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2 S1
�E)'(&��J��:FG$%E)*�ßà̀ÜÝÕÞ�<F}ßàá&Ûâã[*ecé�&̄Ö×ØÙÚhxÀ̀�i=<wJ*�¡̀�ÜÝÕÞ�J��jM	 ¡}xÀ&ÛÎÉ&
�> 	 ¡}*<L¦ồj=L<̈L:FG�&=PJ:¢*ÜÝÕÞ�[�E�}S1áJKLM� ¡ML}��&��> �P:j�¦Gh�*�&I&'(JKLM)Kazarian&��[11, 12, 13]`~́µ¶tLG:¢π : E → B�̀wç� ¡=C∞ÃS1-á<j:F28j=[iMÛJB)

C∞Ã|ÄÅEFAG�&<w*C∞ÃxÀf : E → R`̄Ö×ØÙÚ8��hí�)�Æ:u�AJ��:FG�céB&ÉyJ�j*f ỳ�&ÜÝÕÞ�J��jM	 ¡}xÀ
f |π−1(y) : π−1(y) ∼= S1 → R�̀�&=Pfy<ÏF�<Jj:FG�¡J �*ecéE�&xÀf)*y ∈ BE!"#�Ô$� ¡=xÀ%<;&hF�<[Ew:FGh�*B[�&'(̀�iML}<w)*ì�Jf[)*J̄Ö×ØÙÚE;*�fy)¾�¿xÀ3E�}<)� hL�<J+ÒjM¶tLG��E*

Σ(f) = {y ∈ B | fy)¾�¿xÀE)hL}<°LM*�¡̀f&,-./(bifurcation diagram)<0�:FG=<1»B[ßà&<wJ)*Σ(f)&234h5<jM*61& ¦h;&[7¡:F8�¡EFÆM̀8ljML}§�E)��:u�G61J�}&)�h}9EFAG8Σ(f):;&<8Σ(2), Σ(11)(11)=A)*�&>l&Σ(f)&ÉJ�?F}S1�&xÀ̀��F}=P&;&EFGA
S1á&Ûâã̀	}=PJ*S1�&C∞ÃxÀg : S1 → RJKLM*'& ¦hâ@(∗)À1:FG
(∗) g)B.Í̀�}É̀��¦ä2K*BCÍ̀�}É;��¦ä2K��*�¡ )ÊËÌÇÈÉE*j>;S1�E±DLELJ³F�EL}4G�jM*

Σ
(11)(11)

extr (f) = {y ∈ Σ(f) | fy)â@(∗)G̀=F}<í�j:FGF}<*�cé&ßàB[�wç� ¡ML}<w)*�Eí�j=Σ(11)(11)

extr (f)&�ÉJ*HZ(= ±1)[í�Ew}�<[§>�:FG�&<w*'[I�JK�<[� ¡ML:FG
2C∞KýLMNOÿPQRSTUVWXYZ[ú\]LMNOÿQ̂_̀ab	cd�ùefg[	hif
��
3j1k��lmnopq\C∞KrstuýC∞KvwQxyz{|�}g[ú\�meý~��Q����\��~���ý�Q�me�̀g[	hif
��n[��[15]�h���e��f�
4�
�\S1h}gb	q��en��e�a[\���\���\���\���\[fp����h�gø[q̀g\[fpø[�
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Σ(f)

Σ(f)

Σ(11)Σ(11)

Σ(11)
Σ(11)

Σ(11)

Σ(2)

Σ(2)

Σ(11)(11)

Σ(3)

61:ßà�&S1áJ7¡}*�6�&9��2.1 (Kazarian [11, 12, 13])�wç� ¡=�ßà�&*�wç� ¡=
C∞ÃS1á&�Õ"�À5)*Σ(11)(11)

extr (f)&É&HZ&��J=jLG
B&�*Uï<jM&Σ(11)(11)

extr (f))*̄Ö×ØÙÚhxÀf&��_J iM	§�:F[*�&HZ�)fJ  hL*<L¦�<Jh�:FGh�B[½
'(&|ÄÅE;*DÄ&��[I�JK�<[� ¡ML:FG:=�Õ"�ãe ∈ H2(B; Z)J�j*en (n ∈ N)̀1}��8�Ì�A;� ¡ML:FGE)ßàá&<wJ)�=�<[I�JK&Ej�¦>��¡[$%&�ÐEFG
5S1Pý�N�ÿ�he ∈ H2(B; Z)[�n[	\�����ÿ�〈e, [B]〉 ∈ Zýø[hS1Pý���y|[ff
��øø�[B] ∈ H2(B; Z)úBý������
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3
����9J�iM*Σg�̀Àg (g ≥ 0)&�wç���h�ßà<j:FG�jM*

π : E → B C̀∞Ã&ΣgáE*�wç� ¡ML};&<j:FG�I<DÄJ*Ȫ×ØÙÚhC∞ÃxÀf : E → R�̀�*
Σ(f) = {y ∈ B | fy)¾�¿xÀE)hL}<°w:F8��Ey ∈ BJ�jM*fy)f&*ÜÝÕÞ�π−1(y)�&��EFAG�céB[ßà&<w*Σ(f)&234h5)62&L¢¡>E�}�<[� ¡ML:FG8	JF�EL}<[Σ(f)&5̀Ïj*�&
&<)�?F}Σg�&xÀ̀��jML:FGÇÈÉ&�À)½
J)6<)Îh�:FG6E)½9̀jML}J��:u�G:=*ñ¿�<)*�I��ÇÈÉ(birth-death

critical point)J�?j:FGt J½�¶&<E)*½�&ÇÈÉE&Í[½èF}�§�Jñ¿�[�?F};&;��:F8½��&<&�ïJ�Wj:FA&E*$W)ï�E3��&�ï[��:FGA��E*
ΣT (f) = {y ∈ Σ(f) | fy&�ÇÈÉ)ÊËÌE*fy)63&5&�ÎÜÝÕÞ�̀��¦ä½K�K}<°w:FG�&�ÎÜÝÕÞ�JKLM)64;́µjM¶tLGh�*��EÁ¦±�ÎÜÝÕÞ�³<)*ÇÈÍ&�ë8�}L)�&ö�I*A<1÷jM¶tLG63&5&�ÎÜÝÕÞ�)ÇÈÉ̀��¦ä3K��E��*�¡�)FÆM�À1&ÊËÌÇÈÉEFG:¶*B)�wç��¡=ßà<j:FG�&<w*ΣT (f)&�ÉyJ'& ¦hHZsign(y) = ±1[í�Ew:FG:¢*c ∈ R6̀3&�ÎÜÝÕÞ�J�?F}ÇÈÍ<j:FG)*Cth

ε > 0J�j*f−1(c− ε)&ö�I*À<*f−1(c + ε)&ö�I*À̀�Æ=<w*�z&_[.wLh�»RJ)��&�ẁ�¡*�¦EhLh���<)�&�ẁ�¡}�<Jj:FG'J*�EíP=R&�w<π−1(y) ∼= Σg&�ẁ iM*f−1
y (c)&Ê�Î�*J�w[��:FG8=<1»*f−1

y (c)&�wJ*R&�ẁFÆ=;&[ÜÝÕÞ�&Σg&�wJ½èF} ¦JF¡»OKEFGAF}<�&�wJ �*f−1
y (c)J�:¡}3K&ÇÈÉ8�¡�̀p1, p2, p3<j:j�¦AJ*65& ¦J*!"J�#$[í:}�<[§>�:F86&�ï)*p1, p2, p3&#EFAG½_*Σ(f))Éy&>lE3$&%*[½ÉyE&§iML} ¦h5̀jML:F862&�>�3�'&6E*ÇÈÉ&�À̀FÆM1Jj=;&J�Wj:FAG�jM�ÇÈÉpi)*�&¦�&1$J�?j:F8=<(»*p1)*É

p2<Ép3J�?F}ÇÈÉE&Í[½èjMj:¦ ¦hxÀJ�?F}�cé&É&U:�*J�?j:FAG
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62:ßà�&ΣgáJ7¡}*�6�&5
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63: ΣT (f)&í�J��F}*Σg�&xÀ&�ÎÜÝÕÞ�
∼=

c

R

g−1(c)

g

64:63&�ÎÜÝÕÞ�&>�
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p1

p2 p3

65: 3K&ÇÈÉ&�#$F}<*3$&%*[&§iML}É&:§�̀*�&�#$&�wJ:§}�<J �*Éy&>lEB&�w[í:�:FG<�@EB);<;<�wç��¡ML=&E*�& ¦hª�wE	�¡=�w[;<;<&B&�w<½èjML¡»sign(y) = +1*�¦Eh�¡»sign(y) = −1<íP}�<Jj:FG�&í�[well-definedE��*'&â@̀G=F�<[(�J�>P�¡:FG
1. ΣgÜÝÕÞ�&�ẁ�JF}<*HZ)−1�t¡}G
2. B&�ẁ�JjM;*HZ)−1�t¡}G�&<w*'&�<̀��Ew:FG��3.1�wç��¡=�ßàB�&�wç��¡=C∞ÃΣgáπJ�j*

〈e1(π), [B]〉 ∈ Z)*ΣT (f)&É&HZ&��&3�J=jLG��E*e1(π) ∈ H2(B; Z))*ßàáπ&H1 Mumford-Morita-Millerã̀Ïj*[B] ∈ H2(B; Z))B&�$ã̀ÏFG�&=P*e1(π)* �½
Jei(π) ∈ H2i(B; Z) (i ≥ 0)&í�̀��jM�w:j�¦G�& ¦hßàáπ : E → BJ�j*ξ È&�á&2'(�*áE*
π&ÜÝÕÞ�J�F}�Ú�seÅ>�h};&<j:FG�¡)!"J�wç��¡=*2'(�Ú�sá<h}&E*�Õ"�ãe ∈ H2(E; Z)[í:�:FG��E

ei(π) = π!(e
i+1) ∈ H2i(B; Z)<íP*�¡̀ßàáπ&	i Mumford-Morita-Miller
<0�:F8=<(»[16]µ́AG��E*

π! : H2i+2(E; Z) → H2i(B; Z)

7



)*π&��F}Gysin�D�êëEFGei(π))�wç��¡=Σgá&�âã<h}8Fh§�*áêëJ�F}!"â[IJF}A�<[(�J§>�:FG
4
��3.1���

π : E → B	
���������B��
������Σg���

f : E → R	������ C∞!"#��$%&'���


F = (π, f) : E → B × R (4.1)	()*�
'�+C∞!,-./01
2�3456*789:(stable map)� *'�;5<=$%6&>?,-3@�1+A;B��14$��&8C4.1 (DE-FG[20]) M	������4AH�IJK
N	3AHIJK��
F : M → N	>?,-�%*&'���L3�M�NOPQRST3UV(= ±1);?W.�
X�UV�YZ+M�UV#(signature) sign(M)3[�4&\]
(4.1)�F�L3�̂NOPQRST+
UV_̀a1
ΣT (f)�b�\@\3@c%*'�;5<=$%&2�3

〈e1(π), [B]〉 = 3 sign(E)� *'�;B��14$��d��)e[16]	fgh&i��'�	jkl5m*�
?n3.1;op3q4$%&.+A3
rstB;uv�_���+w� 4
\xAH�IJK�yl	()1k$�z{&π : E → B	C∞!.������Σg���$%dN3B+C∞!�IJK��$%h&i|�}J3f : E → R	~�3������ "#�%*�
ΣT (f)+B��AH2�����IJK7� *'�;5<=$%&�<_
ΣT (f) ⊂ B���3+
A��{3��3��	��*'�;.�*'�_5<=$%8&��IJKΣT (f)�����	ΣT (f)��2AH���������\��PQRST	∆��$%&%*�

π|π−1(∆) : π−1(∆) → ∆

6�������������[5, 8, 9, 17]�� ¡¢�£¤�¥
7¦§�̈©¢ª«¬®̄°��±²³́µ¶·̧¹º̈»·¼¥
8¦¶½¾�¿¬®̄°�À¢�Á¶ÂÃ�ÄÅº�³Æ��Ç�Å¿Á¶¬®̄°�co-

oriented·ÈÇ¿�É¾¦�ªÈ²³¼¥
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+������Σg�.%&�<_∆���∆∩ΣT (f)�3
L3�̂NOPQRST;�0<014*'�;5<=$%&X'.
X�PQRST�UV;+1� *�{3∆3��	��*'�;.�$%&'�3�=���3
��;01ΣT (f)���3��;��3?$*'�3 =$%&%*�
A�'�	��%*'�;.�$%&8C4.2 π : E → B	C∞!�������Σg��%*&%*������� C∞!"#f : E → R3@�1
ΣT (f)���ΣT (f)+
B��dclosed

support�hco-oriented �R��	 �
X�;	%
���T�������@
[ΣT (f)]∗ ∈ H2(B; Z)d'�+
ΣT (f)���b#	�*'�3�01?$*�
���T�}�'�./*h3@�1


3[ΣT (f)]∗ = e1(π) ∈ H2(B; Z);
torsion	���1�=��&
5���I���{3�1
S1��Σg��N�	
�st�������� "#�NOb� !	"41#$.��5�.%;
Σ(11)(11)

extr (f)3�1_ΣT (f)3�1_
X�?W	%&='3()1�$0��.
){_*3�$$���{ +,	-./�01_I4'�<�24$%&X'.''.+
X{��Σ(11)(11)
extr (f)�

ΣT (f)��{ _�	4<3�1�����34<
�4{'�3�414�5���4�24$%&$vM	C∞!IJK��
C∞(M, R).
M��6#7C∞!"#�K� %st		%'�3�$%9&8

G ⊂ C∞(M, R)	
������ "#� %��st��$%10&X�1
G�H3@%*/*9}7":;	"<�$%d��)e
9}�NOPQRST	.�;�40�
=>?'3<@�/*}7":	"4*�;AB.%h&A3π : E → B	C∞!�M���$%&f : E → R	������ C∞!"#�%*�
Cy ∈ B3@�1fy = f |π−1(y);d/*<@.hG�H�k m*'�;5<=$%&X'.
G�C}7α3@�1


α(f) = {y ∈ B | fy ∈ α}
9¦¶DE���FGÇHIJKLMC∞NO�P§�NODE�QR�ST¢³¼¥U¢V�

[5, 8, 9, 17]�� ¡¢�£¤�¥
10RW�¿GºC∞(M, R)¶X·YZ¿ÈÇ��[\�YZ·ÈÇ¦�]d·�TV¿̂DEº_̀±abcd�e�¦��ª»f¢³¼¥
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���$%&%*�
934}7":;	��.-�e
α(f);B�duv�_���+w� 4h����IJK� =
�<_X��AH;\?./*'�;5<=$%&'��AH+π�f��=]3�� 4'�_5<*�.
'�	
α�������.
κ(α)�	
'�3�$%&'{�1
rstB;α(f)�3�01��(stratify)2�*'�;5<=$%&.+
'��	"41��R��K	���$�z{&κAH���R��
Cκ��1+
�AHκ�}7�K.���*dM�'h Z2����st	()$%&A3
κ(α) + 1 = κ(β) *}7α, β3@�1
X�����[α : β] ∈ Z2	

β(f)3��%*α(f)�“�#”�2	��������1?W�$%&d�� ?W3�41+��)e[19]	fg�1&24&h'��l:#_π�f��=]3��v?$=$%&X�1�M,-δ : Cκ → Cκ+1	


δ(α) =
∑

κ(β)=κ+1

[α : β]β� *�{3?a$%&%*�δ ◦ δ = 0� *'�;�<a��*�.
'{�1��R��K
C∗ : 0−−−−→C0 δ

−−−−→C1 δ
−−−−→C2 δ

−−−−→· · ·;��2�$��&'��{3�1������R��K�'�	
''.+ !"#��$'�3�$%& -
'�+Vassiliev[22]�Kazarian[10, 11];()�_��%& \x'3()�$%d*+[18]_fg�1&24h&4v�3m�
'{�1��R��K;���$���.
X��
���T�H∗	()*'�;.�$%&.+X�=>?'<@+40�4> �.�z{<,X�3--)%*�a3
$vc ∈ Cκ	κAH���R���$%&'�+
c =

∑

κ(α)=κ

nα α (nα ∈ Z2)�4{M	�14$%&X'.
C∞!M�π : E → B������� "#
f : E → R3@�1


c(f) = {y ∈ B | fy ∈ α, nα 6= 0}���$%d''.
'�$.�}J
fy = f |π−1(y).%h&'�+B�
�AH;κ�����IJK�Z.l� =$%&'���A;/m$%&
10



��5.1 (1) c ∈ Cκ;��R��d% 5/δ(c) = 0h./* �e
c(f)���c(f)+B��AHκ�Z2�R��� *&
(2) c(f)�	%
���T[c(f)]2 ∈ HdimB−κ(B; Z2)+
�
���T

[c] ∈ H∗�k3�*&����3�=
[c] ∈ H∗3@�1

���T[c(f)]2�������@
[c(f)]∗2 ∈ Hκ(B; Z2);well-defined� =$%&2�3A�'�;5<=$%&��5.2 (1)���}̂�k3�*'��[c(f)]∗2 ∈ Hκ(B; Z2)+������ "#f : E → R���]3+��v
M�π�}̂�k3�*&X'.'�	[c](π)�	
'�3%*&

(2)��,-3"%*����πi : Ei → Bi (i = 0, 1)	���C∞!M���

Φ : E0 → E1	�,-�%*d% 5/
Φ+C∞!,-./01
/*C∞!,-ϕ : B0 → B1.
L�

E0
Φ

−−−→ E1

π0

y
yπ1

B0
ϕ

−−−→ B1	�	3%*_�;/=

<�y ∈ B03@�1

Φ|π−1

0
(y) : π−1

0 (y) → π−1
1 (ϕ(y))+��}(,-./*h&'���
ϕ∗ : Hκ(B1; Z2) → Hκ(B0; Z2)3@�1

[c](π0) = ϕ∗([c](π1));�=��&����+�%*3
A�K��
���T�H∗�H;
M��N�	��%*'�	�014$%&��5.3 M�G(⊂ C∞(M, R))
/*4+G3��*}7":3�01+
α(f)���3��;��3���*'�;/=$%&X��{ ��;���*_�d% 5/
co-orientable _�h��	"4�e
����+%�1Z:#..�*'�_5<014$%&��n�	
����yl3�K'3�1k$�z{&X��a
M = Σg��
G ⊂ C∞(Σg, R)	������ "#��K��$%&X�1
f, h ∈ G3@�1X��;A���	��%��3}7./*�?W�$%&
11



1. {ft}t∈Dk	
f = f0 *������ "#�
{hs}s∈Dℓ	
h = h0 *������ "#�11�����
k = ℓ./*&
2. F : Σg × Dk → R × Dk	
F (x, t) = (ft(x), t).
H : Σg × Dℓ → R × Dℓ	
H(x, s) = (hs(x), s).?a���
F�H+R × {0}�.9}�NOPQRST;12	.�&'���.co-orientable _�	Z:#.()*�A;5<=$%&��5.4A�K��
���T�H∗3�41
H1 = 0./=
H2+L3^�PQRST	/z{)\�.��{ "#�}7�YZ./*�R��c�	%�
���T[c]3�01��2�*�w���./*&L3�̂NOPQRST+'{�1��<*5�.%&X�16�
[c] ∈ H2+
�1 Mumford-Morita-Miller�1/3		��%*5�.%&��5.5 (
�)''.
NOb�N��(��323�414���1-��4�24$%&$v
IJK������y3�41
X�NOb.�#�YZ;IJK��R�T#3\�%*
�4{��' �����-
���?n	24��1&24&�R�T#�4{�+\��N�.%<�
N���T�+NOb3/=
��01_34�.+ 4.�z{<&'��<�_5<*�{3
NOb����a���	()*���3N�3� ;*'�;3
/=$%&���������T� )_X{.%�&�'�.
�������R�T3�41()1k$�z{&'�+ !"�\x�!"��b#�()*'�;.�$%&'�+!"	�*��3#$*�.%;
\$!"��=]3�� 4'�	/%�
/�+%&�''39���;;q4$%&�$=
N�3 *'�;q{5�.%&'��(�'�;
)*�A�K��
���T<���2�*+,-3�41_�)$%&[c(f)]∗2�4{�
���T+
������ "#f	�*��3?W.�*�.%;
.���f3�� 4'�;/m*�
%/3���;q4$%&'{�1N�;0�%*5�.%&

6���II'�1��o+
2+345
*+65��7}89.%&
11:;<=J>T?@A��¿¦¦·��FGÇQB[CDuniversal unfolding¿³��versal

unfoldingE�¹F¢³¼¥
12_GHIJKLIMMd¶NOT�PQ�����¿����[19, 21]�� ¡¢�£¤�¥
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'�$.+\��1
��rstB+IJK��1�$��&X{%*'�.��.l;<@	./
N���� ;0��.��&.+IJK�+w� 4
\x�st���3+)��{3?�'���34�.�z{<,/*4+
'{�����K-	_{4�n���%4M.?�'.� 4_�.�z{<,X��a3+
��)e�st	./��
N����3��1*'�;()��$%&'�1.+�� '�+	�3�1
X��{ 
�	
�R����1*K)��{3()140��34<3�41
%3#$�1k�4�24$%&i&M	C∞!IJK��
G = Diff M	
M�����}(,-�K� %�(���$%d�(+
R���TC∞�(	��$%h&EG → BG	A�G���
EG3+�<�G;��3�"�14*_���$%&\]
C∞(M, R).M��C∞!"#�K� %st		�
'�3A3�=
G	�<��"2m$%&

G × C∞(M, R) ∋ (ϕ, f) 7→ f ◦ ϕ−1 ∈ C∞(M, R).X�1

BC∞(M, R) = EG ×G C∞(M, R)���$%d'�+EG × C∞(M, R)��G�@���"3�*��st�'�.%h&%*��� ��

BC∞(M, R) → BG;C∞(M, R)	PQRST�%*PQRST�� =$%&��6.1 C∞(M, R)+�� �.
BC∞(M, R)+BG�
���T}73 *'�3�<�$�z{&21
π : E → B	
M	PQRST��
G = Diff M	����%*PQRST���$%&B+IJK�+w�v
\x��(st.%&8
"#f : E → R;
π�CPQRST�.C∞!./0���?�$%&%*�
f3�=A�L�	�	3%*,-̃bf : B → BC∞(M, R);��2�*'�;�<a��$%d''.
b : B → BG+
π3@c%*�,-.%h&
BC∞(M, R)

�
�

�
�

��3

B BG.-

?

b̃f

13



�=��3�{�
y ∈ B3@�

fy = f |π−1(y) : π−1(y) ∼= M → R	C∞(M, R)�H�k ��_�	9@c;2m*,-;̃bf.%&�<6.13�=BG ≃ BC∞(M, R)./0��.
�}̂,-

b̃∗f : H∗(BC∞(M, R)) = H∗(BG) → H∗(B);��2�$%&H∗(BG)+M��N��st�k m$%<�
��'�3�=M��N�;
H∗(BC∞(M, R))<���2�*'�;5<=$%&�'�.
?W3�=
BC∞(M, R) = EG ×G C∞(M, R).��&'�+/*<@.
�stBG	
"#stC∞(M, R)	"419��$m�;st.%&X{%*'������+
"#stC∞(M, R)���(strat-

ification);�)*'�.%&6�
C∞(M, R)��AH;�w�strata<� *
G+, �R����@;
H∗(BC∞(M, R))�H	?a*��)*�.%&.+){�01X{���R��	����34�.�z{<,

H∗	
�51�<@.�A�K��
���T���$%&%*�

H∗ → H∗(BC∞(M, R)) *�� �}̂,-;��.�*'�;5<=$%&6+
'�;�K' d�h�R��	�%
\���� ��	()*�.%&��6.2����+
C∞(M, R)	%�1C∞(M, Rn) (n = 1, 2, 3, . . .)3��	)1_�=��'�3�<�1&24&.+�K' �.��'�	�1k*'�3�$�z{&M = Σg���
'�+�����14*_���$%&G = Diff+ Σg	
Σg���		�����}(�K� %�(���$%&X�1C∞(Σg, R

n) (n ≥ 2)	()1k*'�3�$�z{&Σg��N�	�*�a

E = {f ∈ C∞(Σg, R

n) |/*x ∈ Σg;/01dfx = 0� *}���$%&d''.dfx�+
C∞!,-f : Σg → R
n�bx3-�*��dfx :

T (Σg)x → TR
n
f(x)�'�.
dfx = 0�+X�; ,-./*'�	<@�$%&h

E�C∞(Σg, R
n)3-�*�AH+2n− 23[�4'�3�<�1&24&'���A�'�;d?W<�%&��/3h���$%&��6.3 (
G) H2n−2(BC∞(Σg, R

n); Z) = H2n−2(BDiff+ Σg; Z)�}\��_�
E��@�
���T+
�n − 1 Mumford-Morita-Milleren−13\�%*&
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