Card < NeList < List .
op True : −> Boolean [ ctor metadata "0"] .
op False : −> Boolean [ ctor metadata "1"] .
op ni l : −> List [ ctor metadata "2"] .
op black : −> Card [ ctor metadata "3"] .
op red : −> Card [ ctor metadata "4"] .
op __ : List List −> List [assoc id : n i l metadata "5"] .
op __ : NeList NeList −> NeList [ ctor assoc id : n i l metadata "5"] .
vars C C1 C2 C3 : Card .
vars L L1 L2 L3 : List .

op paired : Card Card −> Boolean [metadata "6"] .
eq paired ( red , black ) = True [ variant ] .
eq paired ( black , red ) = True [ variant ] .
eq paired (C, C) = False [ variant ] .

op opposite : List List −> Boolean [metadata "7"] .
eq opposite ( nil , L) = False [ variant ] .
eq opposite (L , n i l ) = False [ variant ] .
eq opposite (C1 L1 , C2 L2) = paired (C1, C2) [ variant ] .

op alter : List −> Boolean [metadata "8"] .
eq alter ( n i l ) = True .
eq alter (C) = True .
ceq alter (C1 C2 L) = alter (C2 L) i f paired (C1, C2) = True .
ceq alter (C1 C2 L) = False i f paired (C1, C2) = False .

op pairedList : List −> Boolean [metadata "9"] .
eq pairedList ( n i l ) = True .
eq pairedList (C) = False .
eq pairedList (C C L) = False .
ceq pairedList (C1 C2 L) = pairedList (L) i f paired (C1, C2) = True .

op shuffle : List List List −> Boolean [metadata "10"] .
eq shuffle ( nil , ni l , n i l ) = True .
eq shuffle ( nil , ni l , C3 L3) = False .
eq shuffle (C1 L1 , L2 , n i l ) = False .
ceq shuffle (C1 L1 , nil , C3 L3) = False i f paired (C1, C3) = True .
ceq shuffle (C1 L1 , nil , C3 L3) = shuffle (L1 , nil , L3)

i f paired (C1, C3) = False .
eq shuffle (L1 , C2 L2 , n i l ) = False .
ceq shuffle ( nil , C2 L2 , C3 L3) = False i f paired (C2, C3) = True .
ceq shuffle ( nil , C2 L2 , C3 L3) = shuffle ( nil , L2 , L3)

i f paired (C2, C3) = False .
ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True

i f paired (C1, C3) = False
/ \ shuffle (L1 , C2 L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True
i f paired (C2, C3) = False
/ \ shuffle (C1 L1 , L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ paired (C2, C3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f shuffle (L1 , C2 L2 , L3) = False
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C2, C3) = True
/ \ shuffle (L1 , C2 L2 , L3) = False .
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of the de�ned generator sets, if not explicitly indicated, the default
one will be used. See Example 2.1 in §2.4 for several examples.

2.4 Gilbreath’s card trick
The Gilbreath’s card trick is a popular card trick based on Norman
L. Gilbreath’s principle [19, 20], stating that, given an initial deck
of cards with some adequate properties, after a random shu�e the
resulting deck will preserve some of those properties. For example,
in the Gilbreath’s card trick, given an initial deck of cards with
alternating colors (e.g., red and black),1 after shu�ing it once, if
we deal the resulting deck in pairs, each pair will always contain
one card of each color. More precisely, the trick can be achieved
by the following steps: (1) Begin with an even deck of cards so
that they are sorted alternating colors (red and black); (2) Split the
deck in two, not necessarily equal piles; (3) If the bottom cards of
each pile are equal, take one of the cards and move (rotate) it to the
top of that pile; (4) Ri�e both piles (the shu�e does not need to
be perfect); and (5) Deal the resulting deck in pairs. All pairs will
always have a card of each color (e.g., either red-black or black-red
cards).

Despite its apparent simplicity, the trick is a theorem prov-
ing benchmark due to its non-trivial need for induction. Several
proofs have been given in provers such as Coq [31], Nqthm [6],
and SPIKE [5]. We present below the Maude formalization of the
problem that we use to prove the trick in NuITP. It adapts the spec-
i�cation in [5], but uses associativity and identity axioms for list
concatenation, which leads to a more concise presentation.

For this example we need to specify a type of card decks and some
operations on them. We will assume that the deck is represented
as a list of cards. Thus, we have sorts Boolean, Card, NeList, and
List. For boolean values we just need constants True and False. A
card’s color can be either red or black, that is, we have just two
constructor constants for the Card type: black and red. For lists,
we have a subsort declaration Card < NeList < List (i.e., NeList
denotes a non-empty list whereas a List may be empty) and an
associative concatenation operator with empty syntax _ _. Then,
we declare operations (i) paired, that checks whether two cards
are di�erent, (ii) opposite, that checks whether the �rst cards of
two lists are paired, (iii) alter, that checks whether the cards of a
list has alternating colors, (iv) pairedList, that checks whether each
consecutive pair of cards in a list is paired, (v) shu�e, that checks
whether the list of cards given as third argument is the result of
shu�ing the lists given as the �rst two arguments, (vi) even, that
checks whether the number of elements of the list is even, and
(vii) rotate, that rotates the elements in the list by moving the
element in its �rst position to its last one. Note that the equations
de�ning the paired, opposite, and rotate operators are declared with
the variant attribute, which is key to perform constructor-based
variant simpli�cation.2 The de�nition of the shu�e operation has
many equations, but notice that they are very simple, and most of
them are symmetric, considering the cases nil for each of the two
�rst arguments, and C L for each of these arguments matching and
not matching C with the �rst card in the third argument list—for
⇠ a variable of type Card and ! a variable of type List. Note also

1See [30] for a 4-colors formalization of the trick.
2All variant equations satisfy the �nite variant property.

that the paired operator is the negation of an equality predicate on
cards, that is, paired(C, C’) = False i� C = C’. Finally, note the use of
the metadata attribute on each operator to specify the RPO order
(see §2.1).
fmod GILBREATH is

sorts Card NeList List Boolean .
subsorts Card < NeList < List .
op True : −> Boolean [ ctor metadata "0"] .
op False : −> Boolean [ ctor metadata "1"] .
op ni l : −> List [ ctor metadata "2"] .
op black : −> Card [ ctor metadata "3"] .
op red : −> Card [ ctor metadata "4"] .
op __ : List List −> List [assoc id : n i l metadata "5"] .
op __ : NeList NeList −> NeList [ ctor assoc id : n i l metadata "5"] .
vars C C1 C2 C3 : Card .
vars L L1 L2 L3 : List .

op paired : Card Card −> Boolean [metadata "6"] .
eq paired ( red , black ) = True [ variant ] .
eq paired ( black , red ) = True [ variant ] .
eq paired (C, C) = False [ variant ] .

op opposite : List List −> Boolean [metadata "7"] .
eq opposite ( nil , L) = False [ variant ] .
eq opposite (L , n i l ) = False [ variant ] .
eq opposite (C1 L1 , C2 L2) = paired (C1, C2) [ variant ] .

op alter : List −> Boolean [metadata "8"] .
eq alter ( n i l ) = True .
eq alter (C) = True .
ceq alter (C1 C2 L) = alter (C2 L) i f paired (C1, C2) = True .
ceq alter (C1 C2 L) = False i f paired (C1, C2) = False .

op pairedList : List −> Boolean [metadata "9"] .
eq pairedList ( n i l ) = True .
eq pairedList (C) = False .
eq pairedList (C C L) = False .
ceq pairedList (C1 C2 L) = pairedList (L) i f paired (C1, C2) = True .

op shuffle : List List List −> Boolean [metadata "10"] .
eq shuffle ( nil , ni l , n i l ) = True .
eq shuffle ( nil , ni l , C3 L3) = False .
eq shuffle (C1 L1 , L2 , n i l ) = False .
ceq shuffle (C1 L1 , nil , C3 L3) = False i f paired (C1, C3) = True .
ceq shuffle (C1 L1 , nil , C3 L3) = shuffle (L1 , nil , L3)

i f paired (C1, C3) = False .
eq shuffle (L1 , C2 L2 , n i l ) = False .
ceq shuffle ( nil , C2 L2 , C3 L3) = False i f paired (C2, C3) = True .
ceq shuffle ( nil , C2 L2 , C3 L3) = shuffle ( nil , L2 , L3)

i f paired (C2, C3) = False .
ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True

i f paired (C1, C3) = False
/ \ shuffle (L1 , C2 L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True
i f paired (C2, C3) = False
/ \ shuffle (C1 L1 , L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ paired (C2, C3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f shuffle (L1 , C2 L2 , L3) = False
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C2, C3) = True
/ \ shuffle (L1 , C2 L2 , L3) = False .
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op even : List −> Boolean [metadata "11"] .
eq even( n i l ) = True .
eq even(C) = False .
eq even(L1 C1 L2 C2 L3) = even(L1 L2 L3) .

op rotate : List −> List [metadata "13"] .
eq rotate ( n i l ) = n i l [ variant ] .
eq rotate (C L) = L C [ variant ] .

endfm

Given the above Maude speci�cation of card lists, the card trick
can then be stated as the following two goals. The �rst goal states
that if we have an alternating, even list of cards that can be split in
two sublists L1 and L2, whose top cards are of di�erent colors, and
L3 is the result of shu�ing L1 and L2, then L3 is a paired list.
> set goal ( ( a l ter (L1 : List L2 : List ) = True )

/ \ ( even ( ( L1 : List L2 : List ) ) = True )
/ \ ( opposite (L1 : List , L2 : List ) = True )
/ \ ( shuffle (L1 : List , L2 : List , L3 : List ) = True ) )

−> ( pairedList (L3 : List ) = True ) .

The second goal takes care of the case in which the top cards of the
sublists !1 and !2 have the same color, in which case their shu�ing
into !3 must be rotated to be a paired list.
> set goal ( ( a l ter (L1 : List L2 : List ) = True )

/ \ ( even (L1 : List L2 : List ) = True )
/ \ ( opposite (L1 : List , L2 : List ) = False )
/ \ ( shuffle (L1 : List , L2 : List , L3 : List ) = True ) )

−> ( pairedList ( rotate (L3 : List ) ) = True ) .

A proof of these goals using NuITP is explained in Section 4.

Example 2.1. Given the above GILBREATH module, we use the
following generator sets de�nitions (see §2.3) for the proofs pre-
sented the following sections.
genset GCARD for Card is black ; ; red .
genset GLIST for List i s n i l ; ; NL: NeList .
genset GLISTL for List i s

n i l ; ; red ; ; black ; ; red NL: NeList ; ; black NL: NeList .
genset GNELISTL for NeList i s
red ; ; black ; ; red NL: NeList ; ; black NL: NeList .

3 NuITP and its Inference Rules
NuITP implements most of the inductive inference system in [40].
In it, inference rules are split into two types: simpli�cation and
inductive rules. The simpli�cation rules available in the tool are
Equality Predicate Simpli�cation (EPS), Constructor Variant Uni�-
cation Left (CVUL), Constructor Variant Uni�cation Failure Right
(CVUFR), Substitution Left and Right (SUBL, SUBR), Narrowing
Simpli�cation (NS), Clause Subsumption (CS), Equation Rewriting
(EQ), Inductive Congruence Closure (ICC), and Variant Satis�ability
(VARSAT). The inductive rules available in the tool are Generator
Set Induction (GSI), Narrowing Induction (NI), Lemma Enrichment
(LE), Split (SP), Case (CAS), Variable Abstraction (VA), and Cut.
All these inference rules are explained in [14], and in more detail
in [40], where a proof of the soundness of the inference system may
be found. In the following sections we explain the most relevant
ones.

In addition to a number of commands to manage the proof tree
(see §2.2), to manage proof tactics and internalization (see §3.1),
and to manage generator sets (see §2.3), NuITP provides commands
for applying the di�erent inference rules. Recall from §2.2 that, in

that inference system, goals are of the form [- , E,� ] � � ! ⇤.
The set goal command sets the given goal as new root goal.

Example 3.1. The following goal states that the alter predicate
returns False on a list that have two consecutive cards of the same
color at any position of it.
> set goal a l ter (L1 : List C1:Card C1:Card L2 : List ) = False .
Goal Id : 0
Skolem Ops: None
Executable Hypotheses : None
Non−Executable Hypotheses : None
Goal : False = alter ( $2 : List $1 :Card $1 :Card $3 : List )

After each command applying an inference rule, the tool shows the
new goals and the pending ones that have not been discharged. In
this case, the tool shows the goal set as root with all its information.
The set - is shown in the section Skolem Ops. The hypotheses �
are split into those that can be oriented using the provided RPO,
and therefore can be used for simpli�cation, in the Executable
Hypotheses section and those that cannot in the Non-Executable
Hypotheses section. Note that the variables in the goal are internally
renamed to avoid name clashes.

Most of the inference rules can be applied on the speci�ed open
goal in di�erent ways, and therefore di�erent parameters must be
provided to each of them. For example, the EPS rule can be applied
with the command

apply eps to <gid> .
where <gid> is the identi�er of the goal that we want to simplify
with the EPS rule. In the case of GSI, we also need to specify the
variable on which to induct and, optionally, the generator set to be
used.

apply gsi to <gid> on <var>
⇥
with <gsetid> |<gset>⇤ .

where <gid> is the identi�er of the goal on which we want to apply
the rule, <var> is the variable on which we want to apply induction,
<gsetid> is the identi�er of a previously de�ned generator set, and
<gset> is a set of terms separated by double semicolons that we
want to use as a generator set for all ground constructor terms
of the variable’s sort. The rest of the commands require di�erent
arguments, e.g., narrowing-based commandsmay require a subterm,
the SPLIT rule requires a disjunction and optionally a substitution,
etc.

In general, all those rules that have no arguments, and even
some with parameters, can be automated. Indeed, as we will discuss
in the coming section, NuITP provides mechanisms to de�ne and
apply tactics (also called strategies) automating their application and
that of some inductive rules. In the rest of this section we explain
how in NuITP the application of several rules can be combined
by tactics and present some of the most commonly used inference
rules, illustrating them by means of our card trick running example.

3.1 Proof tactics
EPS goal simpli�cation after applying some other inference rule is
quite e�ective. This is so common that NuITP provides modi�ed
versions of many of its commands, including the one to apply
generator set induction and the narrowing induction, discussed
later, as, respectively, apply gsi! and apply ni!, which apply the
EPS rule to each of the subgoals generated by the given original
command.
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of the de�ned generator sets, if not explicitly indicated, the default
one will be used. See Example 2.1 in §2.4 for several examples.

2.4 Gilbreath’s card trick
The Gilbreath’s card trick is a popular card trick based on Norman
L. Gilbreath’s principle [19, 20], stating that, given an initial deck
of cards with some adequate properties, after a random shu�e the
resulting deck will preserve some of those properties. For example,
in the Gilbreath’s card trick, given an initial deck of cards with
alternating colors (e.g., red and black),1 after shu�ing it once, if
we deal the resulting deck in pairs, each pair will always contain
one card of each color. More precisely, the trick can be achieved
by the following steps: (1) Begin with an even deck of cards so
that they are sorted alternating colors (red and black); (2) Split the
deck in two, not necessarily equal piles; (3) If the bottom cards of
each pile are equal, take one of the cards and move (rotate) it to the
top of that pile; (4) Ri�e both piles (the shu�e does not need to
be perfect); and (5) Deal the resulting deck in pairs. All pairs will
always have a card of each color (e.g., either red-black or black-red
cards).

Despite its apparent simplicity, the trick is a theorem prov-
ing benchmark due to its non-trivial need for induction. Several
proofs have been given in provers such as Coq [31], Nqthm [6],
and SPIKE [5]. We present below the Maude formalization of the
problem that we use to prove the trick in NuITP. It adapts the spec-
i�cation in [5], but uses associativity and identity axioms for list
concatenation, which leads to a more concise presentation.

For this example we need to specify a type of card decks and some
operations on them. We will assume that the deck is represented
as a list of cards. Thus, we have sorts Boolean, Card, NeList, and
List. For boolean values we just need constants True and False. A
card’s color can be either red or black, that is, we have just two
constructor constants for the Card type: black and red. For lists,
we have a subsort declaration Card < NeList < List (i.e., NeList
denotes a non-empty list whereas a List may be empty) and an
associative concatenation operator with empty syntax _ _. Then,
we declare operations (i) paired, that checks whether two cards
are di�erent, (ii) opposite, that checks whether the �rst cards of
two lists are paired, (iii) alter, that checks whether the cards of a
list has alternating colors, (iv) pairedList, that checks whether each
consecutive pair of cards in a list is paired, (v) shu�e, that checks
whether the list of cards given as third argument is the result of
shu�ing the lists given as the �rst two arguments, (vi) even, that
checks whether the number of elements of the list is even, and
(vii) rotate, that rotates the elements in the list by moving the
element in its �rst position to its last one. Note that the equations
de�ning the paired, opposite, and rotate operators are declared with
the variant attribute, which is key to perform constructor-based
variant simpli�cation.2 The de�nition of the shu�e operation has
many equations, but notice that they are very simple, and most of
them are symmetric, considering the cases nil for each of the two
�rst arguments, and C L for each of these arguments matching and
not matching C with the �rst card in the third argument list—for
⇠ a variable of type Card and ! a variable of type List. Note also

1See [30] for a 4-colors formalization of the trick.
2All variant equations satisfy the �nite variant property.

that the paired operator is the negation of an equality predicate on
cards, that is, paired(C, C’) = False i� C = C’. Finally, note the use of
the metadata attribute on each operator to specify the RPO order
(see §2.1).
fmod GILBREATH is

sorts Card NeList List Boolean .
subsorts Card < NeList < List .
op True : −> Boolean [ ctor metadata "0"] .
op False : −> Boolean [ ctor metadata "1"] .
op ni l : −> List [ ctor metadata "2"] .
op black : −> Card [ ctor metadata "3"] .
op red : −> Card [ ctor metadata "4"] .
op __ : List List −> List [assoc id : n i l metadata "5"] .
op __ : NeList NeList −> NeList [ ctor assoc id : n i l metadata "5"] .
vars C C1 C2 C3 : Card .
vars L L1 L2 L3 : List .

op paired : Card Card −> Boolean [metadata "6"] .
eq paired ( red , black ) = True [ variant ] .
eq paired ( black , red ) = True [ variant ] .
eq paired (C, C) = False [ variant ] .

op opposite : List List −> Boolean [metadata "7"] .
eq opposite ( nil , L) = False [ variant ] .
eq opposite (L , n i l ) = False [ variant ] .
eq opposite (C1 L1 , C2 L2) = paired (C1, C2) [ variant ] .

op alter : List −> Boolean [metadata "8"] .
eq alter ( n i l ) = True .
eq alter (C) = True .
ceq alter (C1 C2 L) = alter (C2 L) i f paired (C1, C2) = True .
ceq alter (C1 C2 L) = False i f paired (C1, C2) = False .

op pairedList : List −> Boolean [metadata "9"] .
eq pairedList ( n i l ) = True .
eq pairedList (C) = False .
eq pairedList (C C L) = False .
ceq pairedList (C1 C2 L) = pairedList (L) i f paired (C1, C2) = True .

op shuffle : List List List −> Boolean [metadata "10"] .
eq shuffle ( nil , ni l , n i l ) = True .
eq shuffle ( nil , ni l , C3 L3) = False .
eq shuffle (C1 L1 , L2 , n i l ) = False .
ceq shuffle (C1 L1 , nil , C3 L3) = False i f paired (C1, C3) = True .
ceq shuffle (C1 L1 , nil , C3 L3) = shuffle (L1 , nil , L3)

i f paired (C1, C3) = False .
eq shuffle (L1 , C2 L2 , n i l ) = False .
ceq shuffle ( nil , C2 L2 , C3 L3) = False i f paired (C2, C3) = True .
ceq shuffle ( nil , C2 L2 , C3 L3) = shuffle ( nil , L2 , L3)

i f paired (C2, C3) = False .
ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True

i f paired (C1, C3) = False
/ \ shuffle (L1 , C2 L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True
i f paired (C2, C3) = False
/ \ shuffle (C1 L1 , L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ paired (C2, C3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f shuffle (L1 , C2 L2 , L3) = False
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C2, C3) = True
/ \ shuffle (L1 , C2 L2 , L3) = False .
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of the de�ned generator sets, if not explicitly indicated, the default
one will be used. See Example 2.1 in §2.4 for several examples.

2.4 Gilbreath’s card trick
The Gilbreath’s card trick is a popular card trick based on Norman
L. Gilbreath’s principle [19, 20], stating that, given an initial deck
of cards with some adequate properties, after a random shu�e the
resulting deck will preserve some of those properties. For example,
in the Gilbreath’s card trick, given an initial deck of cards with
alternating colors (e.g., red and black),1 after shu�ing it once, if
we deal the resulting deck in pairs, each pair will always contain
one card of each color. More precisely, the trick can be achieved
by the following steps: (1) Begin with an even deck of cards so
that they are sorted alternating colors (red and black); (2) Split the
deck in two, not necessarily equal piles; (3) If the bottom cards of
each pile are equal, take one of the cards and move (rotate) it to the
top of that pile; (4) Ri�e both piles (the shu�e does not need to
be perfect); and (5) Deal the resulting deck in pairs. All pairs will
always have a card of each color (e.g., either red-black or black-red
cards).

Despite its apparent simplicity, the trick is a theorem prov-
ing benchmark due to its non-trivial need for induction. Several
proofs have been given in provers such as Coq [31], Nqthm [6],
and SPIKE [5]. We present below the Maude formalization of the
problem that we use to prove the trick in NuITP. It adapts the spec-
i�cation in [5], but uses associativity and identity axioms for list
concatenation, which leads to a more concise presentation.

For this example we need to specify a type of card decks and some
operations on them. We will assume that the deck is represented
as a list of cards. Thus, we have sorts Boolean, Card, NeList, and
List. For boolean values we just need constants True and False. A
card’s color can be either red or black, that is, we have just two
constructor constants for the Card type: black and red. For lists,
we have a subsort declaration Card < NeList < List (i.e., NeList
denotes a non-empty list whereas a List may be empty) and an
associative concatenation operator with empty syntax _ _. Then,
we declare operations (i) paired, that checks whether two cards
are di�erent, (ii) opposite, that checks whether the �rst cards of
two lists are paired, (iii) alter, that checks whether the cards of a
list has alternating colors, (iv) pairedList, that checks whether each
consecutive pair of cards in a list is paired, (v) shu�e, that checks
whether the list of cards given as third argument is the result of
shu�ing the lists given as the �rst two arguments, (vi) even, that
checks whether the number of elements of the list is even, and
(vii) rotate, that rotates the elements in the list by moving the
element in its �rst position to its last one. Note that the equations
de�ning the paired, opposite, and rotate operators are declared with
the variant attribute, which is key to perform constructor-based
variant simpli�cation.2 The de�nition of the shu�e operation has
many equations, but notice that they are very simple, and most of
them are symmetric, considering the cases nil for each of the two
�rst arguments, and C L for each of these arguments matching and
not matching C with the �rst card in the third argument list—for
⇠ a variable of type Card and ! a variable of type List. Note also

1See [30] for a 4-colors formalization of the trick.
2All variant equations satisfy the �nite variant property.

that the paired operator is the negation of an equality predicate on
cards, that is, paired(C, C’) = False i� C = C’. Finally, note the use of
the metadata attribute on each operator to specify the RPO order
(see §2.1).
fmod GILBREATH is

sorts Card NeList List Boolean .
subsorts Card < NeList < List .
op True : −> Boolean [ ctor metadata "0"] .
op False : −> Boolean [ ctor metadata "1"] .
op ni l : −> List [ ctor metadata "2"] .
op black : −> Card [ ctor metadata "3"] .
op red : −> Card [ ctor metadata "4"] .
op __ : List List −> List [assoc id : n i l metadata "5"] .
op __ : NeList NeList −> NeList [ ctor assoc id : n i l metadata "5"] .
vars C C1 C2 C3 : Card .
vars L L1 L2 L3 : List .

op paired : Card Card −> Boolean [metadata "6"] .
eq paired ( red , black ) = True [ variant ] .
eq paired ( black , red ) = True [ variant ] .
eq paired (C, C) = False [ variant ] .

op opposite : List List −> Boolean [metadata "7"] .
eq opposite ( nil , L) = False [ variant ] .
eq opposite (L , n i l ) = False [ variant ] .
eq opposite (C1 L1 , C2 L2) = paired (C1, C2) [ variant ] .

op alter : List −> Boolean [metadata "8"] .
eq alter ( n i l ) = True .
eq alter (C) = True .
ceq alter (C1 C2 L) = alter (C2 L) i f paired (C1, C2) = True .
ceq alter (C1 C2 L) = False i f paired (C1, C2) = False .

op pairedList : List −> Boolean [metadata "9"] .
eq pairedList ( n i l ) = True .
eq pairedList (C) = False .
eq pairedList (C C L) = False .
ceq pairedList (C1 C2 L) = pairedList (L) i f paired (C1, C2) = True .

op shuffle : List List List −> Boolean [metadata "10"] .
eq shuffle ( nil , ni l , n i l ) = True .
eq shuffle ( nil , ni l , C3 L3) = False .
eq shuffle (C1 L1 , L2 , n i l ) = False .
ceq shuffle (C1 L1 , nil , C3 L3) = False i f paired (C1, C3) = True .
ceq shuffle (C1 L1 , nil , C3 L3) = shuffle (L1 , nil , L3)

i f paired (C1, C3) = False .
eq shuffle (L1 , C2 L2 , n i l ) = False .
ceq shuffle ( nil , C2 L2 , C3 L3) = False i f paired (C2, C3) = True .
ceq shuffle ( nil , C2 L2 , C3 L3) = shuffle ( nil , L2 , L3)

i f paired (C2, C3) = False .
ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True

i f paired (C1, C3) = False
/ \ shuffle (L1 , C2 L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = True
i f paired (C2, C3) = False
/ \ shuffle (C1 L1 , L2 , L3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ paired (C2, C3) = True .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f shuffle (L1 , C2 L2 , L3) = False
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C1, C3) = True
/ \ shuffle (C1 L1 , L2 , L3) = False .

ceq shuffle (C1 L1 , C2 L2 , C3 L3) = False
i f paired (C2, C3) = True
/ \ shuffle (L1 , C2 L2 , L3) = False .
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User Cmnds. R. Applied G. Generated

Rule Goal 1 Goal 2 Goal 1 Goal 2 Goal 1 Goal 2

CAS 100 119 118 145 472 580
CS 70 81 70 81

CUT 9 14 9 14 18 28
CVUL 13 23 32 48
EPS 773 958 773 958

GND 24 23 48 46
LSB 112 104 112 104
NI 12 15 12 15 84 120
NS 18 23 18 23 256 288
RST 6 5 6 5

UFREE 1 1 1 1 8 8
Total 140 172 1156 1392 1879 2266

Table 1: Summary of our proof of the Gilbreath’s card trick
in NuITP.

eq shuffle (C1 NL, nil , C2) = False .
eq shuffle (NL1, NL2, C) = False .
ceq shuffle (C1 L1 , C2 L2 , C1 L3) = shuffle (L1 , C2 L2 , L3)

i f paired (C1,C2) = True .
ceq shuffle (C1 L1 , C2 L2 , C2 L3) = shuffle (C1 L1 , L2 , L3)

i f paired (C1,C2) = True .

where C, C1, and C2 are variables of sort Card, L1, L2, and L3 are
variables of sort List, and NL, NL1, and NL2 are variables of sort
NeList.

After enriching the theory with the above lemmas, we have
proved and internalized one last lemma:

alter (L1 : List C:Card L2 : List C:Card L3 : List ) = True
/ \ even (L2 : List ) = True
−> false .

which will help to easily prove those goals whose combinations
of alter and even conditions are infeasible, i.e., a list of cards L2
encased between two cards C of the same color is either even or
alternated, but not both. Note that, since the right-hand side of the
clause is not an equality, the above lemma cannot be added as an
equation and will be internalized as a non-executable hypothesis,
which nevertheless happens to be very useful for applications of
the CS rule.

4.2 Scalability in the card trick’s proof
After setting default generator sets for the sorts of our theory (Ex-
ample 2.1), a default simpli�cation strategy (Example 3.2), and en-
riching the initial theory with the above lemmas, we are ready to
start proving the two main goals that de�ne the Gilbreath’s card
trick (see §2.4). Table 1 summarizes the proofs of the twomain goals.
Column User Cmnds. shows the rules manually executed by the
user (i.e., those that are part of the proof script); Column R. Applied
shows the total number of rules applied, either manually or auto-
matically; and Column G. Generated shows the number of goals
generated during the proof. Computing the level of automation
in the proof as (1 �DB4A⇠><<0=3B/AD;4B�??;843), the percentage
obtained by the proof we have carried out using NuITP is 87.76%.

Note that a new rule LSB is shown in the table, which accounts
for a signi�cant part of the automation. LSB stands for Local Sub-
sumption. It is not really a rule, and cannot be directly applied to a
goal. Goals tagged as generated by LSB are the result of an inner
simpli�cation mechanism of NuITP that detects syntactically equal
goals (up to their Skolem constants, hypotheses, and clauses) and
delegates the task of proving each of them to the task of proving
just one. We can see that this basic simpli�cation mechanism allows
to automatically discard up to 216 goals in our proof.

The execution of the proof script, including the de�nitions of
generator sets, simpli�cation strategies and the proof of all lemmas
and the main goals takes around 7 minutes and 42 seconds in an
Intel Xeon Silver 4215R 3.20GHz CPU with 406GB RAM using
Maude alpha 160 and NuITP alpha 30.

5 NuITP Architecture
NuITP is implemented as a Maude program itself and consists of
several Maude (functional and system) modules arranged in three
major layers, namely (i) a high-performance reasoning core that
implements the inference rules of [40] as Maude rewrite rules, pro-
viding an almost direct mapping between each inference rule and its
Maude rule, which helps in both checking correctness of the imple-
mentation and easing the maintenance and future extension of the
code; (ii) several external modules that implement functionalities
needed by the NuITP such as enrichment with equality predicates,
recursive path ordering (RPO), and order-sorted congruence clo-
sure modulo axioms; and (iii) a command line interface (CLI) that
allows users to interact with the prover by means of simple, user-
friendly commands, and which is implemented by taking advantage
of the most recent I/O capabilities of Maude. This CLI also provides
support for user-oriented functionalities such as the generation of
HTML and LATEX reports of the proof and loading and saving both
proof scripts and NuITP snapshots of the current state of the tool.

6 Conclusions and Future Work
We have introduced the NuITP, explained its most commonly used
inference rules, and illustrated their use in proving the card trick
benchmark. NuITP’s main objective is to meet the expressiveness
and scalability challenges in equational inductive theorem prov-
ing. For example, in comparison with previous inductive theorem
provers based on order-sorted logic for OBJ, CafeOBJ and Maude
[9, 10, 17, 18, 22, 28, 29], NuITP achieves a new level of proof scal-
ability; and in comparison with an automatic inductive theorem
prover like SPIKE [5] it increases logical expressiveness by support-
ing subtypes and rewriting modulo axioms, while providing the
greater �exibility of user interaction. However, much remains to
be done to further advance this main objective.

First, NuITP’s strategy language should be extended to support
more general strategy de�nitions. Maude’s expressive strategy lan-
guage [15] can facilitate this extension. Second, the expressiveness
of NuITP’s logic should be further increased by, (i) dropping the
requirement of constructors being free modulo axioms and (ii) sup-
porting equational programs in the even more expressive member-
ship equational logic (MEL) [4, 35]. Third, the user interface should
be enhanced to facilitate all aspects of the proof e�ort. Fourth, since
goal solving is an intrinsically parallel task, NuITP’s performance

Gilbreath’s card trick (5/5)
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op even : List −> Boolean [metadata "11"] .
eq even( n i l ) = True .
eq even(C) = False .
eq even(L1 C1 L2 C2 L3) = even(L1 L2 L3) .

op rotate : List −> List [metadata "13"] .
eq rotate ( n i l ) = n i l [ variant ] .
eq rotate (C L) = L C [ variant ] .

endfm

Given the above Maude speci�cation of card lists, the card trick
can then be stated as the following two goals. The �rst goal states
that if we have an alternating, even list of cards that can be split in
two sublists L1 and L2, whose top cards are of di�erent colors, and
L3 is the result of shu�ing L1 and L2, then L3 is a paired list.
> set goal ( ( a l ter (L1 : List L2 : List ) = True )

/ \ ( even ( ( L1 : List L2 : List ) ) = True )
/ \ ( opposite (L1 : List , L2 : List ) = True )
/ \ ( shuffle (L1 : List , L2 : List , L3 : List ) = True ) )

−> ( pairedList (L3 : List ) = True ) .

The second goal takes care of the case in which the top cards of the
sublists !1 and !2 have the same color, in which case their shu�ing
into !3 must be rotated to be a paired list.
> set goal ( ( a l ter (L1 : List L2 : List ) = True )

/ \ ( even (L1 : List L2 : List ) = True )
/ \ ( opposite (L1 : List , L2 : List ) = False )
/ \ ( shuffle (L1 : List , L2 : List , L3 : List ) = True ) )

−> ( pairedList ( rotate (L3 : List ) ) = True ) .

A proof of these goals using NuITP is explained in Section 4.

Example 2.1. Given the above GILBREATH module, we use the
following generator sets de�nitions (see §2.3) for the proofs pre-
sented the following sections.
genset GCARD for Card is black ; ; red .
genset GLIST for List i s n i l ; ; NL: NeList .
genset GLISTL for List i s

n i l ; ; red ; ; black ; ; red NL: NeList ; ; black NL: NeList .
genset GNELISTL for NeList i s
red ; ; black ; ; red NL: NeList ; ; black NL: NeList .

3 NuITP and its Inference Rules
NuITP implements most of the inductive inference system in [40].
In it, inference rules are split into two types: simpli�cation and
inductive rules. The simpli�cation rules available in the tool are
Equality Predicate Simpli�cation (EPS), Constructor Variant Uni�-
cation Left (CVUL), Constructor Variant Uni�cation Failure Right
(CVUFR), Substitution Left and Right (SUBL, SUBR), Narrowing
Simpli�cation (NS), Clause Subsumption (CS), Equation Rewriting
(EQ), Inductive Congruence Closure (ICC), and Variant Satis�ability
(VARSAT). The inductive rules available in the tool are Generator
Set Induction (GSI), Narrowing Induction (NI), Lemma Enrichment
(LE), Split (SP), Case (CAS), Variable Abstraction (VA), and Cut.
All these inference rules are explained in [14], and in more detail
in [40], where a proof of the soundness of the inference system may
be found. In the following sections we explain the most relevant
ones.

In addition to a number of commands to manage the proof tree
(see §2.2), to manage proof tactics and internalization (see §3.1),
and to manage generator sets (see §2.3), NuITP provides commands
for applying the di�erent inference rules. Recall from §2.2 that, in

that inference system, goals are of the form [- , E,� ] � � ! ⇤.
The set goal command sets the given goal as new root goal.

Example 3.1. The following goal states that the alter predicate
returns False on a list that have two consecutive cards of the same
color at any position of it.
> set goal a l ter (L1 : List C1:Card C1:Card L2 : List ) = False .
Goal Id : 0
Skolem Ops: None
Executable Hypotheses : None
Non−Executable Hypotheses : None
Goal : False = alter ( $2 : List $1 :Card $1 :Card $3 : List )

After each command applying an inference rule, the tool shows the
new goals and the pending ones that have not been discharged. In
this case, the tool shows the goal set as root with all its information.
The set - is shown in the section Skolem Ops. The hypotheses �
are split into those that can be oriented using the provided RPO,
and therefore can be used for simpli�cation, in the Executable
Hypotheses section and those that cannot in the Non-Executable
Hypotheses section. Note that the variables in the goal are internally
renamed to avoid name clashes.

Most of the inference rules can be applied on the speci�ed open
goal in di�erent ways, and therefore di�erent parameters must be
provided to each of them. For example, the EPS rule can be applied
with the command

apply eps to <gid> .
where <gid> is the identi�er of the goal that we want to simplify
with the EPS rule. In the case of GSI, we also need to specify the
variable on which to induct and, optionally, the generator set to be
used.

apply gsi to <gid> on <var>
⇥
with <gsetid> |<gset>⇤ .

where <gid> is the identi�er of the goal on which we want to apply
the rule, <var> is the variable on which we want to apply induction,
<gsetid> is the identi�er of a previously de�ned generator set, and
<gset> is a set of terms separated by double semicolons that we
want to use as a generator set for all ground constructor terms
of the variable’s sort. The rest of the commands require di�erent
arguments, e.g., narrowing-based commandsmay require a subterm,
the SPLIT rule requires a disjunction and optionally a substitution,
etc.

In general, all those rules that have no arguments, and even
some with parameters, can be automated. Indeed, as we will discuss
in the coming section, NuITP provides mechanisms to de�ne and
apply tactics (also called strategies) automating their application and
that of some inductive rules. In the rest of this section we explain
how in NuITP the application of several rules can be combined
by tactics and present some of the most commonly used inference
rules, illustrating them by means of our card trick running example.

3.1 Proof tactics
EPS goal simpli�cation after applying some other inference rule is
quite e�ective. This is so common that NuITP provides modi�ed
versions of many of its commands, including the one to apply
generator set induction and the narrowing induction, discussed
later, as, respectively, apply gsi! and apply ni!, which apply the
EPS rule to each of the subgoals generated by the given original
command.
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op even : List −> Boolean [metadata "11"] .
eq even( n i l ) = True .
eq even(C) = False .
eq even(L1 C1 L2 C2 L3) = even(L1 L2 L3) .

op rotate : List −> List [metadata "13"] .
eq rotate ( n i l ) = n i l [ variant ] .
eq rotate (C L) = L C [ variant ] .

endfm

Given the above Maude speci�cation of card lists, the card trick
can then be stated as the following two goals. The �rst goal states
that if we have an alternating, even list of cards that can be split in
two sublists L1 and L2, whose top cards are of di�erent colors, and
L3 is the result of shu�ing L1 and L2, then L3 is a paired list.
> set goal ( ( a l ter (L1 : List L2 : List ) = True )

/ \ ( even ( ( L1 : List L2 : List ) ) = True )
/ \ ( opposite (L1 : List , L2 : List ) = True )
/ \ ( shuffle (L1 : List , L2 : List , L3 : List ) = True ) )

−> ( pairedList (L3 : List ) = True ) .

The second goal takes care of the case in which the top cards of the
sublists !1 and !2 have the same color, in which case their shu�ing
into !3 must be rotated to be a paired list.
> set goal ( ( a l ter (L1 : List L2 : List ) = True )

/ \ ( even (L1 : List L2 : List ) = True )
/ \ ( opposite (L1 : List , L2 : List ) = False )
/ \ ( shuffle (L1 : List , L2 : List , L3 : List ) = True ) )

−> ( pairedList ( rotate (L3 : List ) ) = True ) .

A proof of these goals using NuITP is explained in Section 4.

Example 2.1. Given the above GILBREATH module, we use the
following generator sets de�nitions (see §2.3) for the proofs pre-
sented the following sections.
genset GCARD for Card is black ; ; red .
genset GLIST for List i s n i l ; ; NL: NeList .
genset GLISTL for List i s

n i l ; ; red ; ; black ; ; red NL: NeList ; ; black NL: NeList .
genset GNELISTL for NeList i s
red ; ; black ; ; red NL: NeList ; ; black NL: NeList .

3 NuITP and its Inference Rules
NuITP implements most of the inductive inference system in [40].
In it, inference rules are split into two types: simpli�cation and
inductive rules. The simpli�cation rules available in the tool are
Equality Predicate Simpli�cation (EPS), Constructor Variant Uni�-
cation Left (CVUL), Constructor Variant Uni�cation Failure Right
(CVUFR), Substitution Left and Right (SUBL, SUBR), Narrowing
Simpli�cation (NS), Clause Subsumption (CS), Equation Rewriting
(EQ), Inductive Congruence Closure (ICC), and Variant Satis�ability
(VARSAT). The inductive rules available in the tool are Generator
Set Induction (GSI), Narrowing Induction (NI), Lemma Enrichment
(LE), Split (SP), Case (CAS), Variable Abstraction (VA), and Cut.
All these inference rules are explained in [14], and in more detail
in [40], where a proof of the soundness of the inference system may
be found. In the following sections we explain the most relevant
ones.

In addition to a number of commands to manage the proof tree
(see §2.2), to manage proof tactics and internalization (see §3.1),
and to manage generator sets (see §2.3), NuITP provides commands
for applying the di�erent inference rules. Recall from §2.2 that, in

that inference system, goals are of the form [- , E,� ] � � ! ⇤.
The set goal command sets the given goal as new root goal.

Example 3.1. The following goal states that the alter predicate
returns False on a list that have two consecutive cards of the same
color at any position of it.
> set goal a l ter (L1 : List C1:Card C1:Card L2 : List ) = False .
Goal Id : 0
Skolem Ops: None
Executable Hypotheses : None
Non−Executable Hypotheses : None
Goal : False = alter ( $2 : List $1 :Card $1 :Card $3 : List )

After each command applying an inference rule, the tool shows the
new goals and the pending ones that have not been discharged. In
this case, the tool shows the goal set as root with all its information.
The set - is shown in the section Skolem Ops. The hypotheses �
are split into those that can be oriented using the provided RPO,
and therefore can be used for simpli�cation, in the Executable
Hypotheses section and those that cannot in the Non-Executable
Hypotheses section. Note that the variables in the goal are internally
renamed to avoid name clashes.

Most of the inference rules can be applied on the speci�ed open
goal in di�erent ways, and therefore di�erent parameters must be
provided to each of them. For example, the EPS rule can be applied
with the command

apply eps to <gid> .
where <gid> is the identi�er of the goal that we want to simplify
with the EPS rule. In the case of GSI, we also need to specify the
variable on which to induct and, optionally, the generator set to be
used.

apply gsi to <gid> on <var>
⇥
with <gsetid> |<gset>⇤ .

where <gid> is the identi�er of the goal on which we want to apply
the rule, <var> is the variable on which we want to apply induction,
<gsetid> is the identi�er of a previously de�ned generator set, and
<gset> is a set of terms separated by double semicolons that we
want to use as a generator set for all ground constructor terms
of the variable’s sort. The rest of the commands require di�erent
arguments, e.g., narrowing-based commandsmay require a subterm,
the SPLIT rule requires a disjunction and optionally a substitution,
etc.

In general, all those rules that have no arguments, and even
some with parameters, can be automated. Indeed, as we will discuss
in the coming section, NuITP provides mechanisms to de�ne and
apply tactics (also called strategies) automating their application and
that of some inductive rules. In the rest of this section we explain
how in NuITP the application of several rules can be combined
by tactics and present some of the most commonly used inference
rules, illustrating them by means of our card trick running example.

3.1 Proof tactics
EPS goal simpli�cation after applying some other inference rule is
quite e�ective. This is so common that NuITP provides modi�ed
versions of many of its commands, including the one to apply
generator set induction and the narrowing induction, discussed
later, as, respectively, apply gsi! and apply ni!, which apply the
EPS rule to each of the subgoals generated by the given original
command.



NuITP and its Inference Rules
• Simplification rules 

• Equality Predicate Simplification (EPS), 
• Constructor Variant Unification Left (CVUL), 
• Constructor Variant Unification Failure Right (CVUFR), 
• Substitution Left and Right (SUBL, SUBR), 
• Narrowing Simplification (NS), 
• Clause Subsumption (CS), 
• Equation Rewriting (EQ), 
• Inductive Congruence Closure (ICC), and 
• Variant Satisfiability (VARSAT). 

• Inductive rules 
• Generator Set Induction (GSI), 
• Narrowing Induction (NI), 
• Lemma Enrichment (LE), 
• Split (SP), 
• Case (CAS), 
• Variable Abstraction (VA), and 
• Cut.

The inference rules of this system 
transform inductive goals of the form



Generator Set Induction (GSI)

J. Meseguer 

Variant Satisfiability (VARSAT).

𝜏
[𝜌, ,𝑤]𝐶 !→Λ

if !→Λ is an 1-formula and ¬(!◦
→Λ◦ ) is unsatisfiable28 in 𝑙1 , where !

◦
→Λ◦ is obtained from !→Λ by replacing constants in 

𝜌 by corresponding variables in 𝜌. This rule can be automated because satisfiability of 1-formulas in 𝑙1 is decidable and being a 1-formula is a checkable syntactic condition.
One could politely ask: why VARSAT and not a more general rule allowing any combination of decision procedures? Why not 

indeed? The purely pragmatic reason why VARSAT only supports variant satisfiability is that it is already there. It has been used 
e!ectively together with the other simplification rules in discharging many verification conditions in a large proof e!ort such as the 
proof of the IBOS browser security discussed in [49]. Variant satisfiability makes SMT solving user-extensible to an infinite class of 
user-definable data types [54], and therefore complements the domain-specific decision procedures supported by current SMT solvers. 
One of course wants both: the efficiency of domain-specific procedures and VARSAT’s user-definable extensibility. Therefore, VARSAT
should in the future be generalized to a !"#$"%+ $&% simplification rule that combines domain-specific procedures and variant 
satisfiability.

4.2. Inductive rules

Generator Set Induction on One or Several Variables (GSI).
The generator set induction rule is a substantial generalization of structural induction on constructors. In both structural induction 

and its GSI generalization one inducts on a variable 𝑅 in the conjecture. I first consider the single variable case. I then present a 
generalized GSI inference rule for simultaneously inducting on 𝐻 variables, 𝐻 ≥ 1. The GSI rule for a single variable is:

{[𝜌 ⊎ 𝑈 𝑟, ,𝑤&𝑤𝑟]𝐶 (!→
⋀
𝜇∈, Δ𝜇 ){𝑅↦ 𝑟∙}}𝑟∈⊥

[𝜌, ,𝑤]𝐶 !→
⋀
𝜇∈, Δ𝜇

where 𝑅 ∈ 𝜓.𝑚≻(!→
⋀
𝜇∈, Δ𝜇 ) has sort ≻, ⊥ is a 𝜆0-generator set for ≻, with 𝜆0 the axioms of the transformed ground convergent 

theory 𝛾𝑉 ; and for each 𝑟 ∈⊥, (i) the variables 𝑈𝑟 = 𝜓.𝑚≻(𝑟) are fresh; (ii) the set of induction hypotheses 𝑤𝑟 is defined as follows:

𝑤𝑟 = {((!→Δ𝜇 ){𝑅→ 𝜓∙})! 𝛾=
𝜌⊎𝑈 𝑟𝑉

& 𝜓 ∈ PST𝜆0 ,≤≻(𝑟) ∧ 𝜇 ∈ ,}

where, by definition, PST𝜆0 ,≤≻(𝑟) = {𝜓 ∈ PST𝜆0 (𝑟) & 𝑘≻(𝜓) ≤ ≻} (recall the notion of proper 𝜆0-subterm in Definition 2, and Remark 1
there); and (iii) for each 𝑞 ∈ ({𝜓} ( PST𝜆0 ,≤≻(𝑟)), the notation 𝑞∙ is defined as follows:

𝑞∙ = '( 𝑈𝑟 = ) )*+, 𝑞 +-.+ 𝑞 ( '

where 𝑞 =𝑞{𝑗↦ 𝑗}𝑗∈𝑈𝑟 . Note that 𝑟 ∈⊥ is a ground term i! 𝑈𝑟 = ).
Let me illustrate the GSI rule with two examples. The first example should be familiar to many readers, but may still be helpful 

to illustrate the notation and use of GSI. The second shows both the versatility and the proving power added by GSI to standard 
structural induction.

Example 7. Suppose we are building lists of natural numbers with two constructors: nil, and a “cons” operator _ ⋅ _ ∶ Nat List → List, 
and we want to prove the associativity of the list append operator _@_ ∶ List List → List, defined with the usual recursive equations 
nil@𝐿 = 𝐿 and (𝐻 ⋅𝐿)@𝐺 = 𝐻 ⋅ (𝐿@𝐺), where 𝐻,𝑒 have sort Nat, and 𝐿,⊛ ,𝐺,< have sort List. Let us call this theory cons . That is, 
we want to prove the goal:

[),cons,)]𝐶 (𝐿@⊛ )@𝐺 =𝐿@(⊛@𝐺).

We can do so by applying the GSI rule on variable 𝐿 with generator set {nil,𝑒 ⋅ <}, i.e., by structural list induction. We get two 
goals. Goal (1) for nil easily simplifies to 𝜏. Goal (2) for 𝑒 ⋅ < also easily simplifies to 𝜏. The point, however, is to illustrate how 
this second subgoal is generated according to rule GSI and is simplified to 𝜏 by the EPS simplification rule. 𝑈𝑒⋅< = {𝑒,<}, and 
PST𝜆0 ,≤List(𝑒 ⋅<) = {<}. Therefore, we get the subgoal:

[{𝑒,<},cons,{(<@⊛ )@𝐺 =<@(⊛@𝐺)}]𝐶 (𝑒 ⋅<@⊛ )@𝐺 =𝑒 ⋅<@(⊛@𝐺),

and 𝑤2 is the induction hypothesis (<@⊛ )@𝐺 =<@(⊛@𝐺). Since in the standard RPO order we have (<@⊛ )@𝐺⊁<@(⊛@𝐺), 𝑤2
can be used as the rewrite rule (<@⊛ )@𝐺→<@(⊛@𝐺). The EPS rule can simplify the subgoal (𝑒 ⋅<@⊛ )@𝐺 =𝑒 ⋅<@(⊛@𝐺) to 𝜏

28 Since 1 is FVP and sufficiently complete on free constructors modulo 𝑧+𝜒 axioms, satisfiability in 𝑙1 (and therefore in 𝑙 , since 𝑙 |Σ1
≅ 𝑙1 ) is decidable [54].
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Case (CAS)

J. Meseguer 

{[𝜏, ,𝜌]𝑤 !𝐶𝑙,!→Λ}𝐶∈𝑅 [𝜏, ,𝜌]𝑤𝜌0 [𝜏0, ,𝜌0]𝑤 cnf (⋁𝐶∈𝑅 !𝐶)

[𝜏, ,𝜌]𝑤 !→Λ

where ∅ 𝐻 𝜏0 𝐻 𝜏, ⊎𝑈𝑟𝜇((
⋁
𝐶∈𝑅 !𝐶)𝑙) 𝐻 ⊎𝑈𝑟𝜇(!→ Λ), and cnf (⋁𝐶∈𝑅 !𝐶) denotes the conjunctive normal form of ⋁𝐶∈𝑅 !𝐶, which is a 

multiclause of the general form Λ′ .
This rule is, on purpose, very general. In many cases we may have either: (a) 𝜏0 = 𝜌0 = ∅, or (b) 𝜏0 = 𝜏 and 𝜌0 = 𝜌 . In 

either case (a) or (b), two very common special cases are: (i) !𝐶 = (,𝐶 = ⊎𝐶), 𝐶 ∈ 𝑅 , and (ii) the even simpler subcase of a disjunction 
, = true & , = false, where , is a term of sort Bool and 𝑙 is the identity substitution.

Case (CAS).
This rule has two modalities: one for ⊥ a variable, and another for 𝜓 a (universal) Skolem constant. For ⊥ a variable the rule is:

{
[𝜏, ,𝜌]𝑤 (!→Λ){⊥↦ ,𝐶}

}
1≤𝐶≤.

[𝜏, ,𝜌]𝑤 !→Λ

where ⊥ ∈ ⊎𝑈𝑟𝜇(!→Λ) has sort 𝜇 and {,1,⋯ ,,.} is a 𝑚0-generator set for sort 𝜇 with the ,𝐶 for 1 ≤ 𝐶 ≤ . having fresh variables.
For a (universal) Skolem constant 𝜓 ∈𝜏 of sort 𝜇 the rule is:

{[𝜏 ≻ 𝜆 𝐶, ,𝜌&{𝜓 = ,𝐶}]𝑤 (!→Λ){𝜓↦ ,𝐶}}1≤𝐶≤.
[𝜏, ,𝜌]𝑤 !→Λ

where 𝜓 occurs in !→Λ, {,1,⋯ ,,.} is a 𝑚0-generator set for sort 𝜇 with the ,𝐶 for 1 ≤ 𝐶 ≤ . having fresh variables, 𝜆𝐶 = vars(,𝐶), 𝜆 𝐶
are the corresponding new fresh constants, and ,𝐶 ≡ ,𝐶{𝛾↦ 𝛾}𝛾∈𝜆𝐶 .CAS can be viewed as a “poor man’s” version of GSI. In complete analogy with how GSI generalizes to several variables, CAS
generalizes to several variables and several Skolem constants as follows. For . distinct variables ⊥1,… ,⊥. of sorts 𝜇1,… , 𝜇. and 𝑉
distinct Skolem constants in 𝜏 , 𝜓1,… ,𝜓𝑉 of sorts 𝜇′1,… , 𝜇′𝑉, . + 𝑉 ≥ 1, among those appearing in a conjecture ! →

⋀
𝑘∈𝑞 Δ𝑘 , the 

generalized CAS rule is as follows:

{[𝜏 ≻ 𝜆 𝑗,, ,𝜌]𝑤 (!→
⋀
𝑘∈𝑞 Δ𝑘 ){𝑗⊥↦ 𝑗,}}𝑗,∈(𝐿 {[𝜏 ≻ 𝜆 ′

𝑗⊎, ,𝜌&{𝑗𝜓 = 𝑗⊎}]𝑤 (!→
⋀
𝑘∈𝑞 Δ𝑘 ){{𝑗𝜓↦ 𝑗⊎}}𝑗⊎∈(𝐿′

[𝜏, ,𝜌]𝑤 !→
⋀
𝑘∈𝑞 Δ𝑘

where, (i) 𝑗⊥ and 𝑗𝜓 (resp. 𝑗𝜇 and 𝑗𝜇′) denote the tuples (⊥1,… ,⊥.) and (𝜓1,… ,𝜓𝑉) (resp. (𝜇1,… , 𝜇.) and (𝜇′1,… , 𝜇′𝑉)); (ii) for 𝑗, = (,1,… ,,.)
(resp. 𝑗⊎ = (⊎1,… ,⊎𝑉)), {𝑗⊥↦ 𝑗,} (resp. {𝑗𝜓↦ 𝑗⊎}) denotes the substitution {⊥1 ↦ ,1,… ,⊥. ↦ ,.} (resp. {𝜓1 ↦ ⊎1,… ,𝜓𝑉 ↦ ⊎𝑉}; (iii) 
(𝐿 = 𝐿1 )… )𝐿. (resp. (𝐿′ = 𝐿′

1 )… )𝐿′
𝑉) is the cartesian product of 𝑚0-generator sets 𝐿𝐶 for sorts 𝜇𝐶, 1 ≤ 𝐶 ≤ ., (resp. 𝐿′

𝑘 for 
sorts 𝜇′𝑘 , 1 ≤ 𝑘 ≤ 𝑉), all having fresh variables, and such that for each 𝐺, 𝑒, 1 ≤ 𝐺 < 𝑒 ≤ ., vars(𝐿𝐺) ∩ vars(𝐿𝑒) = ∅ (resp. for each 𝐺′, 𝑒′, 
1 ≤ 𝐺′ < 𝑒′ ≤𝑉, vars(𝐿′

𝐺′ )∩ vars(𝐿′
𝑒′ ) = ∅); (iv) 𝜆𝑗, = vars(𝑗,) (resp. 𝜆 ′

𝑗⊎ = vars(𝑗⊎)), 𝜆 ′
⊎𝑘
= vars(⊎𝑘 ), 1≤ 𝑘 ≤𝑉, and ⊎𝑘 ≡ ⊎𝑘{𝛾↦ 𝛾}𝛾∈𝜆⊎𝑘 ; and 

(v) {𝑗𝜓 = 𝑗⊎} abbreviates the set of hypotheses {𝜓1 = ⊎1,… ,𝜓𝑉 = ⊎𝑉}.
The use of the CAS rule is illustrated in §5.

Variable Abstraction (VA).

[𝜏, ,𝜌]𝑤 ⊥ = ,,!′ →Λ′

[𝜏, ,𝜌]𝑤 (!→Λ)[,]⊛

where ⊥ is a fresh variable whose sort is the least sort of subterm , at position ⊛, and (i) if ⊛ = 1 ⋅ ⊛′ (i.e., position ⊛ occurs in a 
subterm of !), then !′ = ![⊥]⊛′ and Λ′ =Λ, and (ii) if ⊛ = 2 ⋅ ⊛′ (i.e., position ⊛ occurs in a subterm of Λ), then !′ = ! and Λ′ =Λ[⊥]⊛′ . 
A special case when VA can be quite e!ective is when ⊛ = 1 ⋅ ⊛′ and ! = ![,]⊛′ is the occurrence ⊛′ = 𝐺 ⋅ ⊛′′ of a subterm , of ⊎ in 
the 𝐺<⊁ equation (from left to right) 𝑧 = ⊎[,]⊛′′ (or ⊎[,]⊛′′ = 𝑧) of !, and the abstracted equation 𝑧 = ⊎[⊥]⊛′′ (or ⊎[⊥]⊛′′ = 𝑧) is a 
+1(𝜏)-equation, since then 𝑧 = ⊎[⊥]⊛′′ can be unified away by CVUL.

The VA inference rule can be vastly generalized so that: (i) several terms are simultaneously abstracted by several variables, and 
(ii) each variable can simultaneously abstract several 𝑚0-equivalent terms at several positions. The generalized version of VA is as 
follows:

[𝜏, ,𝜌]𝑤 ⊥1 = ,1,… ,⊥. = ,.,![⊥1,… ,⊥.] 𝑗⊛1 ,…, 𝑗⊛. →Λ[⊥1,… ,⊥.] 𝑗⊛′1 ,…, 𝑗⊛′.

[𝜏, ,𝜌]𝑤 (!→Λ)[,1,… ,,.]
𝑚0

𝑗⊛1; 𝑗⊛′1 ,…, 𝑗⊛.; 𝑗⊛′.
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Narrowing simplification (NS)
J. Meseguer 

provided (i) ! ≠ 𝜏, (ii) 𝜌 ∈ 𝑤 has sort 𝐶 and 𝑙𝐶(𝑅) ≤ 𝐶, and (iii) 𝜌 does not appear in 𝑅; and where 𝐻𝑅 = vars(𝑅), 𝐻 𝑅 are fresh new 
constants ⊎ of same sort for each ⊎ ∈ 𝐻𝑅, and 𝑅 ≡ 𝑅{⊎↦ ⊎}⊎∈𝐻𝑅 . Cases 𝜌= 𝑅 and 𝑅 = 𝜌 are both covered.

Narrowing Simplification (NS).

{[𝑤 𝑈 𝐻 𝑟,𝜇 , ,,&⊥, ′]𝜓 (Γ𝑟, (Γ→!)[.𝑟 = 𝑅]𝑚)≻𝑟,𝜇}
𝜇∈𝜆𝑟
𝑟∈𝛾0

[𝑤, ,,]𝜓 (Γ→!)[𝑉 (𝑘𝑞) = 𝑅]𝑚

where:

1. 𝑉 (𝑘𝑞) is called the narrowex of goal Γ→ ! for the equation at position 𝑚, 𝑤𝑉 (𝑘𝑞) is the set of constants from 𝑤 appearing in 𝑉 (𝑘𝑞), 
𝑤𝑉 (𝑘𝑞) are the corresponding fresh variables 𝜌 having the same sort as 𝜌 for each 𝜌 ∈𝑤𝑉 (𝑘𝑞), and 𝑉 (𝑘𝑞)◦ is the term obtained by 
simultaneously replacing each 𝜌 ∈𝑤𝑉 (𝑘𝑞) by its corresponding 𝜌 ∈𝑤𝑉 (𝑘𝑞).

2. 𝑉 is a non-constructor symbol in Σ⧵&, the terms 𝑘𝑞 are &-terms, and 𝑉 is defined in the transformed ground convergent theory 𝑘𝑗
by a family of (possibly conditional) rewrite rules (with constructor argument subcalls), of the form: {[𝑟] ∶ 𝑉 ( 𝑘𝑅𝑟)→ .𝑟 if Γ𝑟}𝑟∈𝛾
such that: (i) are renamed with fresh variables disjoint from those in 𝑤𝑉 (𝑘𝑞) and in Γ→ !; (ii) as assumed throughout, for each 
𝑟 ∈ 𝛾 , vars(𝑉 ( 𝑘𝑅𝑟)) 𝐿 vars(.𝑟) ( vars(Γ𝑟) and the rules are sufficiently complete, i.e., can rewrite modulo the axioms 𝐺0 of 𝑘𝑗 any 
Σ-ground term of the form 𝑉 ( 𝑘𝑒), with the 𝑘𝑒 ground &-terms; and (iii) are the transformed rules by the 𝑘 ↦ 𝑘𝑗 transformation 
of corresponding rules defining 𝑉 in 𝑘 and are such that, as explained in Footnote 9, they never lose their left-hand side’s top 
symbol 𝑉 in the 𝑘 ↦ 𝑘𝑗 transformation due to a 𝑗 -collapse.

3. For each 𝑟 ∈ 𝛾 , Unif𝐺0 (𝑉 (𝑘𝑞)
◦ = 𝑉 ( 𝑘𝑅𝑟)) is a family of most general 𝐺0-unifiers25 Unif𝐺0 (𝑉 (𝑘𝑞)

◦ = 𝑉 ( 𝑘𝑅𝑟)) = {≻𝑟,𝜇}𝜇∈𝜆𝑟 , with 𝛾0 =
{𝑟 ∈ 𝛾 ) Unif𝐺0 (𝑉 (𝑘𝑞)

◦ = 𝑉 ( 𝑘𝑅𝑟)) ≠ ∅}, and with dom(≻𝑟,𝜇 ) = vars(𝑉 (𝑘𝑞))◦ 𝑈 vars(𝑉 ( 𝑘𝑅𝑟)), ran(≻𝑟,𝜇 ) is a set of fresh variables not ap-
pearing anywhere, 𝐻𝑟,𝜇 = vars(≻𝑟,𝜇 (𝑤𝑉 (𝑘𝑞))), and 𝐻 𝑟,𝜇 the set of fresh constants ⊎ of same sort for each variable ⊎ ∈ 𝐻𝑟,𝜇 , and 
≻𝑟,𝜇 the composed substitution ≻𝑟,𝜇 = {𝜌 ↦ 𝜌}𝜌∈𝑤𝑉 (𝑘𝑞)≻𝑟,𝜇{⊎ ↦ ⊎}⊎∈𝐻𝑟,𝜇 . Finally, ⊥, ′ = ⊛≻𝑟,𝜇 |𝑤𝑉 (𝑘𝑞) is the set of ground equations 
⊛≻𝑟,𝜇 |𝑤𝑉 (𝑘𝑞) = {𝜌 = ≻𝑟,𝜇 (𝜌)}𝜌∈𝑤𝑉 (𝑘𝑞) .

4. We furthermore assume that: (i) 𝑅 is a Σ1-term; and (ii) all .𝑟 in the set of equations {[𝑟] ∶ 𝑉 ( 𝑘𝑅𝑟)→ .𝑟 if Γ𝑟}𝑟∈𝛾 defining 𝑉 are also 
Σ1-terms, and 𝑉 is not a Σ1-symbol. This will ensure that the equations (.𝑟 = 𝑅)≻𝑟,𝜇 are all Σ1-equations. As earlier, we assume 
throughout that the symbol _ = _ is commutative.

Thanks to condition (4), the e!ect of this rule if 𝑚 is a position in the premise Γ of the goal multiclause is that the CVUL
simplification rule will become enabled in all the resulting subgoals, thus generating a healthy “chain reaction” of simplifications. 
Given the more restrictive nature of the CVUFR rule, the e!ect will be more limited if 𝑚 is a position in the multiclause’s conclusion !. 
The intention to ensure some definite progress in the simplification process is the only reason for adding condition (4) as a reasonable 
restriction for automation. However, the !" rule makes perfect sense dropping such a restriction, i.e., as a simplification rule of the 
form:

{[𝑤 𝑈 𝐻 𝑟,𝜇 , ,,&⊥, ′]𝜓 (Γ𝑟, (Γ→!)[.𝑟]𝑚)≻𝑟,𝜇}
𝜇∈𝜆𝑟
𝑟∈𝛾0

[𝑤, ,,]𝜓 (Γ→!)[𝑉 (𝑘𝑞)]𝑚

keeping the above side conditions (1)–(3) and with ⊥, ′ = ⊛≻𝑟,𝜇 |𝑤𝑉 (𝑘𝑞) as before, but now allowing the narrowex 𝑉 (𝑘𝑞) to appear anywhere
in Γ→!. In particular, 𝑉 (𝑘𝑞) may well be a proper subterm of another Σ-term, and therefore neither the left-hand nor the right-hand 
side of an equation. For purposes of proving soundness, we will use this more general form of the !" inference rule. In practice, we 
shall regard !" as a simplification rule with a dual use: (i) automated with the additional restrictions in (4), and (ii) applied under 
user control with the more general rule, assuming (1)–(3).

The !" simplification rule is very closely related, and complements, the narrowing induction (!#) inference rule to be discussed 
in §4.2. The only di!erences are that: (i) !# adds additional induction hypotheses to its subgoals, based on the subcalls appearing in 
the rules defining 𝑉 ; and (ii) in the !# rule, the narrowex 𝑉 (𝑘𝑞) does not have any constants in 𝑤. Therefore, these rules have di!erent 

25 The fact that 𝐺0 may involve axioms of associativity without commutativity —for which the number of unifiers may be infinite— may be a problem. In this case, 
Maude’s 𝐺0-unification algorithm will either find a complete finite set of unifiers, or will return a finite set of such unifiers with an incompleteness warning. In this 
second case, the !" rule application would have to be undone due to incompleteness. But this second case seems unlikely thanks to two favorable reasons: (1) the 
unifiers in Unif𝐺0

(𝑉 (𝑘𝑞)◦ = 𝑉 ( 𝑘𝑅𝑟)) are disjoint unifiers, i.e., no variables are shared between the two unificands; and (2) we may safely assume, without loss of generality, 
that all the left-hand sides 𝑉 ( 𝑘𝑅𝑟) of the rules defining 𝑉 are linear terms (have no repeated variables); because if they are not, we can easily linearize them and add 
the associated equalities between the linearized variables to their rule’s condition Γ𝑟 .
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Narrowing induction (NI)

J. Meseguer 

They are interesting because by equation [16] we have,

[𝜏+ 1 + 𝜌 + 1, 𝜌 + 1] = [𝜏+ 1 + 𝜌, 𝜌] + [𝜏+ 𝜌 + 1, 𝜌 + 1]

This makes possible transforming the inductive subgoal (†) into a simpler subgoal involving only sums, products, quotients and 
factorials. Indeed, by applying as rewrite rules first equation [16] and then equations (𝑤) and (𝑤!), which can be achieved by three 
applications of the EQ inference rule (explained later in this section), we can transform (†) into the simpler subgoal:

(‡) ((𝜏+ 1 + 𝜌)!∕(𝜏+ 1)! ∗ 𝜌!) + ((𝜏+ 𝜌 + 1)!∕𝜏! ∗ ((𝜌 + 1)!)) = (𝜏+ 1 + 𝜌 + 1)!∕(𝜏+ 1)! ∗ (𝜌 + 1)!

Now the question is how to prove (‡). EPS simplification does not work. An obvious guess would be to turn the Skolem constants 
into variables and try GSI or another induction method like NI to be explained next; but since (‡) is a somewhat complex equation 
involving four di!erent functions, a proof by either GSI or NI (or both) could be quite complex and might require proving additional 
lemmas. But what if (‡) were provable by equational inference? Then we could apply the ES inference rule and prove it automatically! 
The equations [11]–[16] are not powerful enough to achieve such an ES proof; but, as shown in Appendix A, adding to [11]–[16]
three other equations as auxiliary lemmas, which can be done with the LE rule to be explained later in this section, an automatic ES
proof can indeed be achieved.

Remark 3. The GSI rule could be further generalized by allowing the notion of 𝐶0-generator set for a sort 𝑙 to be, not just a set 
{𝑅1,… ,𝑅𝐻}, but a set of Σ-constrained terms {𝑅1|⊎1,… ,𝑅𝐻|⊎𝐻} such that 𝑈Ω∕𝐶0 ,𝑙 =

⋃
1≤𝑟≤𝐻!𝑅𝑟|⊎𝑟", where, by definition, !𝑅|⊎" = {[𝜇] &

𝑈Ω∕𝐶0 ∣ (, & [⊥→ 𝑈Ω] 𝑙.𝜓. [𝜇] = [𝑅 ,] )  . ⊎,}, where ⊥ = vars(𝑅) and ⊎ is a QF Σ-formula with vars(⊎) 𝑚 vars(𝑅). Why could this 
be useful? Because it would allow what one might call “bespoke generator sets,” tailor made for a specific function or set of functions 
≻ involving conditional equations in their definition. The reason why the !"# rule was not specified in this more general form is that, 
the “bespoke” nature of such a generalization is implicitly provided by another inference rule, namely, the NI rule to be presented 
next. However, if future experimentation suggests that it would be useful to have this more general form of the !"# rule explicitly 
available, it could be added to the present inference system as a natural generalization.

Narrowing Induction (NI).

{[⊥ 𝜆 𝛾 𝑟,𝑉 , , 𝑘&𝑘𝑟,𝑉 ]𝑞 (Γ𝑟, (Γ→
⋀
𝑗&𝐿+𝑗)[𝐺𝑟]𝜏)𝑒𝑟,𝑉}

𝑉&⊛𝑟
𝑟&<0

[⊥, ,𝑘]𝑞 (Γ→
⋀
𝑗&𝐿+𝑗)[≻ (⊁𝜇)]𝜏

where:

1. ≻ (⊁𝜇) does not contain any constants in ⊥. We call ≻ (⊁𝜇) the focus narrowex of goal Γ→
⋀
𝑗&𝐿+𝑗 at position 𝜏.

2. ≻ is a non-constructor symbol in Σ⧵Ω, the terms ⊁𝜇 are Ω-terms, and ≻ is defined in the transformed ground convergent theory ⊁𝑧
by a family of (possibly conditional) rewrite rules (with constructor argument subcalls), of the form: {[𝑟] ∶ ≻ ( ⊁𝑅𝑟)→ 𝐺𝑟 if Γ𝑟}𝑟&<
such that: (i) are renamed with fresh variables disjoint from those in ⊥ and in Γ→

⋀
𝑗&𝐿+𝑗 ; (ii) as assumed throughout, for each 

𝑟 & < , vars(≻ ( ⊁𝑅𝑟)) 𝜒 vars(𝐺𝑟) ∪ vars(Γ𝑟) and the rules are sufficiently complete, i.e., can rewrite modulo the axioms 𝐶0 of ⊁𝑧 any 
Σ-ground term of the form ≻ ( ⊁𝐼), with the ⊁𝐼 ground Ω-terms; and (iii) are the transformed rules by the ⊁ ↦ ⊁𝑧 transformation 
of corresponding rules defining ≻ in ⊁ and are such that, as explained in Footnote 9, never lose their left-hand side’s top symbol 
≻ in the ⊁ ↦ ⊁𝑧 transformation due to a 𝑧 -collapse.

3. For each 𝑟 & < , Unif𝐶0 (≻ (⊁𝜇) = ≻ ( ⊁𝑅𝑟)) is a family of 𝐶0-unifiers Unif𝐶0 (≻ (⊁𝜇) = ≻ ( ⊁𝑅𝑟)) = {𝑒𝑟,𝑉}𝑉&⊛𝑟 , with <0 = {𝑟 & < ∣ Unif𝐶0 (≻ (⊁𝜇) =
≻ ( ⊁𝑅𝑟)) ≠ ∅}, and with dom(𝑒𝑟,𝑉 ) = vars(≻ (⊁𝜇))𝜆 vars(≻ ( ⊁𝑅𝑟)), 𝛾𝑟,𝑉 = ran(𝑒𝑟,𝑉 ) fresh variables not appearing anywhere, 𝛾 𝑟,𝑉 denotes the 
set of fresh constants 𝛽 of same sort for each variable 𝛽 & 𝛾𝑟,𝑉 , and 𝑒𝑟,𝑉 denotes the composed substitution 𝑒𝑟,𝑉 = 𝑒𝑟,𝑉{𝛽↦ 𝛽}𝛽&𝛾𝑟,𝑉 .

4. 𝑘𝑟,𝑉 is defined by cases, depending on where position 𝜏 occurs in Γ→
⋀
𝑗&𝐿+𝑗 . Case (1): If 𝜏 occurs in Γ, then 𝑘𝑟,𝑉 = {(Γ→

+𝑗)̂ ∣ 𝑗 & 𝐿 ) ≻ ( ⊁𝐼) & SSC([𝑟]) ) ≻ ( ⊁𝐼)𝑒𝑟,𝑉 =𝐶0 ≻ (⊁𝜇)̂}. Case (2): If 𝜏 occurs in some +𝑔 in 
⋀
𝑗&𝐿+𝑗 , then 𝑘𝑟,𝑉 = {(Γ→ +𝑔)̂ ∣

≻ ( ⊁𝐼) & SSC([𝑟]) ) ≻ ( ⊁𝐼)𝑒𝑟,𝑉 =𝐶0 ≻ (⊁𝜇)̂}. In both cases ̂ is, by definition, the composed substitution ̂ = ̂{𝛽↦ 𝛽}𝛽&𝛾𝑟,𝑉 .

Note that, by the way the induction hypotheses 𝑘𝑟,𝑉 are defined in (4), if 
⋀
𝑗&𝐿+𝑗 contains more than one disjunction +𝑗 , i.e., if 

the goal is properly a multiclause and not just a clause, there are definite advantages in choosing a position 𝜏 for the focus narrowex 
in the goal’s premise Γ, since this will have a “gunshot” e!ect of producing as many induction hypotheses as conjuncts +𝑗 in 

⋀
𝑗&𝐿+𝑗 , 

which may simultaneously help in proving all such conjuncts (see §5 for an example).
The above, somewhat long list of technical details specifying the NI rule is of course essential for its precise definition, proof of 

soundness, and correct implementation. But it may obscure its intuitive meaning, which can be clarified and illustrated by means of 
an example.

Example 10. Consider a signature of constructors Ω for non-empty lists of elements (the constructors for such elements are irrelevant), 
with sorts Elt and List, a subsort inclusion Elt < List, an associative (𝑐) list concatenation operator _ ⋅ _ ∶ List List → List, and a 
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this automates typical algebraic manipulations where an equation is used in both directions; for example, we may have twin equations 
𝜏 ⋅ (𝜌+𝜏) = (𝜏 ⋅𝜌)+ (𝜏 ⋅𝑤) and (𝜏 ⋅𝜌)+ (𝜏 ⋅𝑤) = 𝜏 ⋅ (𝜌+𝜏), or 𝐶𝑙𝑅𝐻(⊎+1) = (⊎+1) ⋅⊎! and (⊎+1) ⋅⊎! = 𝐶𝑙𝑅𝐻(⊎+1); (iii) the signature !≡
extends ! by adding a new sort Pred with a constant tt, as well as the family of joinability predicates {_ ≡ _ ∶ 𝑈[𝑟] 𝑈[𝑟] → Pred}[𝑟]∈ 𝜇, , 
where for each connected component [𝑟] ∈ 𝜇, of the sorts of !, 𝑈[𝑟] denotes the top sort of [𝑟] if exists, or a new added sort greater 
than all sorts in [𝑟].

Remark 2. When ⊥2 = ∅, it is possible to allow labels 𝜓 ∈⊥1 naming conditional equations 𝜓 ∶ 𝐻 = 𝐻′ if
⋀
.∈𝑚 ≻. = 𝜆. such that vars(𝐻′)&⋃

.∈𝑚 vars(≻. = 𝜆.) 𝛾 vars(𝐻) and 𝐻 ∉ vars(𝐻), and to add them to 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ⊥1 as conditional rules of the form 𝜓 ∶ 𝐻→ 𝐻′ if
⋀
.∈𝑚 ≻. ≡

𝜆. → tt, provided that the resulting rules 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ⊥1 are operationally terminating modulo 𝐿0. Operational termination modulo 
𝐿0 is of course undecidable; but operational 𝐺𝑒⊛-termination modulo 𝐿0 can be checked automatically using the total order on 
function symbols associated to the signature ! &< of the current goal, and has been automated in Maude’s NuITP. Under all these 
assumptions, the (! &<,𝑞 & eq(𝑗) &𝐿) ⊁[⊥1 ,∅],𝑧,mod,𝜒 ≻ = 𝜆 provability relation holds i!:
For m = !",

(!≡,𝑧,{(𝜏 ∶ 𝑈[𝑟] ≡ 𝜏 ∶ 𝑈[𝑟]) = tt}[𝑟]∈ 𝜇, &𝐿, 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ⊥1 & 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ←⊥2 ) ⊁ ≻
≤𝜒 

⟶( 𝜆

For m = "!,

(!≡,𝑧,{(𝜏 ∶ 𝑈[𝑟] ≡ 𝜏 ∶ 𝑈[𝑟]) = tt}[𝑟]∈ 𝜇, &𝐿, 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ⊥1 & 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ←⊥2 ) ⊁ 𝜆
≤𝜒 

⟶( ≻

For m = #$%&,

(!≡,𝑧,{(𝜏 ∶ 𝑈[𝑟] ≡ 𝜏 ∶ 𝑈[𝑟]) = tt}[𝑟]∈ 𝜇, &𝐿, 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ⊥1 & 𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑉𝑘(𝑞 & eq(𝑗)) ←⊥2 ) ⊁ ≻ ≡ 𝜆
≤𝜒 

⟶( 𝐻𝐻

A good way to illustrate the usefulness of the ES rule is by showing a nontrivial goal which can be automatically proved by ES, 
could not be discharged by a single application of any other inference rule, and would require a complex proof without the use of ES. 
This requires showing a concrete theorem proving problem in which this need for ES simplification appears in the context of other 
rule applications. This would be hard to do at this point, since those other rules have not yet been explained. For these reasons, I 
postpone an example motivating the usefulness of ES until Example 9 in §4.2, and the proof by ES of that example until Appendix A.

Constructor Variant Unification Left (CVUL).

{[< 𝐼 𝛽 ̂ ,  , 𝑗&𝑔𝑗 ′]𝑐 ()′ →Λ)̂}̂∈Unif+1()◦)
[<, ,𝑗]𝑐 ),)′ →Λ

where: (i) ) is a conjunction of 1-equalities and )′ does not contain any 1-equalities; (ii) <) is the (possibly empty) set of constants 
from < appearing in ), and <) the set of variables obtained by replacing each 𝜏 ∈<) by a fresh variable 𝜏 of the same sort; (iii) 
)◦ is just ){𝜏↦ 𝜏}𝜏∈<)

, i.e., we replace each constant 𝜏 ∈<) by its corresponding variable 𝜏 ∈<) (this makes possible treating 
the constants in <) as variables for unification purposes); (iv) 𝛽 = ran(̂) is a set of fresh variables, 𝛽̂ 𝛾 𝛽 is, by definition, the 
set of variables 𝛽̂ = vars(̂(<))), and 𝛽 ̂ is the corresponding set of constants, where each 𝜌 ∈ 𝛽̂ is replaced by a fresh constant 
𝜌 of the same sort; (v) ̂ is the composed substitution ̂ = {𝜏↦ 𝜏}𝜏∈<)

̂{𝜌↦ 𝜌}𝜌∈𝛽̂ ; (vi) 𝜇𝑗 = ⊩̂|<)
is the set of ground equations 

⊩̂|<)
= {𝜏 = ̂(𝜏)}𝜏∈<)

; and (vii) Unif+1 ()◦) denotes the set of constructor 1-unifiers of )◦ [54,70].
The CVUL simplification rule can be very powerful. The most powerful case is when Unif+1 ()◦) = ∅, since then there are no 

subgoals, i.e., the rule’s premise becomes 𝑈, and we have proved the given goal.
The main reason for the extra technicalities (i)–(viii) is that they make this simplification rule more generally applicable, so that 

it can also be applied when ) contains some extra constants in < . However, extra care is required to make sure that the CVUL rule 
remains sound in this more general setting. The main idea is to turn such extra constants into variables. But in fact they are constants. 
What can we do? That is what the technicalities (i)–(viii), and in particular the new ground hypotheses ⊩̂|<)

, answer. Since a concrete 
example is worth a thousand generic explanations, let us see the technicalities (i)–(viii) at work in a simple example.

Example 4. Consider an equational theory  containing the multiset specification in Example 1 in §2.9 and perhaps many more 
things. For our purposes here, let us assume that it also includes a Boolean predicate 𝑄 ∶ MSet → Bool whose defining equations 
are irrelevant here. The theory  certainly has an FVP subtheory 1 𝛾  which contains the subsort-overloaded 𝜀𝐽 multiset union 
operator _ & _, and a single equation, namely, , & ∅ = , , oriented as the rule , & ∅ → , , with , of sort MSet. Now consider the 
inductive goal:

𝜏 &⃖ = 𝜌 & ⃖ → 𝑄(⃖ ) = true,
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where 𝜏,𝜌 have sort Elt, 𝑤 has sort NeMSet, and the constant 𝐶 has also sort NeMSet. So in this example our ! is 𝜏 ∪ 𝐶 = 𝜌 ∪ 𝑤 , 
𝑙! = {𝐶}, 𝑙! = {𝐶}, which we assume is fresh, i.e., it appears nowhere else, and !◦ ≡ 𝜏∪𝐶 = 𝜌∪𝑤 . One of the variant constructor 
unifiers of !◦ is the unifier 𝑅 = {𝐶 ↦ 𝜌′ ∪𝐻 , 𝜏↦ 𝜏′, 𝜌↦ 𝜌′, 𝑤 ↦ 𝜏′ ∪𝐻 }. ⊎𝑅 = vars(𝑅(𝑙!)) = vars(𝑅(𝐶 )) = {𝜌′,𝐻 }, and ⊎ 𝑅 =
{𝜌′,𝐻 }. Therefore, 𝑅 is the composed substitution:

{𝐶 ↦𝐶} {𝐶 ↦ 𝜌′ ∪𝐻 , 𝜏↦ 𝜏′, 𝜌↦ 𝜌′, 𝑤 ↦ 𝜏′ ∪𝐻 } {𝜌′ ↦ 𝜌′, 𝐻 ↦𝐻 }.

That is, the substitution 𝑅 = {𝐶 ↦ 𝜌′ ∪𝐻 , 𝜏↦ 𝜏′, 𝜌↦ 𝜌′, 𝑤 ↦ 𝜏′ ∪𝐻 }, and 𝑈𝑅|𝑙!
= {𝐶 = 𝜌′ ∪𝐻 }. Therefore, if our original goal 

had the form:

[𝑙, ,𝑟]𝜇𝜏 ∪𝐶 = 𝜌 ∪ 𝑤 → ,(𝑤 ) = true

then the subgoal associated to the constructor variant unifier 𝑅 is:

[𝑙 ⊥ ⊎ 𝑅 ,  , (𝑟 ∪ {𝐶 = 𝜌′ ∪𝐻 })simp]𝜇 (,(𝑤 ) = true)𝑅.

That is, the subgoal:

[𝑙 ⊥ ⊎ 𝑅 ,  , (𝑟 ∪ {𝐶 = 𝜌′ ∪𝐻 })simp]𝜇 ,(𝜏′ ∪𝐻 ) = true.

Note the very useful, but slight poetic license of disregarding any di!erences between (universal) Skolem constants and variables in 
this extended notation for substitutions.

Constructor Variant Unification Failure Right (CVUFR).

[𝑙, ,𝑟]𝜇 !→Λ∧&
[𝑙, ,𝑟]𝜇 !→Λ∧ (𝜓 = .,&)

where 𝜓 = . is a 1𝑙 -equality and UnifΩ1 ((𝜓 = .)◦) = (.

Substitution Left (SUBL).
We consider two cases: when 𝜏 is a variable, and when 𝜏 is a fresh constant.

[𝑙, ,𝑟]𝜇 (!→Λ){𝜏↦ 𝜓}
[𝑙, ,𝑟]𝜇𝜏 = 𝜓, !→Λ

where: (i) 𝜏 is a variable of sort 𝑚, ≻𝑚(𝜓) ≤ 𝑚, and 𝜏 ) .𝜆𝛾𝑚(𝜓); and (ii) 𝜓 is not a Σ1-term and ! contains no other Σ1-equations. Note 
that _ = _ is assumed commutative, so cases 𝜏 = 𝜓 and 𝜓 = 𝜏 are both covered.

When 𝜏 is a fresh constant the SUBL rule has the form:

[𝑙 ⊥ ⊎ 𝜓, ,𝑟&{𝜏 = 𝜓}]𝜇 (!→Λ)({𝜌↦ 𝜌}𝜌+⊎𝜓 ⊥ {𝜏↦ 𝜓})

[𝑙, ,𝑟]𝜇 𝜏 = 𝜓, !→Λ

where 𝜏 + 𝑙 has sort 𝑚, ≻𝑚(𝜓) ≤ 𝑚, 𝜏 does not appear in 𝜓, which is not a Σ1-term, and ! contains no Σ1-equations; and where 
⊎𝜓 = vars(𝜓), ⊎ 𝜓 are fresh new constants 𝜌 of same sort for each 𝜌 + ⊎𝜓, and 𝜓 ≡ 𝜓{𝜌↦ 𝜌}𝜌+⊎𝜓 . Note again that _ = _ is assumed 
commutative.

Substitution Right (SUBR).
We again consider two cases: when 𝜏 is a variable, and when 𝜏 is a fresh constant.

[𝑙, ,𝑟]𝜇 !→ 𝜏 = 𝜓 [𝑙, ,𝑟]𝜇 (!→Λ){𝜏↦ 𝜓}
[𝑙, ,𝑟]𝜇 !→Λ∧ 𝜏 = 𝜓

provided (i) Λ ≠ 𝑉, (ii) variable 𝜏 has sort 𝑚 and ≻𝑚(𝜓) ≤ 𝑚, and (iii) 𝜏 ) .𝜆𝛾𝑚(𝜓). (i) avoids looping, and (ii) makes {𝜏 ↦ 𝜓} an 
order-sorted substitution. Cases 𝜏 = 𝜓 and 𝜓 = 𝜏 are both covered.

When 𝜏 is a fresh constant the SUBR rule has the form:

[𝑙, ,𝑟]𝜇 !→ 𝜏 = 𝜓 [𝑙 ⊥ ⊎ 𝜓, ,𝑟&{𝜏 = 𝜓}]𝜇 (!→Λ)({𝜌↦ 𝜌}𝜌+⊎𝜓 ⊥ {𝜏↦ 𝜓})

[𝑙, ,𝑟]𝜇 !→Λ∧ 𝜏 = 𝜓
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where (⋀𝜏!𝜌 Γ′𝜏 → Λ′
𝜏) ! (Γ → Λ)! 𝑤=

𝐶𝑙
∪ 𝑤𝑅+

𝐻𝑙
. Furthermore, if ⊎ ! (Γ → Λ)! 𝑤=

𝐶𝑙
∪ 𝑤𝑅+

𝐻𝑙
, then ⋀𝜏!𝜌 Γ′𝜏 → Λ′

𝜏 is chosen to be ⊎; if 𝑈 !

(Γ→ Λ)! 𝑤=
𝐶𝑙

∪ 𝑤𝑅+
𝐻𝑙
, then ⋀𝜏!𝜌 Γ′𝜏 → Λ′

𝜏 is chosen to be 𝑈 (i.e., the conjecture Γ→ Λ is then shown to be false); otherwise, the choice 
of ⋀𝜏!𝜌 Γ′𝜏 → Λ′

𝜏 is unspecified, but it should be optimized according to some criteria that make the resulting subgoals easier to 
prove.22 The fact that an EPS simplification might result in a conjunction of goals is illustrated in Example 3 below. We assume that 
the hypotheses 𝑅 have already been simplified using the 𝑅 ↦𝑅simp transformation, since this should be an invariant maintained 
throughout. We also assume that constructors in the transformed theory 𝑙 are free modulo axioms.23 This means that in & = (&,𝑟&), 
the axioms 𝑟& decompose as 𝑟& =𝜇& ,𝑙& with 𝑙& the unit axioms and 𝜇& the associative and/or commutative axioms such that 
⊥& ≅ ⊥&(𝜇& . This can be arranged with relative ease in many cases by subsort overloading, so that the rules in 𝑤𝑙& only apply to 
subsort-overloaded operators that are not constructors.

For example, consider sorts Elt < NeList < List and & with operators nil of sort List and _ ; _ ) NeList NeList → NeList and 𝑟&
associativity of _ ; _ with identity nil, but where _ ; _ ) List List→ List, declared with the same axioms, is in Σ ⧵&. Then 𝜇& is just the 
associativity axiom for (_ ; _).

In summary, this inference rule simplifies a multiclause Γ→ Λ with: (i) the rules in 𝑤𝑙 , (ii) the equality predicate rewrite rules 
in 𝑤=

𝑙 , and (iii) the hypothesis rewrite rules 𝑤𝑅+
𝐻𝑙
.24

Example 3. Let  denote theory of the natural numbers in Peano notation with the usual equations defining addition, +, multi-
plication, +, and exponentiation, (_)(_), and with two additional sorts, Pair and UPair, of, respectively, ordered and unordered pairs 
of numbers, built with the constructor operators, [_, _] ) Nat Nat → Pair and {_, _} ) Nat Nat → UPair, where {_, _} satisfies the commu-
tativity axiom. Now consider the goal:

[∅, ,∅]𝜓 {.𝑚(𝑚(0)),≻} = {𝑚(≻),0}→ [.+ .𝑚(𝑚(0)),. + .] = [𝑚(.+ ≻),.]

Note that the theory 𝑤= includes, among others, the rules:

– [.,≻] = [.′,≻′]→ . = .′ ∧ ≻ = ≻′
– {.,≻} = {.′,≻′}→ (. = .′ ∧ ≻ = ≻′) ∨ (. = ≻′ ∧ ≻ = .′)
– 𝑚(.) = .→ 𝑈.

Application of the first and second 𝑤=-rules to the above clause, plus Boolean simplification, plus the equations for +, +, (_)(_), 
gives us a conjunction of two multiclauses:

. + . = 𝑚(≻), ≻ = 0→ .+ (. + .) = 𝑚(.+ ≻) ∧ . + . = .

and

. + . = 0, ≻ = 𝑚(≻)→ .+ (. + .) = 𝑚(.+ ≻) ∧ . + . = ..

But, since ≻ = 𝑚(≻) simplifies to 𝑈 by the third rule, the second multiclause simplifies to ⊎. So we just get the first multiclause as the 
result of applying the EPS rule to our original goal.

Equality Proof Search (ES).

[𝐶, ,𝑅]𝜓 (Γ→Λ)[⊎]𝑤𝜆 if 𝛾 ∪ eq(𝑅) ∪𝑟 𝑉[𝑘1 ,𝑘2],𝑞,mod,𝑗 𝐿 = 𝐺
[𝐶, ,𝑅]𝜓 (Γ→Λ)[𝐿 = 𝐺]𝑟𝑤𝜆

where (i)  = (Σ,𝛾 ∪𝑟); (ii) eq(𝑅) are the hypotheses in 𝑅 that are equations; (iii) 𝑤𝜆 = 𝜆1…𝜆𝑒 is a non-empty sequence of disjoint 
positions in the formula Γ→ Λ viewed as a term, and the notation (Γ→ Λ)[𝐿 = 𝐺]𝑟𝑤𝜆 means that for each 𝜆𝜏, 1 ≤ 𝜏 ≤ 𝑒, (Γ→ Λ)|𝜆𝜏 =
(⊛𝜏 =⊛′

𝜏), with either 𝐿 =𝑟 ⊛𝜏 and 𝐺 =𝑟 ⊛′
𝜏 or 𝐿 =𝑟 ⊛′

𝜏 and 𝐺 =𝑟 ⊛𝜏; that is, modulo 𝑟, ⊛𝜏 =⊛′
𝜏 and 𝐿 = 𝐺 are equivalent equations; 

the ES rule replaces these ⊛𝜏 =⊛′
𝜏 by ⊎ at all those positions in 𝑤𝜆; the simplest two cases are when 𝑤𝜆 is a single position 𝜆, and 𝜆 is 

either the top position <, so that Γ→Λ ≡ 𝐿 = 𝐺, or 𝜆 is the top position of Λ, i.e., Γ→Λ ≡ Γ→ 𝐿 = 𝐺, so that, in both these cases, the 
goal is proved; the next most useful case is when all positions 𝑤𝜆 = 𝜆1…𝜆𝑒 occur in the consequent Λ =⋀

⊁!𝑧 Δ⊁ , so that all Δ⊁ on 

22 For example, that the number of the goals in the conjunction is the smallest possible.
23 This requirement will be relaxed in the future to allow equational programs whose constructors are not free modulo axioms. The main reason for currently 
imposing this restriction is precisely to allow application of the EPS simplification rule, which simplify formulas with the rules in 𝑤=

𝑙 (plus executable induction 
hypotheses), since 𝑤=

𝑙 assumes that 𝑙 has free constructors modulo 𝑟0.
24 Recall that Γ is a conjunction and Λ a conjunction of disjunctions. Therefore, the equality predicate rewrite rules together with 𝑤𝑅+

𝐻𝑙
may have powerful “cascade 

e!ects.” For example, if either 𝑈! Γ! 𝑤=
𝐶𝑙

∪ 𝑤𝑅+
𝐻𝑙

or ⊎!Λ! 𝑤=
𝐶𝑙

∪ 𝑤𝑅+
𝐻𝑙
, then ⊎ ! (Γ→Λ)! 𝑤=

𝐶𝑙
∪ 𝑤𝑅+

𝐻𝑙
and the goal has been proved.
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no rule is added. Otherwise, if 𝜏!
0 =𝜏

!
1 if

⋀
1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌 is reductive (in either direction) we add its corresponding rewrite 

rule. Otherwise, if the equation 𝜏!
0 = 𝜏

!
1 if

⋀
1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌 is still usable, we add its associated rules for ordered rewriting. 

Otherwise, we add the original rule 𝜏0 →𝜏1 if
⋀

1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌.
– For each usable conditional equation 𝜏0 =𝜏1 if

⋀
1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌 in 𝑅𝑤𝐻⊎𝑈 , abbreviating to 𝑟1 → 𝜇1 if ,1 and 𝑟2 → 𝜇2 if ,2 its 

associated ordered-rewriting rewrite rules (there could be only one such rule), if 𝜏!
0=𝜏0! ⊥𝑅𝐻⊎simp∪( ⊥𝑅𝑤𝐻⊎𝑈 ⧵{𝑟1→𝜇1 if ,1 ,𝑟2→𝜇2 if ,2}) ∶ ⊥𝜓𝑈∪.0

=.0 𝜏0! ⊥𝑅𝐻⊎simp∪( ⊥𝑅𝑤𝐻⊎𝑈 ⧵{𝑟→𝜇 if ,}) ∶ ⊥𝜓𝑈∪.0
=𝜏!

1 no rule is added. Otherwise, if 𝜏!
0 =𝜏

!
1 if

⋀
1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌 is reductive (in either 

direction) we add its corresponding rewrite rule. Otherwise, if the equation 𝜏!
0 =𝜏

!
1 if

⋀
1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌 is still usable, we add its 

associated rules for ordered rewriting. Otherwise, we add its associated ordered-rewriting rules. 𝜏0 →𝜏1 if
⋀

1≤𝜌≤𝑤 𝐶𝜌 = 𝑙𝜌.
Due to non-confluence, “normal forms” such as 𝜏! ⊥𝑅𝐻⊎simp∪( ⊥𝑅𝑤𝐻⊎𝑈 ⧵{𝑟→𝜇 if ,}) ∶ ⊥𝜓𝑈∪.0

or 𝜏! ⊥𝑅𝐻⊎simp∪( ⊥𝑅𝑤𝐻⊎𝑈 ⧵{𝑟1→𝜇1 if ,1 ,𝑟2→𝜇2 if ,2}) ∶ ⊥𝜓𝑈∪.0

may denote, not a single term, but a set of such terms. The above notations 𝜏! = 𝜏! ⊥𝑅𝐻⊎simp∪( ⊥𝑅𝑤𝐻⊎𝑈 ⧵{𝑟→𝜇 if ,}) ∶ ⊥𝜓𝑈∪.0
and 𝜏! =

𝜏! ⊥𝑅𝐻⊎simp∪( ⊥𝑅𝑤𝐻⊎𝑈 ⧵{𝑟1→𝜇1 if ,1 ,𝑟2→𝜇2 if ,2}) ∶ ⊥𝜓𝑈∪.0
mean that an element in such a set has been non-deterministically chosen. A more 

powerful version of the 𝑚𝑅𝜇𝑈 ↦ 𝑚𝑅simp transformation would consider all such choices.
3. ⊥𝑅∨,⊎simp

has the following rules. For each rule Δ → ≻ if
⋀

(𝐶=𝑙)&Γ 𝐶 = 𝑙 in ⊥𝑅=
∨,⊎𝑈

we add the rule Δ! → ≻ if
⋀

(𝐶=𝑙)&Γ 𝐶 = 𝑙, 
where Δ! =Δ! ⊥𝑅𝐻⊎simp∪ ⊥𝑅𝑤𝐻⊎simp∶ ⊥𝜓𝑈∪.0

.
Again, Δ! =Δ! ⊥𝑅𝐻⊎simp∪ ⊥𝑅𝑤𝐻⊎simp∶ ⊥𝜓𝑈∪.0

means that a normal form Δ! has been non-deterministically chosen. A more powerful version 
of the 𝑚𝑅𝜇𝑈 ↦ 𝑚𝑅simp transformation could consider all such choices.

The 𝑚𝑅𝜇𝑈 ↦ 𝑚𝑅simp transformation can be summarized by saying that the rules in ⊥𝑅𝐻⊎simp
𝜆 ⊥𝑅𝑤𝐻⊎simp

𝜆 ⊥𝑅∨,⊎simp
have been inter-reduced

with each other and reduced with ⊥𝜓𝑈 modulo .0 to avoid “rule preemption,” so as to maximize their chances of simplifying a goal. 
The rewriting-based goal simplification thus achieved is performed by the rewrite theory

[𝛾, , 𝑚𝑅simp]
= ((=(𝛾),.=

0 ∪ ⊥𝜓=
𝑈 , ⊥𝑅𝐻⊎simp

𝜆 ⊥𝑅𝑤𝐻⊎simp
𝜆 ⊥𝑅∨,⊎simp

)

The (𝑅 ,𝑉𝑅 !)↦𝑅&𝑉𝑅 ! Transformation. Recall that we wish to keep the invariant that the hypotheses 𝑅 of an inductive theory 
[𝛾, ,𝑅] are always of the form 𝑅 = 𝑚𝑅 ∪ 𝑚𝑅simp. Keeping such an invariant means that, when applying an inference rule in the 
inductive inference system described in §4 to a goal [𝛾, ,𝑅]𝑘 Γ→ ), each of the subgoals thus obtained, say, of the form, [𝛾 ∪
𝑞 , ,𝑅 ∪𝑅 !]𝑘 Γ! →)!, where the new induction hypotheses generated by the inference rule for such a subgoal are, say, 𝑉𝑅 ! , then the 
hypotheses 𝑅 ∪𝑅 ! will also satisfy the same invariant 𝑅 ∪𝑅 ! = 𝑚𝑅 ∪ 𝑉𝑅 ! ∪ (𝑉𝑅 ! ∪ 𝑉𝑅 !)simp. This is achieved by the (𝑅 , 𝑉𝑅 !)↦𝑅&𝑉𝑅 !

transformation, which, under the assumption that 𝑅 is of the form 𝑅 = 𝑚𝑅 ∪ 𝑚𝑅simp, is defined as the mapping (𝑅 ,𝑉𝑅 !)↦ 𝑚𝑅 ∪ 𝑉𝑅 ! ∪
( 𝑚𝑅 ∪ 𝑉𝑅 !)simp. All the inference rules introduced in §4 will keep this invariant to maximize the chances of success when applying 
inference rules.

4. The inductive inference system

Each inference rule in the inductive inference presented below transforms an inductive goal of the form [𝛾, ,𝑅]𝑘 Γ→), where 
[𝛾, ,𝑅] is an inductive theory and Γ→) is a (□(𝛾)-multiclause, into a set of goals. The empty set of goals is denoted ≻ to suggests 
that the goal from which it was generated has been proved (it becomes a closed goal). However, in the special case of goals of the 
form [∅, ,∅]𝑘 Γ→ ), called initial goals, we furthermore require that Γ→ ) is a (-multiclause; and we also allow existential initial 
goals of the form [∅, ,∅]𝑘 (+𝑗)(Γ→)), with 𝑗 a Skolem signature and Γ→) a ( ∪ 𝑗 -multiclause (see §2.11).

A proof tree is a tree of goals, where at the root we have the original goal that we want to prove, and the children of each node in 
the tree have been obtained by applying an inference rule to the goal at that node in the usual bottom-up proof search fashion. Goals 
at the leaves are called the pending goals. A proof tree is closed if it has no pending goals, i.e., if all its leaves are marked ≻. Soundness 
of the inference system means that if the goal [𝛾 , ,𝑅]𝑘𝐿 is the root of a closed proof tree, then 𝐿 is valid in the inductive theory 
[𝛾, ,𝑅], i.e., it is satisfied by all the models (𝐺□ , [𝑒]) of [𝛾, ,𝑅] in the sense explained above.

The inductive inference system consists of two sets of inference rules: (1) goal simplification rules, which are easily amenable to 
automation, and (2) inductive rules, which are usually applied under user guidance, although they may also be automated by tactics.

To increase its e!ectiveness, this inference system maintains the invariant that the induction hypotheses 𝑅 of a goal are always 
of the form 𝑅 = 𝑚𝑅 ∪ 𝑚𝑅simp.

4.1. Goal simplification rules

Equality Predicate Simplification (EPS).

{[𝛾, ,𝑅]𝑘 Γ!𝜌 →)!
𝜌}𝜌&⊛

[𝛾, ,𝑅]𝑘 Γ→)
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convergent and su!ciently complete list reverse function rev ! List → List, defined by the equations oriented as rules, [1] ! rev(𝜏)→ 𝜏
(which has no subcalls), and [2] ! rev(𝜏 ⋅ 𝜌)→ rev(𝜌) ⋅ 𝜏, with SSC([2]) = {rev(𝜌)}, where 𝜏,𝜏′,𝑤,𝑤′ have sort Elt, and 𝜌,𝐶 ,𝑙 have 
sort List. Note that in this example 𝑅 = ∅, and therefore 𝐻 = 𝐻𝑅 .

We would like to prove the inductive lemma:

rev(𝑙 ⋅ 𝑤) = 𝑤 ⋅ rev(𝑙).

We can do so by applying the NI rule to the conjecture’s left-hand side as our focus narrowex, i.e., by trying to narrow29 it with the 
two rules defining rev. Rule [1] has no ⊎-unifiers. Rule [2] has two most general ⊎-unifiers, namely, 𝑈2,1 = {𝜏↦ 𝜏′, 𝑙↦ 𝜏′, 𝑤↦
𝑤′, 𝜌↦ 𝑤′}, with 𝑟2,1 = {𝜏′, 𝑤′}, and 𝑈2,2 = {𝜏↦ 𝜏′, 𝑤↦ 𝑤′, 𝜌↦ 𝐶 ⋅ 𝑤′, 𝑙↦ 𝜏′ ⋅ 𝐶 }, with 𝑟2,1 = {𝜏′, 𝑤′,𝐶 }.

With 𝑈2,1, since for the subcall rev(𝜌) we get the instance rev(𝜌)𝑈2,1 = rev(𝑤′), which does not match the focus narrowex rev(𝑙 ⋅ 𝑤)
as an instance modulo ⊎, 𝜇2,1 = ∅, and we just get the subgoal rev(𝑤′) ⋅ 𝜏′ = 𝑤′ ⋅ rev(𝜏′), which simplifies to ,.

With 𝑈2,2, the subcall rev(𝜌) yields the instance rev(𝜌)𝑈2,2 = rev(𝐶 ⋅ 𝑤′), which does match the focus narrowex rev(𝑙 ⋅ 𝑤) as an 
instance modulo ⊎ with substitution ⊥ = {𝑙↦ 𝐶 , 𝑤↦ 𝑤′}. Therefore, 𝑟 ∙

2,2 = 𝑟 2,2 = {𝜏′, 𝑤′, 𝐶 }, 𝑈∙2,2 = 𝜓𝑈2,2, and ⊥ = {𝑙↦ 𝐶 , 𝑤↦ 𝑤′}. 
And we get 𝜇2,2 = {rev(𝐶 ⋅ 𝑤′) = 𝑤′ ⋅ rev(𝐶 )} (which is already simplified), and the subgoal rev(𝐶 ⋅ 𝑤′) ⋅ 𝜏′ = 𝑤′ ⋅ rev(𝜏′ ⋅ 𝐶 ), which 
simplifies to rev(𝐶 ⋅ 𝑤′) ⋅ 𝜏′ = 𝑤′ ⋅ rev(𝐶 ) ⋅ 𝜏′, and can, using 𝜇2,2, be further simplified to , by means of the EPS simplification 
rule, thus finishing the proof of the lemma by a single application of NI followed by EPS simplification.

Remark 4. The !" rule can be further generalized to take into account the possibility that a defined binary function symbol . may 
enjoy axioms such as associativity or associativity-commutativity. For example, we might have an ⊎𝑚 defined function symbol _ ∗ _
for multiplication of natural numbers. The issue this raises is that we may wish to narrow on a focus narrowex that is not syntactically 
present in the given multiclause, but is present modulo the given axioms. For example, the multiclause may contain the subexpression 
(𝜏 ∗ ≻(𝜏)) ∗ 𝑤 and we may wish to narrow on 𝜏 ∗ 𝑤, which is not a proper subterm of it, but is a proper subterm modulo ⊎𝑚 (see §2.9). 
The generalization of rule !" allowing us to do this is straightforward. We replace the conclusion part of the inference rule by the 
more general conclusion:

[𝜆, ,𝜇]𝛾 &′ →
⋀
𝑉∈𝜌

(′
𝑉

adding to the side conditions (1)–(6) for the !" rule, just as originally stated, the extra side condition (0):

(&′ →
⋀
𝑉∈𝜌

(′
𝑉) =𝑘 (&→

⋀
𝑉∈𝜌

(𝑉)[. (𝐻𝑞)]𝑗

and keeping the !" rule’s premises the same. In what follows, I will assume without further ado that the !" rule can be applied in 
this generalized from, which frees it from what might be called the “slavery of syntax.”

Existential ()).

[∅, ,∅]𝛾 𝐿(&→Λ)
[∅, ,∅]𝛾 ()𝐺)(&→Λ)

where 𝐺 is a Skolem signature, &→ Λ is a + ∪ 𝐺 -multiclause, and 𝐿 ! 𝐺 →  is a theory interpretation (see §2.11). Note that the ())
rule only applies when the inductive theory is [∅, ,∅], that is, at the beginning of the inductive reasoning process, and that 𝐿 must 
be provided by the user as a witness (for example, as a view in Maude [13]). See §2.11 for a simple example of an arithmetic formula 
of the form ()𝐺)(&→Λ) and its associated theory interpretation 𝐿 ! 𝐺 →  .
Lemma Enrichment (LE).

[𝜆0, ,𝜇0]𝛾 &′ →⋀
𝑒∈⊛ (′

𝑒 [𝜆, ,𝜇]𝛾𝜇0 [𝜆, ,𝜇&{&′ →(′
𝑒}𝑒∈⊛ ]𝛾 &→Λ

[𝜆, ,𝜇]𝛾 &→Λ

where ∅ <𝜆0 <𝜆. Common cases of use include either: (a) 𝜆0 =𝜇0 = ∅, or (b) 𝜆0 =𝜆 and 𝜇0 =𝜇 . The use of this inference rule 
is illustrated in §5.

Split (SP).

29 For unconditional rules, “narrowing” is meant here in the sense (generalized to the order-sorted case) of narrowing a term with rewrite rules modulo axioms 𝑘
[40]. For conditional rules, it is meant in the sense of order-sorted constrained narrowing modulo axioms 𝑘 proposed in [12]. The condition &⊁ of rule [i] is then carried 
along as a constraint, which in the !" inference rule is then added to the premise of subgoal ⊁, 𝑒 —after instantiating it by the associated substitution— for each 𝑒 ∈ ⊛⊁ .
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{[𝜏, ,𝜌]𝑤 !𝐶𝑙,!→Λ}𝐶∈𝑅 [𝜏, ,𝜌]𝑤𝜌0 [𝜏0, ,𝜌0]𝑤 cnf (⋁𝐶∈𝑅 !𝐶)

[𝜏, ,𝜌]𝑤 !→Λ

where ∅ 𝐻 𝜏0 𝐻 𝜏, ⊎𝑈𝑟𝜇((
⋁
𝐶∈𝑅 !𝐶)𝑙) 𝐻 ⊎𝑈𝑟𝜇(!→ Λ), and cnf (⋁𝐶∈𝑅 !𝐶) denotes the conjunctive normal form of ⋁𝐶∈𝑅 !𝐶, which is a 

multiclause of the general form Λ′ .
This rule is, on purpose, very general. In many cases we may have either: (a) 𝜏0 = 𝜌0 = ∅, or (b) 𝜏0 = 𝜏 and 𝜌0 = 𝜌 . In 

either case (a) or (b), two very common special cases are: (i) !𝐶 = (,𝐶 = ⊎𝐶), 𝐶 ∈ 𝑅 , and (ii) the even simpler subcase of a disjunction 
, = true & , = false, where , is a term of sort Bool and 𝑙 is the identity substitution.

Case (CAS).
This rule has two modalities: one for ⊥ a variable, and another for 𝜓 a (universal) Skolem constant. For ⊥ a variable the rule is:

{
[𝜏, ,𝜌]𝑤 (!→Λ){⊥↦ ,𝐶}

}
1≤𝐶≤.

[𝜏, ,𝜌]𝑤 !→Λ

where ⊥ ∈ ⊎𝑈𝑟𝜇(!→Λ) has sort 𝜇 and {,1,⋯ ,,.} is a 𝑚0-generator set for sort 𝜇 with the ,𝐶 for 1 ≤ 𝐶 ≤ . having fresh variables.
For a (universal) Skolem constant 𝜓 ∈𝜏 of sort 𝜇 the rule is:

{[𝜏 ≻ 𝜆 𝐶, ,𝜌&{𝜓 = ,𝐶}]𝑤 (!→Λ){𝜓↦ ,𝐶}}1≤𝐶≤.
[𝜏, ,𝜌]𝑤 !→Λ

where 𝜓 occurs in !→Λ, {,1,⋯ ,,.} is a 𝑚0-generator set for sort 𝜇 with the ,𝐶 for 1 ≤ 𝐶 ≤ . having fresh variables, 𝜆𝐶 = vars(,𝐶), 𝜆 𝐶
are the corresponding new fresh constants, and ,𝐶 ≡ ,𝐶{𝛾↦ 𝛾}𝛾∈𝜆𝐶 .CAS can be viewed as a “poor man’s” version of GSI. In complete analogy with how GSI generalizes to several variables, CAS
generalizes to several variables and several Skolem constants as follows. For . distinct variables ⊥1,… ,⊥. of sorts 𝜇1,… , 𝜇. and 𝑉
distinct Skolem constants in 𝜏 , 𝜓1,… ,𝜓𝑉 of sorts 𝜇′1,… , 𝜇′𝑉, . + 𝑉 ≥ 1, among those appearing in a conjecture ! →

⋀
𝑘∈𝑞 Δ𝑘 , the 

generalized CAS rule is as follows:

{[𝜏 ≻ 𝜆 𝑗,, ,𝜌]𝑤 (!→
⋀
𝑘∈𝑞 Δ𝑘 ){𝑗⊥↦ 𝑗,}}𝑗,∈(𝐿 {[𝜏 ≻ 𝜆 ′

𝑗⊎, ,𝜌&{𝑗𝜓 = 𝑗⊎}]𝑤 (!→
⋀
𝑘∈𝑞 Δ𝑘 ){{𝑗𝜓↦ 𝑗⊎}}𝑗⊎∈(𝐿′

[𝜏, ,𝜌]𝑤 !→
⋀
𝑘∈𝑞 Δ𝑘

where, (i) 𝑗⊥ and 𝑗𝜓 (resp. 𝑗𝜇 and 𝑗𝜇′) denote the tuples (⊥1,… ,⊥.) and (𝜓1,… ,𝜓𝑉) (resp. (𝜇1,… , 𝜇.) and (𝜇′1,… , 𝜇′𝑉)); (ii) for 𝑗, = (,1,… ,,.)
(resp. 𝑗⊎ = (⊎1,… ,⊎𝑉)), {𝑗⊥↦ 𝑗,} (resp. {𝑗𝜓↦ 𝑗⊎}) denotes the substitution {⊥1 ↦ ,1,… ,⊥. ↦ ,.} (resp. {𝜓1 ↦ ⊎1,… ,𝜓𝑉 ↦ ⊎𝑉}; (iii) 
(𝐿 = 𝐿1 )… )𝐿. (resp. (𝐿′ = 𝐿′

1 )… )𝐿′
𝑉) is the cartesian product of 𝑚0-generator sets 𝐿𝐶 for sorts 𝜇𝐶, 1 ≤ 𝐶 ≤ ., (resp. 𝐿′

𝑘 for 
sorts 𝜇′𝑘 , 1 ≤ 𝑘 ≤ 𝑉), all having fresh variables, and such that for each 𝐺, 𝑒, 1 ≤ 𝐺 < 𝑒 ≤ ., vars(𝐿𝐺) ∩ vars(𝐿𝑒) = ∅ (resp. for each 𝐺′, 𝑒′, 
1 ≤ 𝐺′ < 𝑒′ ≤𝑉, vars(𝐿′

𝐺′ )∩ vars(𝐿′
𝑒′ ) = ∅); (iv) 𝜆𝑗, = vars(𝑗,) (resp. 𝜆 ′

𝑗⊎ = vars(𝑗⊎)), 𝜆 ′
⊎𝑘
= vars(⊎𝑘 ), 1≤ 𝑘 ≤𝑉, and ⊎𝑘 ≡ ⊎𝑘{𝛾↦ 𝛾}𝛾∈𝜆⊎𝑘 ; and 

(v) {𝑗𝜓 = 𝑗⊎} abbreviates the set of hypotheses {𝜓1 = ⊎1,… ,𝜓𝑉 = ⊎𝑉}.
The use of the CAS rule is illustrated in §5.

Variable Abstraction (VA).

[𝜏, ,𝜌]𝑤 ⊥ = ,,!′ →Λ′

[𝜏, ,𝜌]𝑤 (!→Λ)[,]⊛

where ⊥ is a fresh variable whose sort is the least sort of subterm , at position ⊛, and (i) if ⊛ = 1 ⋅ ⊛′ (i.e., position ⊛ occurs in a 
subterm of !), then !′ = ![⊥]⊛′ and Λ′ =Λ, and (ii) if ⊛ = 2 ⋅ ⊛′ (i.e., position ⊛ occurs in a subterm of Λ), then !′ = ! and Λ′ =Λ[⊥]⊛′ . 
A special case when VA can be quite e!ective is when ⊛ = 1 ⋅ ⊛′ and ! = ![,]⊛′ is the occurrence ⊛′ = 𝐺 ⋅ ⊛′′ of a subterm , of ⊎ in 
the 𝐺<⊁ equation (from left to right) 𝑧 = ⊎[,]⊛′′ (or ⊎[,]⊛′′ = 𝑧) of !, and the abstracted equation 𝑧 = ⊎[⊥]⊛′′ (or ⊎[⊥]⊛′′ = 𝑧) is a 
+1(𝜏)-equation, since then 𝑧 = ⊎[⊥]⊛′′ can be unified away by CVUL.

The VA inference rule can be vastly generalized so that: (i) several terms are simultaneously abstracted by several variables, and 
(ii) each variable can simultaneously abstract several 𝑚0-equivalent terms at several positions. The generalized version of VA is as 
follows:

[𝜏, ,𝜌]𝑤 ⊥1 = ,1,… ,⊥. = ,.,![⊥1,… ,⊥.] 𝑗⊛1 ,…, 𝑗⊛. →Λ[⊥1,… ,⊥.] 𝑗⊛′1 ,…, 𝑗⊛′.

[𝜏, ,𝜌]𝑤 (!→Λ)[,1,… ,,.]
𝑚0

𝑗⊛1; 𝑗⊛′1 ,…, 𝑗⊛.; 𝑗⊛′.
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where (i) 𝜏 ≥ 1, (ii) the sort of 𝜌𝑤 is 𝐶𝑙(𝑅𝑤), 1 ≤ 𝑤 ≤ 𝜏, (iii) the 𝐻⊎1,… , 𝐻⊎𝜏 (resp. 𝐻⊎!1,… , 𝐻⊎!𝜏) are tuples of disjoint positions in Γ (resp. in 
Λ), and (iv) for each 𝑤, 1 ≤ 𝑤 ≤ 𝜏, and each ⊎𝑤,𝑈 in 𝐻⊎𝑤 (resp. ⊎!𝑤,𝑈 in 𝐻⊎!𝑤), Γ|⊎𝑤,𝑈 =𝑟0 𝑅𝑤 (resp. Λ|⊎!𝑤,𝑈 =𝑟0 𝑅𝑤). Some 𝐻⊎𝑤 (resp. 𝐻⊎!𝑤) can be the 
empty tuple (), so that 𝐻⊎𝑤; 𝐻⊎!𝑤 then means (); 𝐻⊎!𝑤 (resp. 𝐻⊎𝑤; ()); the case (); () is useless. For example, (Γ→ Λ)[𝑅1,𝑅2]((⊎,⊎!);𝜇),(();𝜇!) means 
that 𝑅1 =𝑟0 Γ|⊎ =𝑟0 Γ|⊎! =𝑟0 Λ|𝜇 , and 𝑅2 =𝑟0 Λ|𝜇! . Therefore, this rule generalizes the case of a variable abstraction with a single variable at a single occurrence ⊎.

For some examples illustrating the application and usefulness of the VA rule, see §5.

Equality (EQ).

[,, ,⊥]𝜓 (Γ→Λ)[.𝑚≻]⊎
[,, ,⊥]𝜓 (Γ→Λ)[𝜆]⊎

where: (i) 𝜆 =𝑟0 𝑅𝑚≻ ; (ii) Γ! → 𝑅 = . is a conditional equation in either  or ⊥ ; (iii) 𝑚 is a user-provided, possibly partial substitution; 
and (iv) 𝑚≻ satisfies Γ!, i.e., for each 𝛾 = 𝛾! in the hypothesis’ condition Γ!, 𝛾𝑚≻! 𝐻,𝑉 ∪ 𝐻⊥+

𝑘𝑉
=𝑟0 𝛾

!𝑚≻! 𝐻,𝑉 ∪ 𝐻⊥+
𝑘𝑉
. Since _ = _ is assumed 

commutative, the user chooses30 the term 𝑅 in the conditional equation (𝑅 is displayed on the left of the equation, but could syntactically 
appear on the right) such that 𝑅𝑚 will be 𝑟0-matched by 𝜆 at position ⊎. Since Γ! → 𝑅 = . may be a non-executable hypothesis, there 
may be extra variables in . and/or Γ! not appearing in 𝑅, so that specifying the partial substitution 𝑚 may be necessary. In simple cases 
𝑚 may not be needed and ≻ may be found just by 𝑟0-matching the goal’s subterm 𝜆 with the pattern 𝑅. Rule EQ allows performing 
one step of equational inference with a possibly conditional equational hypothesis in a user-guided manner.

Cut.

[,, ,⊥]𝜓 Γ→ Γ! [,, ,⊥]𝜓 Γ,Γ! →Λ
[,, ,⊥]𝜓 Γ→Λ

where Γ! is a conjunction of equalities and vars(Γ!) 𝑞 vars(Γ→Λ). Cut can be viewed as a generalized modus ponens rule, since when 
Γ ≡ 𝑗 it actually becomes modus ponens. In relation to ICC, we can regard ICC as a modus ponens rule internal to the goal Γ→ Λ
viewed as an implication; whereas Cut is a modus ponens rule external to the goal Γ→ Λ viewed as a formula, where the user has 
complete freedom to choose a suitable Γ! that will help in proving the original goal.

Example 11. Consider an equational theory  containing the multiset specification in Example 1 in §2.9. For concreteness, let us 
identify the sort Elt with the sort Nat for the Peano natural numbers, to which we have added an equality predicate _⋅ =⋅_ on naturals. 
The membership predicate _ ∈ _ is defined by the equations: 𝜏 ∈ & = 𝐿𝐺𝐶𝑙𝑘, 𝜏 ∈𝑒 = 𝜏⋅ =⋅𝑒, and 𝜏∈ (𝑒∪𝑉 ) = (𝜏⋅ =⋅𝑒) or 𝜏 ∈𝑉 , with 
𝜏,𝑒 of sort Nat and 𝑉 ,⊛ of sort NeMSet. Consider now the goal:

𝜏 ∈ ⊛ = false, 𝜏 ∪𝑉 = ⊛ → <

We can prove this goal by applying Cutwith Γ! = 𝜏 ∈ (𝜏∪𝑉 ) = 𝜏 ∈ ⊛ . That is, we need to prove the subgoals: (1) 𝜏 ∈ ⊛ = false, 𝜏∪𝑉 =
⊛ → 𝜏 ∈ (𝜏 ∪𝑉 ) = 𝜏 ∈ ⊛ , and (2) 𝜏 ∈ ⊛ = false, 𝜏 ∪𝑉 = ⊛ , 𝜏 ∈ (𝜏 ∪𝑉 ) = 𝜏 ∈ ⊛ → <. Subgoal (1) can be discharged by ICC followed 
by EPS. Applying EPS to subgoal (2) we get (2!) 𝜏 ∈ ⊛ = false, 𝜏 ∪ 𝑉 = ⊛ , 𝛾⊁𝑅𝑘 = 𝜏 ∈ ⊛ → <, which can also be discharged by ICC
followed by EPS.

The main property about the above inference system is the following Soundness Theorem, whose proof is given in Appendix C:

Theorem 1 (Soundness Theorem). If a closed proof tree can be built from a goal of the form [,, ,⊥]𝜓 Γ→Λ, then [,, ,⊥] 𝑧 Γ→Λ.

Although the Soundness Theorem is stated in full generality, in practice, of course, its main application will be to initial goals of 
the form [&, ,&]𝜓 Γ→Λ or [&, ,&]𝜓 (∃𝜒)(Γ→Λ).

The Automated vs. Interactive Tradeoff. This section has presented twelve goal simplification inference rules that exploit the 
induction hypotheses and the various symbolic techniques explained in §2 to simplify goals as much as possible. It has also presented 
nine inductive inference rules to be used primarily in interactive mode, although some could be automated. There is in fact a tradeo! 
between automation and interaction. A key goal of the inference system is to allow “seven league boots” proof steps. The NuITP
allows the user to fine tune the tradeo! between automation and interaction by choosing between applying one inference rule at a 

30 In general, there may exist more than one position ⊎ (and more than one ≻) at which 𝜆 =𝑟0
𝑅𝑚≻ occurs in the goal multiclause. In such a case, an implementation 

of this rule should present the various matches and positions found to let the user choose the desired ones.
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{[𝜏, ,𝜌]𝑤 !𝐶𝑙,!→Λ}𝐶∈𝑅 [𝜏, ,𝜌]𝑤𝜌0 [𝜏0, ,𝜌0]𝑤 cnf (⋁𝐶∈𝑅 !𝐶)

[𝜏, ,𝜌]𝑤 !→Λ

where ∅ 𝐻 𝜏0 𝐻 𝜏, ⊎𝑈𝑟𝜇((
⋁
𝐶∈𝑅 !𝐶)𝑙) 𝐻 ⊎𝑈𝑟𝜇(!→ Λ), and cnf (⋁𝐶∈𝑅 !𝐶) denotes the conjunctive normal form of ⋁𝐶∈𝑅 !𝐶, which is a 

multiclause of the general form Λ′ .
This rule is, on purpose, very general. In many cases we may have either: (a) 𝜏0 = 𝜌0 = ∅, or (b) 𝜏0 = 𝜏 and 𝜌0 = 𝜌 . In 

either case (a) or (b), two very common special cases are: (i) !𝐶 = (,𝐶 = ⊎𝐶), 𝐶 ∈ 𝑅 , and (ii) the even simpler subcase of a disjunction 
, = true & , = false, where , is a term of sort Bool and 𝑙 is the identity substitution.

Case (CAS).
This rule has two modalities: one for ⊥ a variable, and another for 𝜓 a (universal) Skolem constant. For ⊥ a variable the rule is:

{
[𝜏, ,𝜌]𝑤 (!→Λ){⊥↦ ,𝐶}

}
1≤𝐶≤.

[𝜏, ,𝜌]𝑤 !→Λ

where ⊥ ∈ ⊎𝑈𝑟𝜇(!→Λ) has sort 𝜇 and {,1,⋯ ,,.} is a 𝑚0-generator set for sort 𝜇 with the ,𝐶 for 1 ≤ 𝐶 ≤ . having fresh variables.
For a (universal) Skolem constant 𝜓 ∈𝜏 of sort 𝜇 the rule is:

{[𝜏 ≻ 𝜆 𝐶, ,𝜌&{𝜓 = ,𝐶}]𝑤 (!→Λ){𝜓↦ ,𝐶}}1≤𝐶≤.
[𝜏, ,𝜌]𝑤 !→Λ

where 𝜓 occurs in !→Λ, {,1,⋯ ,,.} is a 𝑚0-generator set for sort 𝜇 with the ,𝐶 for 1 ≤ 𝐶 ≤ . having fresh variables, 𝜆𝐶 = vars(,𝐶), 𝜆 𝐶
are the corresponding new fresh constants, and ,𝐶 ≡ ,𝐶{𝛾↦ 𝛾}𝛾∈𝜆𝐶 .CAS can be viewed as a “poor man’s” version of GSI. In complete analogy with how GSI generalizes to several variables, CAS
generalizes to several variables and several Skolem constants as follows. For . distinct variables ⊥1,… ,⊥. of sorts 𝜇1,… , 𝜇. and 𝑉
distinct Skolem constants in 𝜏 , 𝜓1,… ,𝜓𝑉 of sorts 𝜇′1,… , 𝜇′𝑉, . + 𝑉 ≥ 1, among those appearing in a conjecture ! →

⋀
𝑘∈𝑞 Δ𝑘 , the 

generalized CAS rule is as follows:

{[𝜏 ≻ 𝜆 𝑗,, ,𝜌]𝑤 (!→
⋀
𝑘∈𝑞 Δ𝑘 ){𝑗⊥↦ 𝑗,}}𝑗,∈(𝐿 {[𝜏 ≻ 𝜆 ′

𝑗⊎, ,𝜌&{𝑗𝜓 = 𝑗⊎}]𝑤 (!→
⋀
𝑘∈𝑞 Δ𝑘 ){{𝑗𝜓↦ 𝑗⊎}}𝑗⊎∈(𝐿′

[𝜏, ,𝜌]𝑤 !→
⋀
𝑘∈𝑞 Δ𝑘

where, (i) 𝑗⊥ and 𝑗𝜓 (resp. 𝑗𝜇 and 𝑗𝜇′) denote the tuples (⊥1,… ,⊥.) and (𝜓1,… ,𝜓𝑉) (resp. (𝜇1,… , 𝜇.) and (𝜇′1,… , 𝜇′𝑉)); (ii) for 𝑗, = (,1,… ,,.)
(resp. 𝑗⊎ = (⊎1,… ,⊎𝑉)), {𝑗⊥↦ 𝑗,} (resp. {𝑗𝜓↦ 𝑗⊎}) denotes the substitution {⊥1 ↦ ,1,… ,⊥. ↦ ,.} (resp. {𝜓1 ↦ ⊎1,… ,𝜓𝑉 ↦ ⊎𝑉}; (iii) 
(𝐿 = 𝐿1 )… )𝐿. (resp. (𝐿′ = 𝐿′

1 )… )𝐿′
𝑉) is the cartesian product of 𝑚0-generator sets 𝐿𝐶 for sorts 𝜇𝐶, 1 ≤ 𝐶 ≤ ., (resp. 𝐿′

𝑘 for 
sorts 𝜇′𝑘 , 1 ≤ 𝑘 ≤ 𝑉), all having fresh variables, and such that for each 𝐺, 𝑒, 1 ≤ 𝐺 < 𝑒 ≤ ., vars(𝐿𝐺) ∩ vars(𝐿𝑒) = ∅ (resp. for each 𝐺′, 𝑒′, 
1 ≤ 𝐺′ < 𝑒′ ≤𝑉, vars(𝐿′

𝐺′ )∩ vars(𝐿′
𝑒′ ) = ∅); (iv) 𝜆𝑗, = vars(𝑗,) (resp. 𝜆 ′

𝑗⊎ = vars(𝑗⊎)), 𝜆 ′
⊎𝑘
= vars(⊎𝑘 ), 1≤ 𝑘 ≤𝑉, and ⊎𝑘 ≡ ⊎𝑘{𝛾↦ 𝛾}𝛾∈𝜆⊎𝑘 ; and 

(v) {𝑗𝜓 = 𝑗⊎} abbreviates the set of hypotheses {𝜓1 = ⊎1,… ,𝜓𝑉 = ⊎𝑉}.
The use of the CAS rule is illustrated in §5.

Variable Abstraction (VA).

[𝜏, ,𝜌]𝑤 ⊥ = ,,!′ →Λ′

[𝜏, ,𝜌]𝑤 (!→Λ)[,]⊛

where ⊥ is a fresh variable whose sort is the least sort of subterm , at position ⊛, and (i) if ⊛ = 1 ⋅ ⊛′ (i.e., position ⊛ occurs in a 
subterm of !), then !′ = ![⊥]⊛′ and Λ′ =Λ, and (ii) if ⊛ = 2 ⋅ ⊛′ (i.e., position ⊛ occurs in a subterm of Λ), then !′ = ! and Λ′ =Λ[⊥]⊛′ . 
A special case when VA can be quite e!ective is when ⊛ = 1 ⋅ ⊛′ and ! = ![,]⊛′ is the occurrence ⊛′ = 𝐺 ⋅ ⊛′′ of a subterm , of ⊎ in 
the 𝐺<⊁ equation (from left to right) 𝑧 = ⊎[,]⊛′′ (or ⊎[,]⊛′′ = 𝑧) of !, and the abstracted equation 𝑧 = ⊎[⊥]⊛′′ (or ⊎[⊥]⊛′′ = 𝑧) is a 
+1(𝜏)-equation, since then 𝑧 = ⊎[⊥]⊛′′ can be unified away by CVUL.

The VA inference rule can be vastly generalized so that: (i) several terms are simultaneously abstracted by several variables, and 
(ii) each variable can simultaneously abstract several 𝑚0-equivalent terms at several positions. The generalized version of VA is as 
follows:

[𝜏, ,𝜌]𝑤 ⊥1 = ,1,… ,⊥. = ,.,![⊥1,… ,⊥.] 𝑗⊛1 ,…, 𝑗⊛. →Λ[⊥1,… ,⊥.] 𝑗⊛′1 ,…, 𝑗⊛′.

[𝜏, ,𝜌]𝑤 (!→Λ)[,1,… ,,.]
𝑚0

𝑗⊛1; 𝑗⊛′1 ,…, 𝑗⊛.; 𝑗⊛′.
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have !𝜏 = 𝜌, showing ! unsatisfiable and thus proving the given goal !→Λ true. For example, one of the rules in 𝑤𝑤𝐶𝑙0
(!) may be of 

the form 𝑅(𝐻)→ 0, with 0 and 𝑅 the natural zero and successor symbols, so that the ground equation 𝑅(𝐻) = 0 will be EPS-simplified 
to 𝜌, making !𝜏 = 𝜌. Second, a rule in 𝑤𝑤𝐶𝑙0

(!) may become much more widely applicable when transformed into a rule in some ⊎!
𝜏

𝑈 . 

For example, a ground rule of the form 𝑅(𝑟)→ 𝑅(𝐻) in 𝑤𝑤𝐶𝑙0
(!) may become in some ⊎!

𝜏

𝑈 either a rule 𝑟′ → 𝐻′, or 𝐻′ → 𝑟′, depending 
on the RPO-ordering of the simplified forms 𝑟′ and 𝐻′ of 𝑟 and 𝐻, making such a rule much more widely applicable. However, even 
with all these improvements, for our goal in Example 5 we still get ⊎!

𝜏
= {even(𝜇 + ,)→ true, odd(𝜇 + ,)→ true} because: (i) EPS

simplification leaves these rules untouched, and (ii) the inductive lemma even(⊥) = true → odd(⊥) = false cannot be applied to simplify 
odd(𝜇+,) to false, since the needed assumption even(⊥) = true cannot be proved with the rules in ⊎=

𝜓∪. 𝑚
∪ ⊎≻+

𝜆𝑚
. So, even this more 

powerful form of congruence closure still leaves the goal in Example 5 untouched.
This suggests one more turning of the screw, finally bringing us to our desired ICC rule, namely, to inter-reduce the rules in ⊎!

𝜏
by 

defining:

!𝛾 =def
⋀

(𝑉→𝑘)∈𝑤𝑤𝐶𝑙0
(!)

(𝑉 = 𝑘)! ⊎=
𝜓∪. 𝑚

∪ ⊎≻+
𝜆𝑚 ∪𝑤𝑤𝐶𝑙0

(!)⧵{𝑉→𝑘}

and then defining !𝛾 =⋁
𝑈∈𝑞 !

𝛾
𝑈 and 

⊎!
𝛾
=⋁

𝑈∈𝑞
⊎!
𝛾

𝑈 in the same way as we defined !
𝜏, ⊎!

𝜏
, and the !𝜏𝑈 and 

⊎!
𝜏

𝑈 . This is indeed a powerful 
enough method to prove our goal in Example 5, since now we can inter-reduce the equation odd(𝜇+,) = true with the rules ⊎=

𝜓∪. 𝑚
∪

⊎≻+
𝜆𝑚

∪ {even(𝜇 + ,) → true}, which allow the inductive lemma even(⊥) = true → odd(⊥) = false to be applied to simplify the above 
equation to false = true, which is then EPS-simplified to 𝜌.

Note that, since we have the Boolean equivalence (𝑗 & 𝑙)⇒ 𝐿 ≡ (𝑗⇒ 𝐿) ∧ (𝑙⇒ 𝐿), when performing ICC simplification of Λ
by means of ⊎!

𝛾
, we in general may get not a single subgoal but several of them, each corresponding to a di!erent set of ground rules 

⊎!
𝛾

𝑈 . By blurring the distinction between the _ ∧ _ and the _, _ notation for conjunction, we then get our desired ICC inference rule:

{[𝜓, ,≻]𝐺 !𝛾𝑈 →Λ𝛾𝑈 }𝑈∈𝑞(ICC)
[𝜓, ,≻]𝐺 !→Λ

where: (i) by definition, Λ𝛾𝑈 ∈ Λ! 
⊎=
𝜓∪. 𝑚

∪ ⊎≻+
𝜆𝑚 ∪⊎!

𝛾
𝑈

, and we always pick Λ𝛾𝑈 = 𝑒 if 𝑒 ∈ Λ! 
⊎=
𝜓∪. 𝑚

∪ ⊎≻+
𝜆𝑚 ∪⊎!

𝛾
𝑈

; (ii) !𝛾𝑈 → Λ𝛾𝑈 is obtained from 

!𝛾𝑈 → Λ𝛾𝑈 by converting back the Skolem constants associated to the variables of ! → Λ into those same variables, and (iii) the case 
!𝛾 = 𝜌 is the case when there are no conjunctions in the disjunctive normal form !𝛾, i.e., 𝑞 = (, so that, by convention, the notation 
{[𝜓, ,≻]𝐺 !𝛾𝑈 → Λ𝛾𝑈 }𝑈∈( then denotes 𝑒, because, since ! has been shown inductively unsatisfiable, the goal is proved. Note that 
when !𝛾 = 𝑒, |𝑞| = 1, and what we get is the subgoal [𝜓, ,≻]𝐺Λ′, with Λ′ ∈ Λ! ⊎=

𝜓∪. 𝑚
∪ ⊎≻+

𝜆𝑚
.

Note the close connection between the ICC and EPS rules: when the premise ! of the goal !→ Λ is 𝑒, then ICC coincides with
EPS. This means that it is useless to apply ICC when ! is 𝑒. But since EPS is a simpler and computationally less expensive rule than
ICC, when ! is a non-trivial premise it is a good strategy to always apply EPS before applying ICC.

Example 6. Consider the EPS-simplified goal

[(, ,(]𝐺⊥ ) ⊥ = 𝑅(⊛), ⊛ = 0→ ⊥+ (⊥ ) ⊥) = 𝑅(⊥+ ⊛) ∧ ⊥ ) ⊥ = ⊥

from Example 3. We want to further simplify it using ICC. Suppose that, after adding new constants ⊥ and ⊛ to the signature of  , 
we linearly order its symbols in the chain:

(_)(_) 𝐶 ) 𝐶 + 𝐶 ⊥ 𝐶 ⊛ 𝐶 𝑅 𝐶 0.

Then, the congruence closure of the ground equations ! = {⊥ ) ⊥ = 𝑅(⊛),⊛ = 0} using the associated RPO order is the set of rules 
< = {⊥ ) ⊥→ 𝑅(0),⊛→ 0}, which, since it cannot be further simplified by the rules in ⊎=, there are no induction hypotheses, and 
< is already inter-reduced, is just ⊎!

𝛾
. In this case, Λ = ⊥ + (⊥ ) ⊥) = 𝑅(⊥ + ⊛) ∧ ⊥ ) ⊥ = ⊥, which is simplified by ⊎=

∪ ⊎!
𝛾
(where 

⊎= includes the rule ⊥ = ⊥→ 𝑒) to 𝑅(0) = ⊥. Therefore, ICC has simplified our goal to the considerably simpler goal,

[(, ,(]𝐺⊥ ) ⊥ = 𝑅(0), ⊛ = 0→ 𝑅(0) = ⊥.
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Conclusions

•We have introduced the NuITP, explained its most
commonly used inference rules, and illustrated their
use in proving the card trick benchmark
•Main objective expressiveness & scalability



Future work

• Improve strategy language
•More expressiveness
• Improve user interface
•Parallelization
•Backend for other tools
•Proof certification


