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Suppose X is locally compact and g is proper.

If g : X — Y is triangulable, then so is its Stein factorization.

That is, we have the commutative diagram

for some simplicial complex V', simplicial maps p : K' — V/,

y : V — L', and a homeomorphism ©, where K', L', &', etc. are

as before.
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Theorem 2.3 (Shiota, 2000)

Proper Thom maps between smooth manifolds are always
triangulable.

In particular, topologically stable proper maps are triangulable.

Corollary 2.4

For smooth manifolds M and N, the set of smooth maps M — N
whose Stein factorization is triangulable contains an open and
dense subset of the set of all proper smooth maps C'*° (M, N )prop
endowed with the Whitney C'°° -topology.
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W, . cobordism class of the regular fiber component corresponding
too C ’V’ — Wf.

19/29



81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qo and I,

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Wg

Example 1
Example 2
Example 3
Remark

Problem

Set

An n-cycle of the quotient space

cp = Zwaa c Cr,(V:Nmn),

20/29



81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qo and I,

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Wg

Example 1
Example 2
Example 3
Remark

Problem

An n-cycle of the quotient space

Set
cp = Zwaa c Cr,(V:Nmn),

where o runs over all n-simplices of V', and

20/29



81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qo and I,

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Wg

Example 1
Example 2
Example 3
Remark

Problem

An n-cycle of the quotient space

Set
cp = Zwaa c Cr,(V:Nmn),

where o runs over all n-simplices of V', and

C,,(V:N,,_,) denotes the n-th chain group of V' with coefficients

in ,,_,,.

20/29



81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qo and I,

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Wg

Example 1
Example 2
Example 3
Remark

Problem

An n-cycle of the quotient space

Set
cp = Zwaa c Cr,(V:Nmn),

where o runs over all n-simplices of V', and

C,,(V:N,,_,) denotes the n-th chain group of V' with coefficients

in ,,_,,.

Lemma 3.3 Ocy; = 0, i.e. ¢y is ann-cycle.
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K/
2 s’

Then, |s'|7*(«) is an (m — n 4 1)-dim. compact manifold and

OIs'|7H(e)) = Is'] 7 (bs, ) U || (B U o7 (bs,)

Therefore, we have ) . wo, = > 5| el H(bs,)] =0
in ,,_,,. []
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23/29



81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qo and I,

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Ws

Example 1
Example 2
Example 3
Remark

Problem

A homology class of IV

Thus, cr defines a homology class v € H,(W¢; Npen).

Since dim W = n, we have
Vr# 0 <= ¢y #0

23/29



81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qo and I,

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Ws

Example 1
Example 2
Example 3
Remark

Problem

A homology class of IV

Thus, cr defines a homology class v € H,(W¢; Npen).

Since dim W = n, we have
Vr# 0 <= ¢y #0

Furthermore, c; # 0 iff there exists a component of a regular fiber

which is not null-cobordant.

23/29



A homology class of 11/;

81. Introduction

§2. Triangulation of
Stein Factorization

83. Application

Cobordism of
manifolds

Cobordism group

Cobordism groups
Qm and TNy

Cobordism classes of
regular fiber
components

Corollary

Proof of Theorem 3.1

An n-cycle of the
quotient space

Proof of Lemma 3.3

Proof of Lemma 3.3

A homology class of
Ws

Example 1
Example 2
Example 3
Remark

Problem

Thus, cr defines a homology class v € H,(W¢; Npen).

Since dim W = n, we have
Vr# 0 <= ¢y #0

Furthermore, c; # 0 iff there exists a component of a regular fiber
which is not null-cobordant.

Therefore, if such a regular fiber component exists, we have
H, (W Zy) # 0,since Ny, 22y B - - - B Zo.

The case of an oriented map can be treated similarly. []
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(1) Let us consider a tree 7.
Then, since H(T') = 0, there exists no Morse function

f1: M? — R whose quotient space is homeomorphic to 7" and

which has CP? as a component of a regular fiber.
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The integer at each vertex denotes the index of the corresponding
critical point, and the 4-manifold attached to each edge denotes the
corresponding regular fiber component.
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(2) IMorse function f, : M3 — R whose quotient space is:
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3 D
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(\O)
N
p—t

CP?

The integer at each vertex denotes the index of the corresponding
critical point, and the 4-manifold attached to each edge denotes the
corresponding regular fiber component.

Note that H1(Wy,; Z) = Hy1(Wy,; Q) = Z is generated by 7y, .
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(3) IMorse function f5 : M2 — R whose quotient space is:

-

54

S? % §?

S? x S?
S4
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(3) IMorse function f5 : M2 — R whose quotient space is:

S2 x §2 S? % §?
4 b
S

-)
DO
W
—_
o
Ot

Note that W, = Wy,, but ¢, = 0in Hl(Wf3§ Z) = 7, while
V2 # 0in Hl(WfQ; Z)
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Even if every component of every regular fiber is null-cobordant, the

source manifold may not be null-cobordant.
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Even if every component of every regular fiber is null-cobordant, the
source manifold may not be null-cobordant.

For example, consider a stable map [ : CP? — R?.

Every component of every regular fiber is diffeomorphic to S,
which is null-cobordant.

However, CP? is not null-cobordant.

In fact, for a stable map f : M* — R?, the cobordism class of M4
is determined by singular fibers.
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By associating an “invariant” of a (regular or singular) fiber

component corresponding to certain dimensional simplices of W/,

we may be able to define a homology class of W.
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Thank you!
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