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:��%��-/01t,�)&-��,�lu&Q&�����%Pd%	
7��,I#$H-
�%��4
dim M > dim N�:E&)#�Q-56HIq6F�3%���target%1y ∈ N%f,s#v!-�P�cf4genericHIE&77-�xyp%1FG:#�-yG�3�jk,-�%
��hEP�����:#$�P4E&� !f : M → N%'#()�*+#,-�y ∈ N,��&��%
��hEP��,�EP���4

f : (M, f−1(y)) → (N, y) (1.1)%'#()�*+#894� #$!"#%$%,I#LM&'()*(singular

fiber)�-�/,y ∈ N4/0n%�QU":lm�f−1(y)4f%/01�+,�QY% !-(1.1)�\]"#$!"#-.I/�.II/FG:#$.I/(§2–§4)H-�g%s6:\]H%C∞� !%/001234%5t%67�89"#$.II/(§5–§7)H-i%:;��&�<=>�01234�"#C∞�01234?%/@A4BGu#3��C+�i%
�D��&.1 MMMA4EGcGu#3��89"#$FG/,HG:)y����-C∞�� !7C∞��"#$
2IJKLMNOPQR

M , N�C∞�������
C∞(M, N) = {f : M → N C∞� !},Whitney C∞STUP�cX[4, 6, 7, 16]U�VWY�XuPYZ�[c#$f ∈

C∞(M, N)4\]��(stable map)HI#�-�f%I#̂{_U4C∞(M, N)H̀u&�U,+au#b\% !g : M → N4
%\]Hf�C∞cden
(C∞ right-left equivalent)HI#�Q�O6$f�g4C∞fghiHI#�-�I#jbeT !Φ : M → M , ϕ : N → N4kl�&�mn

M
Φ

−−−→ M

f

y
yg

N
ϕ

−−−→ N4op�:#5�Q�O6$
3¬q«�1�����rsµ�tu���v��������
4¢�w�xy��z�{|�¥�}}���f−1(y)�~���� �����¢�����¥¬q¥�­���¥����¬��́[6, 7, 16]�¦���
5}}����¥����xy��C∞���¢���z����Φ, ϕ�Cr�����¢��«��µ��§��f�Cr��°±�������
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§1HO��Pgeneric: !��&-�!"#H-U�,Yg%\]H%�R !�[c#7%�"#$:���R !��- !YZC∞(M, N)%�Ĥ���:"4���,:#F56F6-
��(dim M, dim N)%f,sE&�a#3�4zGu&)#UMather [12],s#7Y$��,:#
��-nice dimensions��Xu&)#$P�cXdim N ≤ 5:GXw,nice dimensionsHI#3�4zGu&)#U3%IP�%3�,	)&-[15]4V[,:#Y$�R !-P�cX
%s6,/
�_Gu#$�
2.1 M�4
�����N�3
�����f : M → N����4:C∞� !�"#$f4�R !HI#Pd,-
4ZPru#3�489abHI#$
(i)�q ∈ M,���q ∈ M%al�%�����(x, y, z, w)�f(q) ∈ N%al�%�����(X, Y, Z)4kl�&�
%)�uF4ZPru#�
(X ◦ f, Y ◦ f, Z ◦ f)

=





(x, y, z), q���1,
(x, y, z2 + w2), q�Rn��%/01,
(x, y, z2 − w2), q�̀Rn��%/01,
(x, y, z3 + xz − w2), q����,
(x, y, z4 + xz2 + yz + w2), q�Rn�����2�,
(x, y, z4 + xz2 + yz − w2), q�̀Rn�����2�.

(ii) S(f) = {q ∈ M | rank dfq < 3}� |��(i)s�3u-M%2
�/b����:#$3%�Q�r ∈ f(S(f)),��&f−1(r) ∩ S(f)-!"31FG:��i3H% !-
f |S(f) : (S(f), f−1(r) ∩ S(f)) → (N, r)-m1%)�uF�C∞cdenHI#$
,�§1H#��P01234U":lm(1.1)%$% !-Y%Z,%&:en���'X�s6$](2.2 fi : Mi → Ni (i = 0, 1)�C∞����%Z%C∞� !�"#$yi ∈ Ni,��&�y0g%01234�y1g%012344C∞hiUI#)-C0hiYHI#�-�yi%Ni,�_#I#̂{_Ui��jbeT !UI#)-eT !Ỹϕ : (f0)

−1(U0) → (f1)
−1(U1)�ϕ : U0 → U1Hϕ(y0) = y1�:#7%4kl�&�mn

((f0)
−1(U0), (f0)

−1(y0))
eϕ

−−−−→ ((f1)
−1(U1), (f1)

−1(y1))yf0

yf1

(U0, y0)
ϕ

−−−−→ (U1, y1).
6xy���)*�+�C∞�¢�,-���¢�./C∞

pr (M, N)�0��)*�+���¢�,-������12���34�3��¥�}��
7¬q«�C0��¢�,-���12���}��56µ�¥��¬��́[1]���
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(1) (2) (3)

(4) (5) (6)m1: f |S(f),�u#�A !-U%3
����N,�_#!Y4op,:#�Q�O6$�R !%/001234-
%s6,bAHQ#3�4zGu&)#U[10, 11,

19]VWY$]�2.3 (1) n = 2aP-n = 3�"#$n
����FGn− 1
�����%���4:�R !%/001234-�m2%/001234�)|	F%�/0S101234%���,C∞enHI#$UP̂�n = 2%�Q-κ = 1%7%%f$Y
(2)�Q�_o�:4
����FG3
�����%���4:�R !%/001234-�m3%/001234�)|	F%�/0S101234%���,C∞enHI#$:���%�,�u#κ-��:"#/0012344g,	E&)#target%1��%��U3u-target%/b����:#Y%

���"$P�cX�

�κ4target%
��U�)/001234-��@,�u#l_HI#$:��3uG%
��H-11%v!%.�2�F�Fu&):)s6,�c#4�;-3uG%.�24I#\]He 8HIuX�UI0�IIIc%D���)&Y�),C∞enHI#3�4��ru#$i3H�.�2�7E&�&C∞enA��"3�,�&I#$I0�IIIc%.�2,	)&-�5mG711���&)#4�/01%�2�40:#%H�iu���"#Pd,�������;)&���&I#$36�PbAs�P�cX�R52.3%��,�)&-�/001234%C∞en,s#bA�C0en,s#bA-aEP|e HI#3�4lF#[19]$U3u-/01t@ !"@,-[#A9HI#$Y
8xy���$%-�&����«�������¥�}��
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κ = 1

κ = 2
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ĨI
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ĨI
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ĨI
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ĨI
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ĨI
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ĨI
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ĨI
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ĨI
6

ĨI
7

ĨI
am2: 2, 3
����FG1, 2
�����%���4:�R !,�u#/001234%
��:��source%4
����48��7�Q�_o�H:)�Q��I#)-5
����FG4
�����%�R !,��&7/001234%bA4BGu&)#U[20, 24, 25]VWY$

3
�����33H-�Q�_GuP4
����MFGU8��7�Q�_Gu&):)Y

3
����N�%���4:�R !f : M → N�[c#$R52.3(2)s���/H19�A%��@,�u#012344I#$3%6mIII8�012344
%\]H[#A9HI#$]�3.1 ([20]) (1) M%�Q��E&�f%�III8�01234,�	(= ±1)4RSHQ#$U3u-M%�Q�v,"#��	4v,:#�)6@
�h	$Y
(2)/,M4<���%�Q-�f,�u#III8�01234%�	%��-�

M%�	�(signature),U�)$
III8�01234%�	-
�@,-
%s6,RS"#$
�%Pd�y ∈ N,��f : (M, f−1(y)) → (N, y)4III8�H�f−1(y)4��HI#�"#$1y%
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κ = 1

κ = 2

κ = 3
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D1D2

D3

w1

w2

w3

y

ω

m4: ω,�F63�%�4�FG%�����wial�HN,j�@,��@:�Q��R�&�|$"#��M%�Q��E&
f−1(y)%��1��U6!%�FG:#Y,%&,�Q4�dGu#$"#��3u,s�f−1(y),+au#3	%/01,�	
4RdGu#$�3qH3uG
3	%/01-"+&̀Rn��%/01U�$2.1VWYHI��y%{|H%
f(S(f))-�m1(4)%s6,�iu�u%/01,1��	%�4�Di4�:�&�
3�%�4�4jk%S H�lE&)#s6:7%,:#$"#��/H8	%�T4y%al�,HQ#4�i%6mf,s#v!4��,:#�TU�/H4	I#Y%5uF���Uiu�ω�"#Y�imG,�FE&3�%�4�DiFG�����wi��&#$3�%�4�,-01234%�Q�_FG�	
4RaE&)PFG�i%	�,�������+#$i%�Q�iu4��,j�@,�dPy%al�%N%��@:�Q�j�"uX�	�+1�j��:_uX�	�−1�Rd#Um4VWY$3u-j�@,�dPN%��@:�Q��4	%�T%6m%5u���FU,sG�well-definedHI#3�4�FdGu#$�F7M%�Q�v,"#���	7v,:#3�4��,�FdGu#$

Hirzebruch%�	�R5UP�cX[13]VWYs���Q�_GuP<4
����M%�	�%3�-�M%.1 Pontrjagin�,j�"#$;-g%R5-3%3���ac&�jk
�,��HQ#$i%3��FG89�s6$
f : M → N�dim N − dim M = −1:#���Z%C∞� !�"#$3%�Q�III8(f)H�N%1yH� !-f : (M, f−1(y)) → (N, y)4III8�HI#97%��%:"N%/b����"$f4ab,genericHIuX�3u-N%

�3%/b���HI#$](3.2���Z%C∞� !f : M → NUP̂��dim M > dim N�"#Y4� !"#$%&'�-�iu�/01��%(YZ,)y�P !%"+&
9xy����*2.3(2)�+µ�III8,-./0+�suspension��1tuS1-./0+¦2¥�C0�3���­���4�������[21]¦���
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%U��Y012344Qu),�Q�_Gu&)#�Q�O6$
C∞� !f : M → N4�Q�_Gu&)uX�III8(f)%�?4�Q�_Gu#3�4lF#$;<����,3
�%��D3�[c�i%v!f−1(D3)U3u-4
����HI#Y, !�)y�&���,�u#III8�01234%�	4+1,:#s6,�v!f−1(D3),�Q�Xu�rG,��01234%�Q��E&D3,�Q�RdGu#%HI#$3%�Q�III8(f)%<�,	)&
4��HQ#$]�3.3 ([21]) M�n
�����N�n − 1
����H�f : M → N����4Hgeneric:C∞� !10�"#$rG,�f4�Q�_Gu&)#�"#��III8(f)%<�-N�%Uclosed support%Yco-oriented cycle�:��iu%�"����4A%Poincaré��%3�-�	u��)&f!p1(M) ∈ H3(N ; Z),j�"
��M
<��������compact support�������H3

c (N ; Z)���
������p1(M) ∈ H4(M ; Z)�M��1 Pontrjagin �!"�f!�f�#$%
Gysin&'()*%�
4+,-./0123456789:;�����<=3.1, 3.3�>?�@AB@)C?%
DE�FGHIAJ��KLM��=NOPQRSTOUCVWX��YZ�[19, 20][)\]̂�

f : M → N)C∞_���̀�a<bc�VWX̂%d��efOf�FGHIAJ��ghVRijdkl��mQ̂eP�FGHIAJ��nk"O�oj�'pHIAJ��!dQ�GmdHIAJ�
qrVRQd��
efs�!d̂D��tM
u�vlwxm4yz����N
3yz�������
III8(�FGHIAJ��{3\]��nk"O��{5�WXO�|}�HIAJ�
ijd̂�XVDqr~�)��O��jt�FGHIAJ��̀���~�
��R�d̂oj)��O<��VD��
��OC?%d�FGHIAJ��KLM���QX���!d̂FGHIAJ��KLM�)��%dDEO����d�����������τ��oXVDbcOijdHIAJ��̀� ¡¢£ρ��¤Q¥¦)§P��)̈©%dª«
!d̂�����¬κO­VR��®yz�κ�FGHIAJ��ρO~%d'̄ °�
±�%d�²�sZ2³́µ¶·̀)���oj)
Cκ(τ, ρ)�̧�̂%d��FGHIAJ��qr~�)̈QR�&'(

δκ : Cκ(τ, ρ) → Cκ+1(τ, ρ)

10¹º»¼½¾¿ÀÀÁ¾Thom-Boardman genericÂÃÄÅÆÇÈÉÊËÌ»¼½¾[4, 21]ÍÉÎÏÌ
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{5: III8(HIAJ����OijdHIAJ���δκ+1 ◦ δκ = 0�mdWXO<���d̂�XVR��d���A�M�
· · · → Cκ(τ, ρ)

δκ−−−−→Cκ+1(τ, ρ)
δκ+1

−−−−→Cκ+2(τ, ρ) → · · ·)�����������	
11���̂m
�FGHIAJ��́���'̄~�OW�R��Z2����m�Z���<���d���!d̂���!D"�YZ�[19, 20])\]̂���<=3.1����FGHIAJ��KLM����)̈QR>?��d̂n�FGHIAJ��́��τ0�VR��nyz�u�vl�jD�����n− 1yz���������ma<bcOijdFGHIAJ���source�u�)��R�����<���d��°�)��d̂'̄~�ρ0�VR���FGS1HIAJ�)��VDC0'̄~�������) P���)��d̂%d��y�>?��d̂!"4.1 (1)u�vl�jD4yz�����3yz���������ma<bcOijdFGHIAJ���source�u�)̈QR�����<���d���III5(�III7(�III8(�3P�#�!d̂
(2)FGHIAJ��KLM�C∗(τ0, ρ0)�Z���<����o�3yz��$���%��&'(%�!�R�III8(HIAJ��'̄ OW�R±��jd̂

11ÀÅ¾¿Vassiliev[26]½¹Æ¿ÇÈ)*+,-./0ÇÈ)*+,-½1ËÆ2345*678½9:ËÆÌKazarian [8].;<[17]*=>?ÎÏÌ
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������KLM����$��� ��FGbc���¶B���12	
�)��d��QXefN�[19])\]�W"�u
vl�jD4yz����M��R3��a<bcf : M → R3�III8(HIAJ����s�������������M�'� �#OWd���k�d̂V��ojOW"�u
vl�jD4yz����'�%Ω4��Z��&'(
ϕIII8 : Ω4 → Z�<��
d���k�d̂'�O��������)­���d&'(
ϕsigm : Ω4 → Z�<��
d�ϕsign�'(bc�!d�����jRQd�̂e��!da<bcf0 : CP 2♯2CP 2 → R3��III8(HIAJ�)��X�eP§��o����−1�!d������
d�[19, 20])\]�̂��4yz����Ω4

∼= Z�±�z)�*V�V������−1�!d̂W�RϕIII8 = ϕsign�md���k�d̂Target�R3�m�ef�3yz�����
��� !m�¶B���=N)̈QR"#'�O>?�
d̂<=3.3OPQR��III8(f)��$�cycle)m%����FGHIAJ��KLM��=N)̈QR>?�jd̂o�Poincaré%­�p1�&'�
d����<=3.1�($�)�NO
ldKL��<=��Thom [23]OWd�($�)� �������bcOWd�i<=[)̈QR>?�jd̂
5
*+,yO��jn��-)�̈VR./0�F¥ ����
d��O-1)XPoX̂

[9]�2�Kazarian��S10�µ3�)�)�°·̀4Ogeneric5¢6)�d���78VRQd̂YV�9X��:·̀�;��o�4O<�RQdHIAJ�O~�)=&VD����>?Morse¢613�m�mdWXm;O@A%d̂���B�Kazarian��S14�!d|�a<�mQ~��O­�%d:·̀�;�O��(= ±1))vl�o�����S10�Chern-Euler6OeC%d��)DVRQd̂�j�'����)EF�./0O­VR��R#WX̂���B):·̀�V��./S)HIAJ��%d./014�S0�π : E → B��E4�generic

12+,ÇÈ*GHIJKLMÂNOPQ¾RimányiÂSzűcs [18]½¹RSTU8VÅWÌ
13XTMorseYZÂ¾¿[\-]Ë̂S_̀8aËbÄc¿Hessede]_̀8fÁgº¿Ë̂S*[\-],bÆhÉijYZ*ÀÂÁgÆÌ
14klm¾¿S]nopqrsb*Âo¾¿S*noÉtjuvwxy9z5*bËmDiff+ SÁgº¿S]nopq{rsÁgÆÂo¾¿uvwxy9z5*bËmDiff SÁgÆÂËÆÌ
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m~�f : E → R)��d̂���
�:·̀B�����Σ(f))y�WXO<�%d�
Σ(f) = {y ∈ B | fy�a<Morse~��mQ}.���y ∈ BO­VRfy���f);y4�HIAJ�π−1(y) ∼= SO=&VR��jd~�f |π−1(y)����!d̂��WXOVR�f����jd��BOΣ(f)�QX������d̂	
���II����°·̀4�genericm~����
dΣ(f))̈QR./0�µ3�)�)��D�
k��D��)��%d̂��FO��mQ&"�S����)*%���V�S0�:·̀�VR�����#)��d̂C∞_~�

g : S → RO­VR�g���̄�a<�mQ��15)����¡����oj)°R�ED��)dCg�̧�16��O%d̂
6 Morse5�2����� !)“"#�”�d��:·̀���$�%vl�jD./4�~�&�78�9X'���
d̂o�~�&��Σ(f)�4��(�VD��Om�RQdkl�!d̂'�(���))FGHIAJ�OW�RF*vld'�)+,WX̂o�DEOn��-.��������17�/;���./4�C∞_~��̀O'̄~�)$�%d̂��O�'̄0�qr~�����jdKLM���($�)�%�±�z�123!m©4)+,R5�'�O%d̂?66.1 S4�7P�C∞_~�gi : S → R (i = 0, 1)��������8¢9: ¡�!d���oj;j�(���̄�̀�°T<σ : dCg0

→ dCg1
�=>VR�?©�q ∈ dCg0

O­VR�g−1
0 (q)�g−1

1 (σ(q))��FGS1HIAJ�)��VR“C∞'̄18”Omd�
)9X̂'��
�~�g : S → RO­VR�o�'0̄)g�̧�'�O%d̂e��FGHIAJ�)̈QR'̄~�)�jRQd���'̄0)���WXO�̧�'���
d�
g = [F1, F2, . . . , Fℓ].

158̀@W[\-½1A@SNÆB¿CW¾4Z*[\-½1A@SNÆ¹Ob[\h*ÀÂÉÊËÌ
16S]GDEFGÁgÆ*Á¿HI*JKÁ¾dCg¾L½MNOPÁgÆÌ
17<QR*SITÁUV@WWXEYÁgenericbÇÈf : Mn → Nn−1*agÆZ[\N]É̂iRWf+,_̀abYf : (Mn, f−1(y)) → (Nn−1, y), y ∈ Nn−1,]cdeÅÆÂ¿gÆf\poÁGDEFGbghSÂ¿n − 2ijklDn−2ÁEmnYopqeÅWSp*YZq

gt : S → I, t ∈ Dn−2,]rs@S¿f*yp*+,_̀abY]¿F : S × Dn−2 → I × Dn−2,
F (x, t) = (gt(x), t),*t-(0, 0)p*+,_̀abYÂC∞yh½bÆÀÂ]ueÅSNÆav@w¾[11]ÉÎÏfÌ¹RS¿ghp*YZ*+,_̀abY*C∞yh½¹ÆxxÂ¿ijy−1*WXEYÁgenericbÇÈ*+,_̀abY*C∞yh½¹Æxx¾¿gÆZ[6zËÆÌ

18»¼½¾¿giÉ{|¹ObYZq*¿}~17*��Á*+,_̀abY½YËÆ¿T�2.2*��Á*C∞yh*��ÁgÆÌHI*JKÁ¾¿cdeÅWYZ¾L½gÆYZq½u�½���CÅSNÆ*Á¿À*T�Á��¾bNÌ
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''��ℓ�dCg�z�����V�o�i�A�zqiO­VR�Fi��g�qi4�HIAJ���C∞�̄0�����D����	
�4��
����6.2 S�π : E → B, E4�generic���f : E → R�������0g�+,��'����:����y ∈ B��fy = f |π−1(y)���0g
� !�"#��y�$%&$'(�)�$'��
*+�,-.�/0�1�"#�B�23456
���7�,-.�g�89:�0%�κ(g)�;<7�
���
n-.C∞=456>�C∞=S�?@A$%&$'?B(n, S)�;<�κ?B��C��S>����D�E��B(n, S)
FC�GH��@��>�1�

generic���?1�IJKLM
N*�&O���APQ!��RST,-.�
κ�1�O�@A?UV�W!Q?XY�C�Z[\Z2]̂_̀��?

Cκ(B(n, S))�;<�,-.κ����D�E��
a')bVcκ < 0 &(κ > n����d(Cκ(B(n, S)) = 0�C��7����eD�E�fg�h19?i
A�Z2jklm
δκ : Cκ(B(n, S)) → Cκ+1(B(n, S))?0nC�7������7!(�δκ+1 ◦ δκ = 0?o&p�qrsKtu6
C∗(B(n, S)) = (Cκ(B(n, S)), δκ)κ�PQ!��7�qrsKtu6?vwxygenericz{|yz}~������y��������W�κ-.q����M�?Hκ(B(n, S))�;<7�
C���(7�q����M�
�pA�

• κ < n�1!c�Hκ(B(n + 1, S)) = Hκ(B(n, S))��V�
• κ = n�1!c�Hκ(B(n + 1, S)) ⊂ Hκ(B(n, S))��V�7���S����
�#��S��suspension20���C��Dk?�pADk
��� &(m�� !��
#7��1��-
�7�qrsKtu6�q����M����.?��AGH��� ¡?¢+£pA¤"#� ¥�S�π : E → B�generic���f : E → R?UV��7����κ-.qrsKt)C��¦Cκ(B(n, S)), n = dim B,�.d

c =
∑

κ(g)=κ

ngg (ng ∈ Z2)

19§̈©ª«¬­®̄©°±²³́µ¶·̧¹º»¼½¾¿·ÀÁÂÃ«ÄÅ¾ÆÇÈÉ³Ê
20SËπ : E → B·suspensionÄª«SËπ × idR : E × R → B × R·ÌÄÈÉ³Ê
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�pA�B�23$'
c(π, f) = {y ∈ B | fy(�ng 6= 0��1�D�Eg
� !�}?UV��7�23$'���c(π, f)(�c�cocycle�1!c�B�)closed

support�dZ2 cycle
��7���S��7����S�π : E → B�generic���f : E → R
�pA��Dklm
ϕπ,f : Hκ(B(n, S)) → Hκ(B; Z2), ϕπ,f([c]) = [c(π, f)]∗��¦��0n�!�7���S%Q!��)77��[c(π, f)]∗(�c(π, f)��C)closed support�dZ2����ME�Poincaré���7��1��d�Q
�n-.456>�GH�π : E → B
�pA��Dkϕπ,f�N*

ϕπ,f |Hκ(B(n+1,S))(�generic���f : E → R����
�Q�
7���S��)7!(�n + 1-.456>�S��q����M�
N*pA
�7��	
\�1��dW7�
ϕπ = ϕπ,f |Hκ(B(n+1,S)) : Hκ(B(n + 1, S)) → Hκ(B; Z2)�;<7�
C��7�ϕπ(-?o&C�

1. n-.456B>�S�πi : Ei → B (i = 0, 1)
�pA�Opπ0�π1��Dk�1!c�ϕπ0
= ϕπ1
��+�T�

2. α ∈ Hκ(B(n + 1, S)) (κ ≤ n)?�0p&���n-.456>�S�π :

E → B
�pA�ϕπ(α) ∈ Hκ(B; Z2)?�
���lm(well-defined�1+�“���21”?o&C�p&��A�“n + 1-.456>�GH��generic�����C��IJKLM���u6”�q����M����.�n-.456>�GH��~��?0nC�7���S���R�7! �(C�AZ2h��UVA�&������?# <U�C!c
Zh��OD5�U�����7�?��pAR<�
7� !"#77�(�����$%�&�g (≥ 0)��GHΣg?IJKLM�C�GH����E
T
AUV�� ¥�'(0Morse���)!�Y��>��$'�Z(�-�"#
*0�!��)-�+,(IJKLM���GH������$%�O�+�T�d

21SË·¶·Ë-./É01«°±²³234567̄ª«́µ¶·¶·-./234567©89²³:­;È-<É¾«ÄÅ¾ÌÄÊ
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(1) (2) (3)

(4) (5)�6: Σ(f)���\�Z��7.1GH>�Σg�π : E → B�generic���f : E → R?UV��7����Σ(f) ⊂ B(e�y ∈ Σ(f)� �+���\�(�6�	¥!S�Z�1�

(1) fy(��
��?¦�#�1T�¦�W!����k
��S� &(2T�'��
����
C��
(2) fy(��
��?¦�#�1T�¦�W!������K̀k
����
C��
(3) fy(��
��?¦�#�1T�¦�W!�3T�'��
����
C��
(4) fy(��
��?¦�#�1T�¦�W!�1T����k
���1T�'��
����
C��
(5) fy(¦�#�2T��
��?�¦�W!�!(>�(1)���p&O��1��
3-.456>�GH���pAOD5�+,�1��77�(��C��7����Cκ(B(3, Σg))���.( !�"#����
• κ = 0 : [(0Morse"#].
• κ = 1 : [F]�F(,-.2���IJKLM)�3�κ = 2�O�?$%d�
• κ = 2 : [G], [F0, F1], G(,-.3���IJKLM�Fi (i = 0, 1)(,-.

2���IJKLM)�3�κ = 3, κ = 2�O�?$%d�
14



κ = 3�T	A(��C��7����-?P����7.2 Σg?IJKLM�C�GH��generic�"#��C��IJKLM���u6
C∗(B(3, Σg)) = (Cκ(B(3, Σg)), δκ)κ�q����M�( !�"#���


• H0 ∼= Z2)��.([(0Morse"#]�1�22d�
• H1 ∼= Z2)��.([IIa]�1�d�
• H2 ∼= Z2 ⊕ Z2)��.([III8]�[IIa, IIa]�1�d������SQ�7!Q�q����M����.(�1, 2-.456>�GH����E?0nC��pSp�77�PQ!&��E�'���1���(�	����S1>�Σg���pA�[IIa]�	V
��E(	T�O��1
�pSp�Zh#���?�#��n-.456>��
��Q!&Σg��[III8]�T	A(�-�7�����
&���7.3 ([22]) n-.C∞=456B?Y���p�Σg (g ≥ 0)?IJKLM�C
�
��Q!&C∞=GH�π : E → B��E>�generic�"#f : E → R?UV
�7��
�III8(π, f)���(B�,-.2�co-oriented cycle�1+�W!��C)closed support�d����ME�Poincaré��)H2(B; Z)�.�1
d�3�(��!?�	AGH�π��1 MMME�/�C
�

MMME)Mumford-Morita-MillerEd�0n��
�T	A(�&�Vc[14]?$%pA	&�
&	��R�MMME�'����
b�1
7�(�<�Q!A	
�0�7.3�����(�	&	 !��+�1
� ¥�,4.1�E���GH��generic�"#��C��IJKLM���u6?Zh#���C
�III8��
C
qrsKt�cocycle��
7�SQ�III8(π, f)����B�co-oriented

cycle��
7���S
�/���
��Q!&GH>��
��Q!&Σg��@�����#(��1 MMME����

7���Q!A	
)&�Vc
[14]$%d�dim B = 2�B��
��$%��
(�7�7���

(π, f) : E → B × R�(0lm��
7�?i	�7!��pA0�3.1? iC!c0�7.3����

�/!-.��
(�0�3.3�����?"�
7��"+���!
�
22§̈©ª«[#$MorseÂ%]/cocycleÄ&<«'0·(²234567̄/)*+Ä&³«ÄÅ¾ÌÄÊ,-­»Ê
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�7����6b�� ��/!�(��
��$%��	GH)bVcRP 2�̂�Kt����d?IJKLM�C
"#�GH���pAO i�

O��1
�pSp��
��$%��	GH?���C
�
(�
��?�
�p&��IJKLM�3E��1
�	
���?�V�	����u6�q����M�SQ
��1
¡�¢+£��	7���S�A	
�/���
���$%�GH��pAO�MMME�0n�E����E?0nC
7���

�W7��-��,?	VAR<���7.4�
���$%�GH?IJKLM�C
GH����E?�@��>�generic�"#?i	A���"�>��,�"pA(�)���Q�����1
���7.5���Igusa [5], Goette [2, 3]Q�"+�/!�456?IJKLM�C
IJKLM���p�W�@��>�generic�"#?i	A��E���������!A	
"#�1
�7#p&���� �!"���23��"h�T	A(�)#��( �&<�$��1
�%&'(
[1] C. G. Gibson, K. Wirthmüller, A. A. du Plessis and E. J. N. Looijenga,

Topological stability of smooth mappings, Lecture Notes in Math., Vol. 552,

Springer–Verlag, Berlin, New York, 1976.

[2] S. Goette, Morse theory and higher torsion invariants I, preprint, 2001,

math.DG/0111222.

[3] S. Goette, Morse theory and higher torsion invariants II, preprint, 2003,

math.DG/0305287.

[4] M. Golubitsky and V. Guillemin, Stable mappings and their singularities,

Grad. Texts in Math., Vol. 14, Springer–Verlag, New York, Heidelberg, Berlin,

1973.

[5] K. Igusa, Axioms for higher torsion invariants of smooth bundles, preprint,

2005, math.KT/0503250.

[6])*+/�,-./0
i����12�£3�1998.

2345·§6·67ª«89Ë:;Èª&<«=>·º»¼?@ABC7Ä²³@ABC7Ë©°¿DEFGÈH³ÌÄ©IÆÊ
16



[7])*+/�������������/�0	
�����1����#���1
�2�£3�2001.
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Math. Helv. 28 (1954), 17–86.

[24] T. Yamamoto, Classification of singular fibers and its applications (in

Japanese), Master Thesis, Hokkaido Univ., March 2002.

[25] T. Yamamoto, Classification of singular fibres of stable maps of 4-manifolds

into 3-manifolds and its applications, preprint, May 2005.

[26] V. A. Vassilyev, Lagrange and Legendre characteristic classes, Translated

from the Russian, Advanced Studies in Contemporary Mathematics, Vol. 3,

Gordon and Breach Science Publishers, New York, 1988.

18


