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.�/�0�1�2�3
C∞ 4�5�6�7�8�9�8;:"<�=�>"?�@BADC�EGFIH�J�K�8�L�M�NPOGARQ�S�T 3�UV�WYX[Z�\R]�^`_ 3�a�b�c APd�e�EGF 1 fgRh 3

M,N
_
C∞ 4�5�6�7ji�k 3 f : M → N

_
C∞ 4�?�@li[EGF�fnmo8Giop 3�q 8

NPOnrtsvuwADxBy X[Z Fof
�R�{z}|

f
_�~�������� 1R��� k�T 3o� y X�Z�\D� Σ 8oH�J�K 2

_I��\�� S�?�@wAP���1 p�F ���
\ iRy�� 3 N i�k�T�� �n�`������� 9 R2n−1 (n = dimM ≥ 2)

_ x`y 3 Σ i�kITD:"<
8����nr n �B���l �¡ � FIH�J�K�8 ��¢ 7 _ xBy"F
i 3�£ 8�NDO 2�¤�¥�c AI¦ � Z FRr 3m Z 2�§�¨B©lª¬«�"	�®�¯�°�±�²�³ [31] AI´ �µXI� S�fiRm�¶ 1�3·£ 8�N·O _ xny�F�A 2 f 8�¸�¹ ©tª»º�¼ _I½ S
Fo8�ro¾�¿ 1�À FDf�Á 3�Â <�(p � svu�� r A;CÃk 3 Jr(M,N)

_
M ×N

£ 8 r ¸�¹ ©ÄªÆÅ 3 i�k 3 jrf : M → Jr(M,N)_ 3
f 8 r Ç�È �n�ÊÉ ( 4 i�EBF 5 f   X A 3 Σ(M,N)(⊂ Jr(M,N))

_ 3 H�J�K�8 � Σ AICË k \oÌ :�<�Í�� ¢ 7 � XÎ� FÎ+�<�ÏjivE`F�i 3R£ 8�N;OÑÐ 2oq 8 �BÒ ARS�S � y X�Z Fof
���ÔÓÕ|

f : M → N
_�~��Ö�Õ�Î� 1��
� k�T 3 jrg(M) ∩ Σ(M,N) = ∅

� F g AD���1 p�F ���
q 8�N;O 2�£ 8�NDO×iÙØ ¡;Ú Í�EGFRf
���YÛÎ|

jrf : M → Jr(M,N)
_�~��Ü���I� 1��
� kÎT 3 ψ(M) ∩ Σ(M,N) = ∅

� F
ψ : M → Jr(M,N) AD��� 1 p�F �Ã�

∗
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1 ÝßÞ�àIáÙâ[ã�ä·åÙæèç�éÎêèë[ìßí îðïßñ[â�ò�óôáèõIöø÷Îù�ú�û�üýævë[ã·å}þßÿ����Õí î�����â�ò�óôáèõöø÷�ù�ú�û��
	
2 C∞ ���� f : M → N ������� æ����}úßá f á���äIá����! min{dim M, dim N} " ü$#&%�' M á(!) æ f á
*,+�-�ó.'0/1	 ���32 ��������4 ö�5;á!��ó6 �7�8Îú:9��
	;%�< � æ0=$>Îá ���32  væ,7�8�?�ó@ ?Îú���ACB�A C∞ ��D3E�F�G ) �.�
H ' � /1>�ü ûI/�ó�9}æ���AJ<ôå�KCL�MON�úÕû��IóP'J/$	�Q,R ( á
SóøåÙæ�Q3R (!)UTWV�X ���32 á�Y,ZPö @,[ î&á�\
]�^ÕòÎá_��ó¬ú�ûC�O	
3 M ×N á
` ( (x, y) á�a � æ x ∈ M

)
y ∈ N � /$>�b C∞ ����32 á r �3c[úßáOd���ä�e3�3f3gÎáh ê� i�jUk�lCm�ó ��� á V � '�� " /PnCi�jUk�lCm�o	�f h ê Jr(M, N) å C∞ �:p 5Cg�á�qCr )UT >:	

4 x ∈ M ����� æ f á x ú�á r ��c[ú�áOd���ä�e�� î (x, f(x)) ∈ M × N a�á:iCjUk�l:m�á�sßò ) ��t%vuI� ��� 	 p 5CgÎê�á ��� ó ��� æ C∞ � � n:�
	
5 w ��x åÙæ X óOy�z [12]

)�{�| 	
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NPO���r ¤�¥�c AI¦�� Z � 3���� ¶	��NDO�
 �Î¤�¥�c A·¦���FRr 3��� A��"8�� 2 S�y� S�f�k � k 3 Gromov [13], Èliašberg [10], [11], du Plessis [5], [6], [7]
X 8�����A �n� 3 mZlX �ÙQ�8�NPO 2�À F��
8����wA	��S�T��! Yi � F�m�iÎr�"   Z T�SnF�fi�m�¶ 1�3·£ 8�N;O#
 _ x�y�F £�1 (��%$'& � 8�r Thom (�)+* 8!,�- 1�À FPfÕÁ 3 HJ�K"8 � Σ r À F .0/�S%1�2�3 6

_54�\ k \ i�k �BÒ f�mD8`iDp 36� k f r Â <nA Ç�È!7���R�
7
�`X �

Σ(f) = (jrf)−1(Σ(M,N))(⊂ M)

898�: Σ̄(f)
2�;�.�<

[Σ̄(f)] ∈ H∗(M ;Z2)
_D� QÄmni·r9= � � 3 k �>� ��8 Poincaré

dual r 3 difference bundle f ∗TN − TM $ TM, TN
2 � Z@?�Z M,N 8�A � 9 _CB E�,�8

Stiefel-Whitney classes 8�5�D'E 1�F ��F�m�iÎr�G X�Z T�SnF [15] f�mD8�5�D'E 2 M,N, f�>H A � X h 3 Σ 8�I�A ��J TLK g F�m�i�r�G XvZ T�� � 3 mD8�5�D�E�8
m�i _ Thom 5D�Eji�S Ò 8 1�À F�fi�m�¶ 1�3>� k jrf r À FP?�@ ψ : M → Jr(M,N)
1
ψ(M) ∩ Σ(M,N) = ∅

� F � 8
A ~��Ñ�����D� A � J \ ivE`F�i 3�M u c A [Σ̄(f)] = 0 i �GXÎ� � Z � �`XÎ� Swm�i�r�N��O X�Z Fof;Q g � 3 mP8 ~��>P Ç � < [Σ̄(f)] $ 8 Poincaré dual , 8

_ À F5�
8�Q�R%S�T
iVU Ò m�iÎr 1 p�F�f%�wm 1�q 8�NPOnr�WYXoF�f
���[ZÎ|

[Σ̄(f)] = 0
�GX � 3 f _�~�� �ß�Î� 1���� kÎT 3�� y X�Z�\o� Σ 8RH�J"K _�
\�� S�?�@BAD��� 1 p�F �Ã�

.�/�0n1"2�3 g�h £ 8�NoO]\ _ O>^ F U V 8 ]�^ A�Q�S�T�S ¡ Q � d�e×k �tÒ i5U Ò f
  X A 3 Thom 5�D�E 1�2 i X y XvZ�� S�_li�k�T 3 5�6�7�8P:"<�`�a�r Ú = J T ¡ F!bc r À F�m�iPAoQ�S"T � ¦+d�EGF�fe+f 3 5�6�7hg�?�@ 2 E'i�T C∞ 4li�k 3 H�A	j � 8 � S+k � $ml�, ~��>P Ç ��n 2 Ei�T Z2

Í�� 1 x`y�F � 8GivEµFRf

2 oqp r s t u v w x y z {
mo8�| 1�2�3 NPOÖÐèr ¤�¥�c AÎ¦���F5_Yi�k�T 3 \ q'} 5�6"7�8�9�8�?�@`AoQ�S�TD¦+d

EGF 9 f
M
_%~ p���� XvZ�\ \ q'} 8�5�6"7ji�k 3 N _!�9�+�9�����'�9���

10 ����� }+��������>���!�+���
C∞(M,N) � � M ��� N �9� C∞ �@�� %¡ � ��¢9£ � C∞ ¤+¥>¦5§'¨9©

6 ª¬«L¯®'°¯±³² Jr(n, p) ´ R
n, 0 → R

p, 0 µ5¶¸·º¹�»C¼ r ½¿¾³À�ÁÃÂVÄ�¼VµÆÅVÇ�È ÉËÊÌ¶ÎÍ�Ï�¼ºÐVÑ!ÒÓ À�ÔÕÇ5È ±ÎÖ¸×¬Ø!ÙÌÚ ¶ÎÛ ±VÜÞÝ�±¸Úß² Σ ¸à�á Å�¶³â¿ã�ä Jr(n, p) ¼ semi-algebraic set  µ5¶ ²	±³®°æå5±èç
7 ª¬«Lêéº² Σ(M, N) ´ stratify ÜëÝ�±¸Úê¯²Vìºíhî ¼ strata ± jrf ä¸ï!ð�ñ ßòÌó ¶ ±³®'°æå5±èç
8 å ¼õôÆöº÷Lø¯½¬Ñ¯ù ì ¼!úß¼Ì´ Thom û�üVý ±³®'°ÿþ ã�ú¯ÊÌ¶¯ä ²����Céº² f ¼ Σ �����ÜÞÝ ôÆöº÷ø¯½ºÑ¯ù ±ÞÙ ú��
	�� ÚºÙ Ê� ° ç
9 ��� ¼���� é���� È ×���� É�������Û ± ¼�� Ö��! 5Ù ÊÌ¶ [25] ç

10 M "5¼¿ÊÌ¶ÎÍ�Ï�¼$#&%Vµ('LÒ�Á*)�+ ε ¸àhÜ-,�² Whitney sum TM ⊕ ε ä M "5¼.#&%Vµ('LÒ�Á*)�+ µ5¶ ±¸ÚÆ² M ´�/10�2�3�465�7�8
9 Ù ÊÌ¶ ±³®'° ç
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� � ¦�� ���9� � ����� C∞ �9��  f : M → N ���	��
�� �� � ����� f � C∞(M,N)����� �����
Uf ������ ����� � g ∈ Uf

� �"! �$#&%
M

f
−→ N

h1 ↓ ↓ h2

M
g

−→ N

¦ ��'>� � �)(�*,+ ¥9�%  h1, h2 �.-�/ ��� ��0 ¦&132 � Mather [20] �&4$5 �76,8 � �� �� �¡ � �:9<; � C∞(M,N) �>=	��? � open dense �� ���9� �A@ �h�����B � ��C � 6 2�� ��� ��  � D ¨ ��E	F<G�� Mather �AH	I ¦�JK2 �@� ��6,8ML ¡ ��N� �����9� �'� 0 O
[12] P�Q�R	S � A1 (fold), A2 (cusp), A3 (swallow tail), A4 (butterfly),

Σ2,0 (umbilic) �UTWV�X6�� �	�@� ��Y � ¨ � 1 � 11
� B � � ��Z7[ ��Y � ¨ � 1 � V�\��

4�5 ¦�]�1 �$�@� ��6^8 �`_ ¨ �5� Thom
�.a % ¦ �+� � 6 2 �:L ¡ ��N�� ���$�@� �h�0+���

E	F<G �Ab Σ dim Σ(f) Thom
��a %

A1 3 0

A2 2 w2

A3 1 0

A4 0 0

Σ2,0 0 w2
2

O
Z c<d � � p1 S

�	� � � wi ∈ H i(M)
�
M � i-th Stiefel-Whitney class ¦�� �'� � � � Σ2,0(f)

� �fe
g ��h 0 � § 8 O © �:i`j [30] Q$R�S � [Σ2,0(f)] ∈ H0(M ;Z)

�lk 2 �@� �h� 0'� � �:C �
� � m	n �:o 1 �� �$�@������� � O

Z c$d �'��S Poincaré dual � M � 1-st Pontryagin

class p1 ∈ H4(M ;Z)
��p�q ���$�9� ¦ ��r����	�C ��s.�ut ��E$F�G � 2)v � �$w � 0 � � � �Ax 1 � � � � �6� �&Y[� ¨ � 1+© 12

�
��y{z O}|�~

[2], [3] S�� p1 = 0 � � j 13
��� � ��  f : M → N ¦.�.������� �`�6�! � � Σ2,0, A4 b�� E$F<G ¦�� ©��.1 | � ��  � ��� � 0����

_,� � � 1 ��w �<C � E$F<G �.�����$�:� � � � � �,� ¨ �Ax 1 � �>¦�� © 14
�

��y�� O����@����� £ [25] S�� f : M → N � Σ2,0, A4, A3 b � E	F<G ¦��6©��`1 | � �  � �.�{���<��� � � � ©�� �A����� *	���^� p1 = 0
� � �<�9� �� ���

11 ��é umbilic êéº²� ¿îÎ elliptic ± hyperbolic ¼`¡£¢êù!äÌÊÌ¶ ç
12 ¤¦¥��5é ú¨§ ± ×M© ñVµWª¬« Ù¦¦®�¯ ´±°!% Ü ,º® ¶æä ²Æ®M²�í��Ü , úÞÍ�ÏVä 0 ¼´³¬µ¬¶Æâ�ãC¼M·¨¸�§,�® ¶ ç
13 å ¼M¹»º éº² M ¼ signature ä 0  µ5¶ å5±�±ÎÖ´¼!Ù ÊÌ¶ ç
14 å�åÆÙ ¼Mªl« »½�î¾²ê² 0 ÍêÏC¼M³�µ)¶Ì¼À¿¬Á ¬Â�Ü ,¿éº®&ÃÅÄÇÆ ¼¦È¬ÉCä¨Ê ÌËhî í ,�®¿Ý É Ý	±¨ÍÎ ² [31], [19], [2], [3], [30] µ:Ï Û ç 1 ÍêÏ¬Ð�"¿¼¨³lµ�¶¿¼À¿ÑÁ ÌÄV®�, ¼ ��Ò ñ¿µ¨È»É é¯²¨ÓÑÔ ¼ Ë ¶ ½`Õ "¼ À® ¡ ä¨Ö�× Ù ÊÌ¶ ç
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� H�� �%� Èliašberg � homotopy principle15 [10] ¦��>] � ���6� �76 �������'�0+���
B � � � w2 = 0

� � � �Ì� A2 b � E$F<G �
	�� ! ©<�`����&� X � � i�� � �,� � �0.�
M � | � �9���	�'�@��� � � � �h� � Èliašberg [10] � 4�5 6 8 ����� � f

�
A1 b� E$F�G ! � � ©+��1 | � ��  � �`� ���$�`� � � ����$C ¦ [�� � � �5��� \������ � ��� ��� � ��� � �9����N B ¨6© 16

�9� � � � 17
�

3 ���  ! " #$�  % & ' ( ) *
�,+ � � � � �.- �0/ + � � ��1[� ! � � ���	w ����� � �32 ��w ���+� �6� �� 4+ x

1 � �65"!&6 2 �
M ¦	h 0 	u����� ���¿�	w87 ����� � N ¦	h 0 	u���%� � 2 �	w ����� �ê���	��� ¨� + ��! � �õ� ��  f : M → N � | � �� � � 1 2 �9� ¦:9<; ��+ � + ��= � 0+����_! � ��� ���>�9� | � �� �+ D ¨ ��E	F$G���� A1 (fold), A2 (cusp), A3 (swallow tail) �?2

V�X �� �$�@�&��@ � ��� ! � �!�7� ¨ �5� Thom
�.a % ����� � 6 2A+�� �$�@�&� Y �¨ � 1 ���

E$F<G � b Σ dim Σ(f) Thom
��a %

A1 2 w2

A2 1 0

A3 0 0

|.~
[3] + 6 8 � 0 ��w � A3 b � E$F$G�� ���@� 0��$�9� ��Y � ¨ � 1 ��� � ��� 1 �

w � A2 b�� E$F<G + x 1 � ��� 2 ��0B 2 �DCFE ��� p<G + � ���6� 0 �.1 �6� � � �6 2H+ @ ��� © �
��yJI O

[22] S$� H∗(M ;Z) ∼= H∗(CP
2;Z)

�ê���6�Ì����� � f : M → N
���

A2, A3 b� E$F�G ¦�� ©+�.1 | � �� 4+��.� ���<���<+h� � �.1 �
�����6K<L�MNK ���@� ��O 8 �7 ��� � ! A2, A3 b�� E�F�G ¦:� ©@��1 | � �h  g :

M → N �.-�/ ! © �������Ì� A1(g)
�
M +:Pf�.Q [ ¨ ©07SRUT � � ! � ��C � Thom

15 g : M → N ä ² M, N ¼WVÌÇ�È�¼VÈ�¼¬·º¹ Ù�² M − C É C é M ¼YXæâ¿ã¿Û�" Ù A1 Z ¼M³ µ ¶ ¸àá�ÜÞÝ ³�µ ¶ ÜÅÆ ú Ý µ ® úÆ¼  Ó\[ Á ÙÌÚ ¶ºµ î Î ²À�H]5 g é M −C " Ù A1 Z ¼M³�µ�¶ ÜÅÆ_^CÝ µ® ·º¹  ö¯÷�Áa` Ñ Ùcb�Æed ¶ ²�±³®'° À®Cç
16 A1 Z ¼¨³¬µ�¶ ��!��Ü³Ý ö¯÷�øÆ½¯Ñßù�ú±¿ Í ¶ß¼ Ù¬²�å ¼¨³¬µ�¶¿¼¦¿»ÁLú_fhg  µÌ¶ji °ë_k�Í ¶ çõÜÆ	Üë² ú Ü ¿»Á Ù5Ú�,�Üml�°¯±³²�ì ¼¬·¯¹ é�éAnWo · É ÊÌ¶ ®5éqp
n_o · ±sr § , ú Ö.t Û ± µ�§ ,	Üml�°¼ Ù¬²êÝ�±¨Í Î N äAuºûcvÌÄ ± Å�¶ ±ë² �Aw \xjy äcz
{V¶ ç�ÜÞÝ ä § ,�² A1 Z ¼¨³�µ ¶ ¬ÂLÜ-,Véº² fg�|1# Ä!Ê l.Õ~}�� ´ ^CÝ µ Ã µ�§ ,	Üml�° ¼ Ù ÊÌ¶ ç
17 å�åÆÙ ¼MÈ¬É é¬²¿Ý�±¨Í Î du Plessis ¼MÈ¬É [5], [6], [7] Æ	î éA�
,õå µ ®Ìçõå�å¸ÙH�
,AÃ ¶ ³�µ ¶¿ä ²� ¼MÈ¬ÉL´\�A��Å�¶ Ý�n ¼M¹»ºL´\� ÝA  µ ® Æ	îëÙ ÊÌ¶ ç
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��a % �����6� � ��E�� R.T 18 �� �<�9� � @ � ��� p�� � A1 b�� E$F�G����
	 / +
(x1, x2, x3, x4) 7→ (x1, x2,±x

2
3 ± x2

4)� o7� � ��� �<� ¨ ¦)J 2 �V� A1(g) �����L�� � d��&� i������ � @������������� "!#�R�T�+%$�& � Rohlin '�(
)
* [14] +",�- & ���. M /�0�1
2�3�/2 �5476�8 �:9<; ���
A3 = / !?> 1�/ Thom @�AB3C��D�E 0 F ��G
HI�CJ +�KBL�M & JN :O�PBQ /�R?S�F  T%UWV �X�Y?Z�E�[ ��\�H<��J E�] ���]^  _Q /`R
SBF  jrf : M → Jr(M,N) �  ψ : M → Jr(M,N) F ψ(M)∩(A2(M,N)∪

A3(M,N)) = ∅ ] �Ba /�E�b#ced.fBg�h �5i<jk����l��?G�m L�]�L ��n�H� H∗(M ;Z) ∼=

H∗(CP
2;Z)

J L jpo
q +  sr M /#�
t��%u�v�w���x�w�F �B�`yzJ L jpo
q F#^�{ ��|<4}\���5i�j}�<al��BG�m LB]#L ~ [29] �B��� �

4 Morin � � � Hopf � � � 1 � � �
M + n �����#@��B�  N + p ���?@��B� (n ≥ p)

J & � 19
�:�#�

f : M → N E $��m� 1 q ∈ M � Ak '?( Morin �����?F �B� (1 ≤ k ≤ p)
J��
 

q, f(q) / n�l�� /,� ] P��#� v5+`-�L m f �
(x1, x2, . . . , xn) 7→

(

x1, x2, . . . , xp−1, x
k+1
p +

k−1
∑

i=1

xix
k−i
p ± x2

p+1 ± · · · ± x2
n

)

J}������J {�+L j 20 ~ [21] � �C��4 E f � !�> 1 J � m Morin
!�> 1 � � CH ]�L J {  

f + Morin ¡
¢ J L j 21
�H�J�|:£

N = R / J { �: Morin
�����

Morse ¤:¥ 22 E�¦<] 4 ]:L ��§ � m
 p ≤ 3/ J { �: 5i"¨ ] �:�©a Morin
�#� F:ª#«<F�{ ����J ��¬ 4\�m L ��� p ≥ 4 / J { ��®¯ E  �°�|I4k\�H @#��� M,N E $±� m�§ /?²�E Morin

�
� � �B���©i�j³�?��l��©4 ]L �:H�J�|:£: §2 /�R�S�F p1 6= 0
J & �CJ. umbilic ~ �´\�� Morin

!�> 1?F � ]:L#���µ�¶ M m¸·�� /�F  M �z4
N ¹C/ Morin

�#�<�º�» & 4 � ]#L �¼ �}® ¯ /�����F �# �C/#Y#½���¾�¿�F�{ ���
)�*�À ~ÂÁBÃ  �Ä?Å� �Ä�Æ ² [18], [26] �BÇ M /���t��%u�v�w���x�w�F �z�p N ��ÈCÉÊ�Ë�Ì�Í

23 F �?��J & ���
(1)
a �  A1 = / !�> 1 � �� CH ]:L Morin

�:�
f : M → N � º#» & \�£� p = 1, 3, 7F?]B; \�£ ] 4 ]#L �

18 ÎÐÏ_Ñ�ÒÔÓÖÕ´×`ØpÙ%ÚÜÛ"ÝÔÞ"ß.Ò.à7áNâã_ä.åÜæ_çéèÖê�ëÔìÖíÖî`å Poincaré dual ï w2 ðÐñ³ò çó.ôå³åéõ ð÷öùø³úNûkü:ðsý�þ ÿ
19

��� å����	�Öã�
������� ��������� [18] ã������ ñ�� � � ��!���� [26] ð å�"$#&%('Nâ()´ó ÿ
20 §§2, 3 â�*�+-,Öß Ak . å0/�1�2-�Öã�3���õkõ÷â_å04-5.å Morin /�1�2"Ø�6�7�+ ý ó ÿ
21 Morin 8�9 �kã ý ß`ó;:�<�=%å�>�? ï p − 1 @�A â_ãkä"å´ì�BDCFEHG-� ï ç-I�+´å Thom-Boardman

strata �Âß ðKJ�L [12] M�N ��ØPORQ�S(6�ôÜå}ã ð�T +`ôU/�V�WYX[Z Þó ÿ
22 ß�\ T õ³õ÷â��Öã^] ç�I-+_å�_�`�a ï 1$6Nó;b ðsý�þdc�e �0f J 6 ý.ÿ
23 1 2 ö;gihkjký +³â-,.ó ÓÖÕ´× ï�lnm�o�p�q å ð ,7ã�ô ð åÖÓÖÕ.× öPr�s�t�u�v�w â()´ó ðsý�þ ÿ
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(2)
a �  A1, A2 = / !�> 1 ���  IH ]�L Morin

���
f : M → N � º?» & \¸£� 

p = 1, 2, 3, 4, 7, 8 F?]B; \�£ ] 4 ]#L��
(3) p ����w<F  A1, A2, A3 = / !?> 1 ���  �H ]#L Morin

�#�
f : M → N � º�» &\�£# 

p = 2, 4, 8 F?]B; \�£ ] 4 ]#L��
�
	 Ç Q E ���
H p /���5E $�� mB�# ���� E ~ §�� E ��� = / !�> 1 ���  <H ]#L��

Morin
�#� +���� & ����J ��F�{ � �

H�J�|:£ Y:½ V (1)
� �C/ ¼ j ]
��t
����F�¾C¿�F�{ � � a �  A1 = / !�> 1 ���  CH]#L Morin

�#�
f : M → N � º�» � H5J & ��J´ A1(f)

�
M / p− 1 �����! B@:�B�F �z�Ü f |A1(f) : A1(f) → N

�#" ��� 1 / ��$#%�& E�] ����J � l � � � �?4 E  M /' t)(`u�v�w J A1(f) / ' t)(`u�v�w�/���x+*#, � · ~ [24] �.-0/�YCE ¼ � - A1(f) / ' t
(�u#v�w1*:x
w J ] � � ¼ G�m - ! E p − 1 *2��w<F+3 � � �ém -�* $4�0& f |A1(f) +)5687�9 Z�]�* $:%�& ψ : A1(f) → N E
b#c d.f"u�F�; �z� H5J {�/ p <B1�/:=�w�/2��x
*>- A1(f) / ' t�(%u�v�w</:�?x<E0, � L ��J �
- Herbert /�?B3 [16] +`-�L ����J E ¼�A@!B E�¾C¿�F�{ � 24 � � H � G#m - ψ / p <B1B/�=�wC*�x
w�F43 � � J��ED �
- Eccles/ O�F [8], [9] E ¼ � - " ��� 1 /G5 6�7H9 Z�* $#%�& F p <?1�/�=�wH�:x
w�F43 � ¼ j] a /�� º�»�IG��H4$ EE*>-

S2p+1 → Sp+1

] ��J
K��:� F Hopf L�M
N�� 1 F�3 ��a#O � º
»!IG�!��J � µ�P
Q  CF�3 � � � H � Gm - Adams [1]
O�R>S ] O�F ¼ � p = 1, 3, 7

J ] � ~ p ≥ 1 E�T
U��V�W Q�O ¼ j E2- Morin
�#��O�º�» T%U J - Hopf X�Y!Z 1

O T%U *0[�\IE
] J � m L � �J2��D FE- Q�O Y:½ V * T`U±V J � O ¼ j EE] J � m L � �%Y:½ V O R�SBFE- Ak = O�^>!_�O
Thom @#A�3+* µ�¶ � a�`<|��CJ *:L | ]:L!�E-�3 � R�S�F�* `<|��!��J �ba � $4\�� � H5J�|:£ - n− p = 1

O�J {�- Ak = O�^�>!_�O Thom @#A�3+*>- k = 1, 3 c:d�Lm D�E `<|�����J ��¬ 4}\�m L � � § � m - A3 = O�^�>!_�O Thom @#A�3�*�- w1w3 F�3���CJ#a ¬ 4k\Cm L � � � H � G
m - w1w3 = 0 ] � R�S�F�*E- Morin
^?>�_ Ebe�f � Hb:c�g>h�u�i)* I�j�m>`�|�����J E�] � �
Y#½ V *>- §Wj L G
H R�SCF43 G
m<a - p � §� E�3 ��H ��F?]#L�k � *>-2lEm � H:^�>�_ c `�n
IG���CJ *�F�{#]#L ��J c0U4o � m L� �>p n � -+3 ��qCO R�S�E^�L m - T%UWV ��X�Y?Z�E�[ � \Cm L ��J L |!� 25 �

24 p ïsr ?�â�)´ó.õ ð ïstvu â()_ó ÿ
25 ß�\ T Óxwvy�4 ïstzu â�).ó ÿ`ð ý�þ å��Ôã Morin /�1�2 @V{ åK/�1�2´å Thom ÓV|~} ö õkõ÷â��Kf J+ ý 6 ý�� Z â()_ó ÿ ß ðKJnL §2 å��~�Nâ p1 6= 0 ð çó ð ã��%Ø Morin /�1�2.å Thom Ó�|~} ïx� J +ý +`ôpã umbilic � �V� 6 ý�� Zsã³ä}Þ`Øz�A� T +x�_Þó A2 .�� A3 . ån/�1�2ô�� T + �~� *s�$6 ý õð Ø�6´ó ÿ T ß ï 7�+Öã�����Î ö f J ó��NØ��Öã � �$�ÖãV� J Z ÞNß . å0/�1�2"Ø��A� T +x�kÞ�óP/�1�2�ôÛéÚ�+nf J ó tvuNï )´óÔåkâ().ó ÿ
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5 � � � � � special generic map���	��
������������������� �
Thom !�"#%$'&)(+*�,.-0/ 
 homotopy theoretic 12 �03547698�:	;=<?>��A@0BDC0E�F�G0H0I�J=KL3M4���NO�QP (+1 �R�TS�6U8V47� , 26 W

X�Y[Z�\ !�]�^ M1,M2, N

��

M1 $ M2
��_`EOa>��

M1 bOc � N d �=eL8L4f�	<hg
Σ
���?���Q�jiL< 1D&kDl ��m�n�o , >� M2 bQc �hmnqp 1D& � $�&q(sr � *�, 3%t
SOp b �LP (+1Ar >�m�n0o��LuD� M1 $ M2

�R@0BV_RE c � 1%vxwU1D& W SOp 1?y :zp� y < $ o ,Q$ �{0�h@0BV_`E kDl | ��} kDl�~ �`���?o , � $ c P v �0� y < �R_ �f����Q�ji y < kDl > M2 bLc S����O:zp�� ( 3M4�
 *0, W p.<�> y :�LSQp b �LP (+1hr>�m�n0o�LuD��{D�V�jC�E !=]0^ M1
� bOc @0B��0�O>����� bD� , � $ � -	/ o , W< $ 8=u��=����� 1hr�$ p.:��D�9�D3z4 M1,M2 $ p�:��	_RELa�>h@�BV_REL
 1D&!�]^ �h� y :L��P ( W {%p.: N = M1 $�� � $ � M1 bLc � N d �����0�L�D� y < �+iQ<1�&�k�l | �Q� v @�BU_RE kDl0~ >Dm�n0o , >�� M2 bLc �Amn�p 1�& � $ c 1Tv � b ��R���'�`��� �AeV8 , � $ c 1	, W
����US (s� pf�0��I c �?����>=�� ,.r � 1D& SA�
 *0�M( 3Tt{��A
DNL�VP ('1�k�l �Q �¡=¢O�h6z8 , W M �

n
N?£V¤ !�]�^ � N � p

N?£ !�]�^
(n ≥ p) $ o , W k�l f : M → N ch¥ p�:?�� q ∈ M

>
definite fold


 *O,L$ ���
q, f(q)

����¦ v �A§9¨ 1�©�ª�«?¬ �` & : f
>

(x1, x2, . . . , xn) 7→ (x1, x2, . . . , xp−1, x
2
p + x2

p+1 + · · ·+ x2
n)

$f®¯ ,O$ ;� &[( | � c definite fold
�
A1
gL�

Morin
���?��
 *�,�~ 27 WO° 4 c f

>�?��� $ p.: definite fold
p.3�iQ< 1�&5$ ;�� f � special generic map28 $�&q( | [4],

[23] ~ W
Special generic map

�3 1Tv ��± 1=k�l 
 *0, >��9S y $ S.²�³ 1 |µ´?¶`·¹¸�º   1=~����� | o 1 ¦�» definite fold ~ p�3�iQ< 1�&�k�l)$.&¼( � $ S *Mv �D�����	�=½¾QIACE0F�G�HO� 2 �03M4���¿0À�� cjÁQÂ�c�ÃQÄ ° �O: &V, W < $ 8DuD���R��� cÅhÆ p.:=NO�� $ >=Ç�47�O: &V, W
È�É Z | [23] ~ \ f : Σn → Rp ��Ê=ËÍÌ�Î�Ï n Ð0Ñ Σn b � special generic map $ o, W SQp n− p = 1, 2, 3

3D�
n ≥ 5 1 4�uD� Σn

� ¬	Ò I 1 n
N�£ Ð�Ñ Sn c @�BV_REQ
*0, W

Ê�ËÓÌÔÎ.Ï
n Ð�Ñ Σn

��Õ cjÖ?× I chØ�Ù�Ú0ÛDÜ a�3z4+� Èliašberg [11]
�RÝ�ÞMP v � Σn354

Rp d ���D�?��� $ p�: A1
gU���0�0��p�3�iV< 1�&?k�l g : Σn → Rp >Õ c m�n

26 ßÔà å'áãâ=äæåÔç+è�é�ê�ë�ì�íÔî'ï�ð å�ñ�òôó.õ.ö�÷�ø [27], [28] ù
27 N = R

å�úÔûRüýé Morse þxÿ å���å���é������	��
��'ø������� ö.÷�ø ù Definite fold üfé.÷.ø����ö`ä��Rðýä�������� ���ö�÷�ø�ð"!#�'ø ù
28 $&% üýé�'�(*),+.-�/��.0.1 2 ÷�ø����'ö.354�6�7�8�9Aø*0.1ð"!�� $ ð;:"å5<�ö���=���äÜåfé.å>� ù
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o , W p�3Mp��9SQp Σn
>�������� | exotic sphere ~ 29 1 4ju�� *0,	��
�� 
�� g �DÊDËÌ'Î�Ï�
� (�� 3Mp�:US`� definite fold

���L�
A1
gV�

Morin
����� | �.�9� indefinite

fold $�&[(ã~ �����	
	; 1D& � $�&)( � $ � ×�� �+���[p�: &L, W ���Q�=�D�`��� > *?,!�]�^ c � & :�� × I c ����:LSj��{=� $ _`E 1�!�]?^ b 
�� × I c ��� 1=& � $ S *�, �$�&q( � $ � -	/ p�: &V, W �	� v �0�R����> !D]0^ �R@0B���� $�� � Å ¦ y : &V, � $S *0, � $�&q( � $ 
 *�, W
b �QP (+1hr �D���+N?£�3M4! xN�£ d � kDl c ��& :US ! �#"T4f� , W < $ 8DuD���+N£ !=]�^ � r�$ p.:D����$&% 1 �?�D�('�)D�+*OI�, Ñ | ��'!)D���U�(-��	<&./�ÔN�£ !=]^�~ 
 *�, >��9�.� c�Å p.:�¿�À?NU� w < W
È�É10 |3254 � 2�6!7 [28] ~ \ M

��8:9<;  �Ì 1 '5)=��*QI!, ÑT$ o , W M �=.>�+N£ !=]�^ $@?O1 p.< $ ;�� M 354 R3 d � special generic map
>�m�n0o , <	���(A5BDCBDE&FV���

M
>(G&H�� I

ruled surface J 30 �LKQ�=� primary Hopf surface31 | $ '�)�+*QI c _`g ~ $j1O, � $ 
 *0, W
< $ 8�uD����M�gL�='!)=��*QI�, Ñ ��N c �=� R3 d � special generic map

�PODQ�o ,�+N�£ !=]0^ | < $ 8DuD� S2 × S2 !�R � Æ Ý�S ~�$ _RE c 1	, SA�>=m�n0o , � $ >�Ç4f�	: &L, W b � ×��UT P v ����M?gL��'5)���*QI!, Ñ � R3 d � special generic map
�

ODQqp 1=& 3M4��9� (ý&�y < r S��R���+�`�����AeV8 , ¦5�D
 *0, W�A��V c SA�`���+�`�0� �AeL8 ,�r �<�� ° Â *0, W < $ 8=uD�DNzS`{��VP (Ô1hr �Ae8 , ×&� 
 *0, W
È�ÉXW |32�4 � 2!6!7 [27] ~ \ K

�
K3 surface32 | �='!)D���9�(-��Q: w 47� , ./�N�£ !D]0^�~�$ p.� S1×̃S3 � S1 b � non-orientable S3- Y�$ o , W o ,Q$ ��Z k ≥ 0 c¥ p.:�� M1 = (S1×̃S3)](]k+11S2 × S2)
�

M2 = (S1×̃S3)]K](]kS2 × S2) $ _hEO
�� M1bQc � R3 d � special generic map
>�m�n?o , >�� M2 bLc �Am�nqp 1�& W

�A�QP ( c � special generic map
��m�n | *�,A& �D� definite


 1�& fold
�=�� ~ �R��D� !D]�^ �R@0B���� c � � Å ¦ y : &V, �
 *0, W

[�\ \
Definite fold c�¥�] p�< Thom !�"# �`m=n[p 1�& � $ c�^ - p�: � � W Definite

fold
S�{ ( 
 1A& fold

S+o�_?:h��` c p': | A1
g��j�����(a ^5$ p+:R6L8`: ~ �O�A: Thom!�"?# > -	/ �ji0�O�
 *0, 33 W

29 bdc@egf@h Sn ðôò�i	j �7élk�èjò�i�ö��.!nm�o#p"å $ ð ùrq=sutDv %<w !`ørx �"6�é��zy@f@h.ü>354
6�7�8�9Aø [17] ù
30 {z|~} /+� � +���� | hn�Nå

CP 1 � ù
31 S1 × S3 ð�k�èjò�i ���#�g�n�	e<�lh ù
32 {�|�} /5� ���<�z�#�PeP��h.ö+é �"ålb<cd��� � �����'ö'ég�@�n� ÿ q � 0 ð*��ø�ä7å ù CP 3 á.å

degree 4 ål��� �n� ÿ e<�lh��=�&���.å���ö�÷�ø ù
33 $ å $ ðôüýé@��ð��g� Morse þôÿ ����� wz��% �>9&���n �ø ù m�o#p@�Nå Morse þãÿ ö7é�¡�å>¢£¡ �
��
 �'ø� ��÷z��¤ w�¥ ÿ�¦ å�äÜå5��§høÔåjäôé©¨ ÿ�¦ åjäÜå5��§hø7åjäôéýârª�ö�÷�ø ù
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