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This talk has two purposes.
(1) We lassify singular bers of proper C 1 stable maps of orientable 4manifolds into 3-manifolds up to right-left equivalen e. We show that the
signature of the sour e oriented 4-manifold of su h a stable map oin ides
with the algebrai number of singular bers of a ertain type.
(2) For a generi map of negative odimension in general, we have a strati ation of the target manifold a ording to the bers. Using this, we de ne
the universal omplexes of singular bers similar to Vassiliev's universal omplexes of multi-singularities. We show that their ohomology groups give rise
to obordism invariants of smooth maps with a given set of lo al and global
singularities.
Abstra t.

1. Introdu tion
Let f : M ! N be a proper smooth map of an n-dimensional manifold M into
a p-dimensional manifold N . When its odimension p n is nonnegative, i.e. when
n  p, for any point y in the target N , the inverse image f 1 (y) onsists of a nite
number of points, provided that f is generi enough. Hen e, in order to study the
semi-lo al behavior of a generi map f around (the inverse image of) a point y 2 N ,
we have only to onsider the multi-germ f : (M; f 1 (y)) ! (N; y). Therefore, we
an use the well-developed theory of multi-jet spa es and their se tions in order to
study su h semi-lo al behaviors of generi maps.
However, if the odimension p n is stri tly negative, then the inverse image
f 1 (y) is no longer a dis rete set. In general, f 1 (y) forms a omplex of positive
dimension n p. Hen e, we have to study the map germ f : (M; f 1 (y)) !
(N; y) along a set of positive dimension, namely along a singular ber. Surprisingly
enough, there has been no systemati study of su h map germs in the literature, as
long as the author knows.
In this talk, we onsider the odimension 1 ase, i.e. the ase with n p = 1, and
lassify the right-left equivalen e lasses of generi map germs f : (M; f 1 (y)) !
(N; y) for n = 2; 3; 4 (Theorem 2.2). For the ase n = 3, Kushner, Levine and Porto
[6, 7℄ lassi ed the singular bers of C 1 stable maps of 3-manifolds into surfa es up
to di eomorphism ; however, they did not mention a lassi ation up to right-left
equivalen e (for details, see De nition 2.1 in x2).
Given a generi map f : M ! N of negative odimension, the target manifold
N is naturally strati ed a ording to the right-left equivalen e lasses of f - bers.
By arefully investigating how the strata are in ident to ea h other, we get some
information on the homology lass represented by a set of the points in the target
whose asso iated bers are of ertain types. This leads to some limitations on the
o-existen e of singular bers. As an interesting and very important onsequen e
of su h o-existen e results, we show that for a C 1 stable map f : M ! N of a
losed orientable 4-manifold M into a 3-manifold N , the Euler hara teristi of the
sour e manifold M has the same parity as the number of singular bers of type III8
as depi ted in Fig. 1 (Theorem 2.4). Furthermore, when the sour e 4-manifold is
1

oriented, its signature oin ides with the algebrai number of singular bers of type
III8 (Theorem 2.5). Note that these kinds of results would be impossible if we used
the multi-germs of a given map at the singular points ontained in a ber instead of
onsidering the topology of the bers. In other words, our idea of essentially using
the topology of singular bers leads to new information on the global stru ture of
generi maps.
Furthermore, the natural strati ation of the target manifold a ording to the
bers enables us to generalize Vassiliev's universal omplex of multi-singularities
[12℄ to our ase. In this talk, we de ne su h universal omplexes of singular bers
and ompute the orresponding ohomology groups in ertain ases. It turns out
that ohomology lasses of su h omplexes give rise to obordism invariants for
maps with a given set of singularities in the sense of Rimanyi and Sz}u s [9℄.
For more details, refer to the preprint [10℄.
2.

Classifi ation of singular fibers and their topology

De nition 2.1. Let fi : Mi ! Ni be smooth maps, i = 0; 1. For yi 2 Ni , we say

that the bers over y0 and y1 are di eomorphi (or homeomorphi ) if (f0 ) 1(y0 ) 
M0 and (f1 ) 1 (y1 )  M1 are di eomorphi (resp. homeomorphi ) as subsets of
smooth manifolds. Furthermore, we say that the bers over y0 and y1 are C 1
equivalent (or C 0 equivalent ), if for some open neighborhoods Ui of yi in Ni , there
exist di eomorphisms (resp. homeomorphisms) 'e : (f0 ) 1(U0 ) ! (f1 ) 1 (U1 ) and
' : U0 ! U1 with '(y0 ) = y1 whi h make the following diagram ommutative:
'e
((f0 ) 1 (U0 )?; (f0 ) 1(y0 ))
! ((f1 ) 1(U1 )?; (f1 ) 1 (y1 ))
?
?yf1
f0y
(2.1)
'
(U0 ; y0 )
!
(U1 ; y1):
When the bers over y0 and y1 are C 1 (or C 0 ) equivalent, we also say that the
map germs f0 : (M0 ; (f0) 1 (y0 )) ! (N0 ; y0) and f1 : (M1 ; (f1) 1 (y1 )) ! (N1 ; y1)
are smoothly (or topologi ally) right-left equivalent. Note that then (f0 ) 1 (y0 ) and
(f1 ) 1 (y1 ) are di eomorphi (resp. homeomorphi ) to ea h other in the above sense.
Theorem 2.2. Let f : M ! N be a proper C 1 stable map of an orientable 4manifold M into a 3-manifold N . Then, every singular ber of f is equivalent to
the disjoint union of one of the bers as in Fig. 1 and a nite number of opies of
a ber of the trivial ir le bundle.

In Fig. 1,  denotes the odimension of the set of points in N whose orresponding
bers are equivalent to the relevant one. Furthermore, I ; II and III mean the
names of the orresponding singular bers, and \=" is used only for separating the
gures. Note that the list of singular bers for proper stable maps of orientable
3-manifolds into surfa es onsists of those bers with   2 of Fig. 1, and that the
list for proper Morse fun tions on orientable surfa es onsists of those with   1.
Theorem 2.2 is proved as follows. We rst list up all the possible 1-dimensional
omplexes whi h arise as a singular ber, by a areful ombinatorial argument.
Then we use Ehresmann's bration theorem together with a lassi ation of multigerms up to right equivalen e [13, 2℄ to onstru t di eomorphisms as in (2.1).
Theorem 2.2 has been generalized to the ase of nonorientable sour e in [14℄.
As an immediate orollary to Theorem 2.2, we have the following. Compare this
with a result of Damon [1℄ about stable map germs in ni e dimensions.
Corollary 2.3. Two bers of proper C 1 stable maps of orientable n-manifolds
into (n 1)-manifolds (n = 2; 3; 4) are C 1 equivalent if and only if they are C 0

equivalent.
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By studying the adja en y of singular bers, we obtain the following results.
Theorem 2.4. Let f : M ! N be a C 1 stable map of a losed orientable 4manifold into a 3-manifold. Then the number of singular bers of f of type III8
has the same parity as the Euler hara teristi of M .

When the 4-manifold M is oriented, one an assign a sign (= 1) to ea h ber
of type III8 . Then, we have the following.
Theorem 2.5 (T. Yamamoto and O. Saeki [11℄). Let f : M ! N be a C 1 stable
map of a losed oriented 4-manifold into a 3-manifold. Then the algebrai number
of singular bers of f of type III8 oin ides with the signature of M .

3. Universal omplex for singular fibers
For n; p  0, let Tpr (n; p) denote the set of all proper Thom maps between
manifolds of dimensions n and p. Re all that a Thom map is a strati ed map with
respe t to Whitney regular strati ations of the sour e and the target su h that
it is a submersion on ea h stratum and satis es a ertain regularity ondition (for
example, see [3℄).
De nition 3.1. We say that an equivalen e relation  = n;p among the bers of
elements of Tpr (n; p) is admissible if the following holds.
(1) C 0 equivalent bers are equivalent with respe t to .
(2) For any two proper Thom maps fi : Mi ! Ni and for any points yi 2
Ni , i = 0; 1, whose bers are equivalent to ea h other with respe t to ,
there exist neighborhoods Ui of yi in Ni , i = 0; 1, and a homeomorphism
e(f0 )) = U1 \ Fe (f1 ) for
' : U0 ! U1 su h that '(y0 ) = y1 and '(U0 \ F
e
every equivalen e lass F of bers with respe t to , where Fe (fi ) is the set
of points in Ni over whi h lies a ber of fi of type Fe.
For an equivalen e lass Fe of bers with respe t to , its odimension  = (Fe)
is well-de ned. For an equivalen e lass Ge of odimension  + 1, we take a proper
Thom map f with Ge (f ) 6= ;. Let   Ge (f ) be a top dimensional stratum, and
B a small disk whi h interse ts  transversely exa tly at its enter and whose
dimension oin ides with the odimension of . Then B \ Fe(f ) onsists of a nite
number of ar s whi h have B \  as a ommon end point. Let [Fe : Ge ℄ 2 Z2 denote
the number of su h ar s modulo two, whi h learly does not depend on the hoi e
of B ,  or f by De nition 3.1 (2).
Let us onstru t a omplex of bers with oeÆ ients in Z2 with respe t to the
admissible equivalen e relation  as follows. For   0, let C  (Tpr (n; p); ) be the
Z2 -ve tor spa e onsisting of all formal linear ombinations,
X
e (mFe 2 Z2 );
mF
eF
e)=
(F

whi h may possibly ontain in nitely many terms, of the equivalen e lasses Fe of
bers with odimension  with respe t to the equivalen e relation . For  < 0, we
put C  (Tpr (n; p); ) = 0. De ne the Z2 -linear map
Æ : C  (Tpr (n; p); ) ! C +1 (Tpr (n; p); )
by
e) = X [Fe : Ge ℄Ge ;
(3.1)
Æ (F
e )=+1
(G
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for Fe with (Fe ) = . We warn the reader that the sum appearing in the right
hand side of (3.1) may possibly ontain in nitely many terms. Nevertheless, for
a given equivalen e lass Ge of bers, the number of equivalen e lasses Fe of bers
with odimension  su h that [Fe : Ge ℄ 6= 0 is nite by virtue of the lo al niteness of
the Whitney regular strati ations and the de nition of an admissible equivalen e
relation. Hen e, the linear map Æ is well-de ned.
It is not diÆ ult to show that Æ+1 Æ Æ = 0. Hen e, (C  (Tpr (n; p); ); Æ )
onstitutes a omplex and its ohomology groups H  (Tpr (n; p); ) are well-de ned.
Remark 3.2. One an naturally de ne the multi-singularity equivalen e by using
the multi-germs at the singular points ontained in a ber. This is an admissible
equivalen e relation. Then the universal omplex of singular bers with respe t
to the multi-singularity equivalen e orresponds to Vassiliev's universal omplex of
multi-singularities [12℄ (see also [5, 8℄).
It turns out that ohomology lasses of the above onstru ted universal omplex
of singular bers give rise to obordism invariants of singular maps in the sense
of Rimanyi and Sz}u s [9℄. More pre isely, every f 2 Tpr (n; p) naturally indu es a
homomorphism 'f : H  (Tpr (n; p); ) ! H  (N ; Z2), and 'f restri ted to a ertain
subgroup is a singular obordism invariant of f . For example, we show that for
the fold obordism of Morse fun tions on oriented surfa es, a omplete obordism
invariant onstru ted in [4℄ is also obtained in this way (in fa t, we need a ooriented version of the universal omplex of singular bers for this purpose).
We also show that the above homomorphism 'f an be used to hara terize
o y les of the universal omplex of singular bers.
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