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1 Intro

D, Λ(6= C) M C N 4�O�P?Q�R�S�TU3-VWT26+X?YZ�[
Φ : D → Λ

>�\:]#3FV L
D N 4_^#`�a(b�cdfehg

Bt

4
D
�E 4+i-j:khl M τD

T%30V<Tm6
nFo * k�l�p#q

σ : [0, τD] → [0, τΛ]
>�\?] �r) 6

{Φ(Bσt
), t ∈ [0, τD]}

�?1�D
Λ N 4�^W`Wa�bWc de:g T * V LBsut >'^�`ha#bBc d!e�g 4�X:Y�v:p�w

(conformal invariance)
5 . V L

2 xhy?z�{#| 5:}?~�K t V loop-erased random

walk(κ = 2), self-avoiding walk (κ = 8/3), per-

colation exploration process (κ = 6), �(�(�:���
∗2006 � 5 � 19 �:�������2�����'�����

(κ = 8)
*<� 4�P:�����-T �!)_��EUt V

(
5 .B�F�

)b d��?  �r� {γt, t ≥ 0}
, X?YBv?p:w�>+¡?¢�K t

V L+1�D 6 s2t�E 4#b d+�:  �m� �<£�¤'¥�¦ Mr§ K*_� 4�5�6
γ[0, t]

T
γ[t, T ]

�'¨:�+©�ª > .C/ 6f«_¬
�® w � ¡:¢�5B; *+��L(�u�C� 6�¯B°#l M X�Y Z+[4 * 3?±h� x�y °#l�²r³?´ �2) «_¬ +® w M+µf¶ KHWDW, 4:>
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2 Chordal Loewner equation

D ⊂ C
>�6_P?Q *�·f¸�¹ 5 . VWT�;!RBS�T ���ºL

1:D 6_RBS
D
4f»h¼W4�½ �r� >�¾B=�²+¿+À�5 . VT';

D
� O�P?Q�5 . VWT ���ºL

ÁhÂ 6
H = {z ∈ C; Im z > 0},
D = {z ∈ C; |z| < 1}

T23-V L�1?D 6�RhS
D
�ÃE RBS

D′ Ä 4�Å?Æ�ÇhÈÉ Z:[ M XBY Z:[ (conformal map)
T �Ê��s T�²

3-V L

2.1 Capacity from ∞
Ë:Ì

2.1.
 d!Í &�ÎÏ¸?¹

K ⊂ H
>

hull
5 . V�T

� 6
H \ K

>�O+P�Q�RBS�5 ��Ð 6
K = K ∩ H

5 .
VWTf; M ���ºL hull

4�Ñ�Ò M H
T .CEmÓ 3 L

K ∈ H
²fÔ �%) 6

Riemann
4 Z+[ }+ÕFÖ / 6 .

VfÑ�O�×#XhY Z�[
gK : H \ K → H

>�\?]#3ØV L
H
4+ÅBÆ(Ç £�¤ È ÉhÙ

SL(2,R)1
4�Ú�Û<4 £+Ü_Ý

²WÖ+Þ ) 6
gK(∞) = ∞

�:Ð 6�ß#Ò�àháWÇ:âBã?ä
(hydrodynamic normalization)

4_å�æ
lim

z→∞
(gK(z) − z) = 0 (2.1)

M_ç D 3FÖ � ²+6 Ð�1Ø/ 6
gK(z) = z +

a1

z
+ O

(
1

|z|2
)

, z → ∞ (2.2)
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T * V�Ö � ² D J'¾�ý / ²!þ:ÿWV L's 4
a1 = a1(K)

M capacity (from ∞)
T ���ºL

Á�� 6
gK

T�� � Tf;�² � ß?Ò�à�áBÇ�â�ã�ä
(2.1)

M �!)�� V , 4-T�3-V L
capacity

� x 4<Ö �!*����	� Ç * Å�
->?¿��5. V L
��

2.2. Bt M H | 4'^h`#aWbhc dme?g T �!) 6
τ = τK = inf{t > 0 ; Bt ∈ R ∪ K}

T�3-VWTu6
a1(K) = lim

y→∞
yEiy[Im(Bτ )].

���
. (2.1)

Ö /
Im(gK(z) − z)

���	������ª�� 5
. V �CE 6

Im(gK(Bt)−Bt)
�����W* «_¬  d����

¬W5 . V L Ö�Þ ) 6
Doob

4�»h¼��<j+}�Õ0Ö / 6
Im(gK(z) − z) = Ez[Im(gK(Bτ ) − Bτ )]

= −Ez[Im(Bτ )].

s�s 5�6
Im(gK(Bτ )) = 0

5 . V s T � 6
gK

²�Ö
Þ )

R ∪ K
�

R
² Z K t V s T �ØE� �ºL � �

(2.2)
²�!?¼ �m)

z = iy
Tm7 �B)"�# ²

y M �%$)
y → ∞

T�3 t'& Ö ��L
capacity

� x 4WÖ �%* w)( M+* Ð#L
,��

2.3. r > 0, x ∈ R
T � 6 Á�- 4 ¸?¹(� 3�ÿ )

hull
T�3-V L

(i) a1(rK) = r2a1(K)

(ii) a1(K + x) = a1(K)

(iii) J ⊂ K
4�T�;�6

a1(K) = a1(J)+a1(gJ (K \J))

(iv) a1(K ∩ J) + a1(K ∪ J) ≤ a1(K) + a1(J)

���
. (i),(ii),(iii)

�.�t�/:t
grK(z) = rgK(z/r),

gK+x(z) = gK(z + x)−x, gK = ggJ (K\J) ◦ gJ

²�!
¼?3 t'& Ö �BL
(iv) τK ∧ τJ = τK∪J , τ := τK ∨ τJ ≤ τK∩J =: η

²
!:¼?3-V L

Im z
�

( 0 �� )
���Wª�� 5 . V �FE 6

Im(z) ≥ Ez[Im(Bη)].

Ö�Þ ) 6
z = Bτ

T �u)�"1# ¡?¢:¯
Ew M T t'& 6

Ew[Im(Bτ )] ≥ Ew[EBτ [Im(Bη)]]

≥ Ew[Im(Bη)]

T * V L Ö�Þ ) 6
Ew[Im(BτK

)] + Ew[Im(BτJ
)]

= Ew[Im(BτK∧τJ
)] + Ew[Im(BτK∨τJ

)]

≥ Ew[Im(BτK∪J
)] + Ew[Im(BτK∩J

)].

� �
w = iy

T �u)�"2#
y M �)$+) y → ∞

TU3 t
& Ö �BL
3�4

2.4. K, J
�

disjoint
*

hull
T%3-V L | 4�56ÃÖ / 6

a1(K ∪ J) = a1(K) + a1(gK(J))

a1(K ∪ J) ≤ a1(K) + a1(J)

5 . V �0E 6
a1(gK(J)) ≤ a1(J)

5 . V L

2.2 Chordal Loewner equation

O17 �r� γt : [0,∞) → H
²'Ô �!) 6

Kt = γ([0, t])

T%30V L(s 4
Kt

²+Ô �r) 6
H \ Kt M H

² Z 3
X?Y Z�[ M gt = gKt

T �!)_��EUt VrX?Y Z�[ 4�8
{gt, t ≥ 0} M 3-VWT!6 gt(z)

4 ç D 3�9):;�<)= �Á)- 4WÖ � ²�>@? EUt V L
��

2.5.
O17 �r� γ : [0,∞) → H

5�6
γ0 = 0

T
* V , 4 M�A ?�6 Kt = γ([0, t]), gt = gKt

T�3-V L
(i)
���

wt = gt(γt) = limz→γt
gt(z)

� ¾:¼#Ç#²'\
]B3-V L?D J � 6���� �

z ∈ H \ Kt M_ç D 3FÖ �²<T�V , 4-T�3-V L�1�D 6
t 7→ wt

� P:� L
(ii) b(t) = a1(Kt)

>
C1 B *�EC& 6 gt

� 9:�;�<	=

ġt(z) =
ḃ(t)

gt(z) − wt
(2.3)

g0(z) = z ∈ H \ {0}. (2.4)

M_ç D 3 L�1:D 6 s 4�;�<)= �
Tz = sup{t > 0 ; gt(z) 6= wt}

1 5
well-defined

5 . V L
( D�E *-EC& 6 T0 = 0

T
�!) 7 �2L

)
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34
2.6. a1(Kt)

� 5	6
2.3
Ö / O �)F ´W5�P��

5 . V?>h61G�~�O ��F ´ *E2& 6
σt = inf{s >

0 ; a1(Ks) > 2t}
Tm7 ��) 6

γ̃t = γσt

Tm7 $	& 6
a1(γ̃t) = 2t

T * V L(s 4-T';_6
Loewner

;1<)= �

ġt(z) =
2

gt(z) − wt
(2.5)

g0(z) = z ∈ H. (2.6)

T * V L Á��)H ÓCEm*$�t%&�s 4 Í b1I �%J�� 5 A? )�� V , 4-T�3-V L
3�4

2.7. x ∈ R
²'Ô �r) 6

gx
t (z) = gt(z − x) + xTu7 $�& 6

ġx
t (z) =

2

gx
t (z) − wx

t

gx
0 (z) = z ∈ H \ {x}.

M�ç D 3 L+D J � 6 wx
t = x + wt.

Ö_Þ ) 6�K�6
2.54�L:42Mh¡B¯

γ0 = 0
� »W¼(4

x ∈ R
²_Ô �f)

γ0 = x
T �!) }�~#5#;BV L

3�4
2.8. gt(z) = xt +

√
−1yt

T�3-VWT%6

ẋt =
2(xt − wt)

|gt − wt|2
, ẏt =

−2yt

|gt − wt|2T * V L Ö+Þ ) 61N�O | 5 � wt

�0EQP A � VR;�S
²+6�T)O | 5 ��U =�²�VW � ;�S�² g �2L
X

2.9. γt = 2
√

ti
T%7 � Tu6

gt(z) =
√

z2 + 4t

5W6
gt(−∞, 0) = (−∞,−2

√
t), limε↑0 gt(0, ε +

2
√

ti) = (−2
√

t, 0), limε↓0 gt(0, ε + 2
√

ti) =

(0, 2
√

t), gt(0,∞) = (2
√

t,∞).
s 40T�;�6

wt =

gt(2
√

ti) = 0
5�6

ġt(z) =
2

gt(z)

g0(z) = z ∈ H \ {0}.
3�4

2.10.
¾�Y-²

s < t
T �!) 6

H \ gs(Kt) M H² Z 3?X?Y Z�[ M gs,t := ggs(Kt)

T .CEmÓ 3�Tu6
gt = gs,t ◦ gs

M_ç D 3�>�61Z 2.9
5 �
gs,t = gt−s

T * Þ )�� V L

2.3 Starting from a continuous

curve wt on R

[1\ 5 �
γt =⇒ Kt =⇒ gt =⇒ wtT ���^] 5'P:� �r� wt

>�} 1 Þ D?L+_�Ý���` ²�P
� �m� wt

�0EbaW1 Þ )
wt =⇒ gt =⇒ Kt =⇒ γt4 ] 5 A ? ) ç V LP�� ª��

w : [0,∞) → R
5

w0 = 0
T * V , 4

²'Ô �!) 6
Loewner equation

ġt(z) =
2

gt(z) − wt
(2.7)

g0(z) = z ∈ H. (2.8)

4'Å M�A ?�V L(s 4�;�<)=�4'Å gt(z)
� 6�k�c

Tz = sup{t > 0 ; gt(z) 6= wt}
T0 = 0

1 5
well-defined

5 . V L(s 4
Tz M Û �?) 6

Kt = {z ∈ H ; Tz ≤ t} (2.9)

T!}�~B3ØV L(s 4
Kt M P�� ª2� wt

²'9ed�3ØV
Loewner chain

T ����L�s 4-Tf;_6'Å
gt

�
H \Kt�0E

H
Ä 4+X?Y Z�[ 5+ßBÒ:à�á#Ç�â�ã�äBå:æ M_çD 3 , 4 M }�fhV L K E ²+6

γt := lim
z(∈H)→0

g−1
t (z + wt)

M }�~?3-V L(s!t M trace
T ���fs Tm> . V L

3�4
2.11. trace

>'}+~?5:;�V ���?�����?,�g���h �
Eu� 5 *�� >�6

wt

4
1/2-Hölder norm

>2i�:jØK
$rt�& 6

γt

� O27 �!� T �%) }�~0K t V s Tu>'G Et�)+� V L����C� 6 s 4�i1:�å_æ#5 �
wt M aBb?c de:g T �uD Tf;�²

trace
>�}�~#5h;?V �?1 J+} � 5

*�� >�6
Rohde-Schramm[3]

²#Ö�Þ )
well-defined5 . V s Tm>�kK t�)�� V L

3�4
2.12. {µt, t ≥ 0} M R | 41l@m�¬�n Ý 5+6 t 7→

µt

>�o�p © ² ªC�2) P��#5�6
sup0≤s≤t µt(R) ≤ Mt��Ð

supp µt ⊂ [−Mt, Mt] M+ç D 3�T23FV L H |4:khl#²�qB\�3FV'â�r)s &�Î ¬�t M Stieltjes
p�u

²BÖ'Þ )
V (t, z) =

∫
R

µt(dξ)
z−ξ

T�}+~ � 6v9	:�;2<	=
ġt(z) = V (t, gt(z)) (2.10)

g0(z) = z ∈ H. (2.11)

3



M�A ? )�, È+w�5 . V L µt = 2δwt

> | 52x�ÿ D t¹ ² * V L
3�4

2.13. ft = g−1
t : H → H \ Kt

Tr3V L
ft(gt(z)) = z M "1# t

5�9�:?3-V s Tf²#Ö / 6
ḟt(z) = −f ′

t(z)V (t, z) (2.12)

f0(z) = z. (2.13)

5 . V s T!> Ó:� V L
��

2.14. x 4 s T � Èf¯ L
(i) (Kt, t ≥ 0)

� P?� ª��
(wt, t ≥ 0)

²'9'd�3FV
Loewner chain

5 . V L
(ii) a)

»h¼W4
t ≥ 0

²'Ô �!)
a(Kt) = 2t.

b)
»h¼�4

T > 0
T

ε > 0
²�Ô �!) x 4'w)( M�ç D3

δ > 0
>�\:]B30Vzy

t ≤ T
²�Ô �r)�{1| >

ε }~ 4'P:Q ¸�¹
S = St ⊂ H \Kt

5 . Þ )
Kt+δ \Kt

M H \ Kt

4�L+5
∞
�0E :	�?3-VhÖ �%*W, 4:>�\

]B3-V L

2.4 Flow of a map ΦA

0 MR� 1�*�� hull M Hull
T ���fs Tf²'3-V L

γ0 = 0
5 . V'O�7 �r� γ : [0,∞) → H

�0E } 1
V  d!Í &�ÎÏ¸�¹ 4�O �F ´�8 M Kt = γ[0, t]

TU3
V L

Hull A
²'Ô �!) 6

TA = inf{t > 0 ; Kt ∩ A 6= ∅}
T23-V L

Φ0 = ΦA : H \ A → H M â:ã:ä�K t�D XY Z�[ T � 6
t < TA

²'Ô �!)
K∗

t = ΦA(Kt)

T2}�~ � 6
K∗

t

T
gt(A)

²fÔ��?3CVmX:Y Z+[ M .+t/�t 6
g∗t : H \K∗

t → H,

Φt : H \ gt(A) → H

T�3-VWT Á�- 4�¿1u'�2=#> *Ø/�D�Ð#L
H \ A or H \ Kt

gt−−−−→ H \ gt(A)

Φ0=ΦA

y
yΦt

H \ K∗
t −−−−→

g∗

t

H

� E%� ²
Φt ◦ gt = g∗t ◦Φ0

>�� /���ÐBL Ö�Þ ) 6
γt

�
1: Flow of a conformal map

(
1:DB�

Kt)
�0E X?Y Z+[

ΦA(= Φ0)
4

flow

Φt = g∗t ◦ Φ0 ◦ g−1
t

>���K t V L
wt = gt(γt), w∗

t = Φt(wt)
Tu7 �2L

K�6
2.14

²+7 �h) 6 F ´:3-V ¸B¹ 8
K∗

t

� â:ã
äW4�å�æ

a1(K
∗
t ) = 2t M�� $�& 6 Loewner chain

4
å�æ M_ç D 3 s Tm> Ó�� V L

bt = a1(K
∗
t )

Tu7 � Tu6�K6
2.5
Ö / 6�Ô��B3-V

g∗t
�

ġ∗t (z) =
ḃt

g∗t (z) − w∗
t

g∗t (z) = z.

,��
2.15.

Á)- >�� /���Ð#L
ȧ1(K

∗
t ) = 2Φ′

t(wt)
2. (2.14)

���
. h

�
z = 0

4�V��
U(0) ∩ H

�ØE
H (
4%L

)Ä 4 h(0) = 0
5�� � Ç#²�N * Å?Æ ª�� T�3-V L�Ð

1Ã/ 6
h(z) = β1z + β2z

2 + · · · , β1 > 0, βi ∈ R

T�3-V L
K∗

t = h(Kt)
T�3-VWTu6

K∗
t

T
β1Kt M��� 3CV s Tf²#Ö /

ȧ1(K
∗
t )|t=0+ = β2

1 ȧ1(Kt)t=0+

5 . V s T2> Ó+� V
( �2�1E )

L�s 4 s T+T
ȧ1(Kt) =

2t
²�!:¼:3-VWT

(2.14) M � V L
flow

²#Ö_Þ )_��E�t�D
Φt

4�k�l�9�:
Φ̇t

> ç D3�9�:;�<)= � Á)- 51>@? EUt V L

4



�	�
2.16. A M Hull

T � 6
gt M γt

�0E } 1 V
Loewner evolution

T23-V L
ΦA(=: Φ0)

4
gt

²#Ö
V

flow M Φt

T�3-VWTu6
Φ̇t(z) =

2Φ′
t(wt)

2

Φt(z) − w∗
t

− 2Φ′
t(z)

z − wt
. (2.15)

1:D 6
z → wt

4-T';_6
Φ̇t(wt) = −3Φ′′

t (wt).

���
. Φt(z) = g∗t ◦Φ0 ◦ g−1

t (z) M t
5�9	: �u) 6C5

6
2.15 M Û � VWTu6

Φ̇t(z) =
ḃt

Φt(z) − w∗
t

− 2Φ′
t(z)

z − wt

=
2Φ′

t(wt)
2

Φt(z) − w∗
t

− 2Φ′
t(z)

z − wts?s 5�6
z → wt

T�3 t'&�� O * ��� Ö /
Φ̇t(wt) = −3Φ′′

t (wt)

M � V L
È+w�² �%) 6

(2.15) M z
5�9	:�3CV#T Á	- 4�9	:

;�<)= M � V L
�	�

2.17. A M Hull
T � 6

gt M γt

�0E } 1 V
Loewner evolution

T23-V L
ΦA(=: Φ0)

4
gt

²#Ö
V

flow M Φt

T�3-VWTu6
Φ̇′

t(z) = 2

[
− Φ′

t(wt)
2Φ′

t(z)

(Φt(z) − w∗
t )2

+
Φ′

t(z)

(z − wt)2
− Φ′′

t (z)

z − wt

]
.

1:D 6
z → wt

4-T';_6
Φ̇′

t(wt) =
Φ′′

t (wt)
2

2Φ′
t(wt)

− 4Φ′′′
t (wt)

3
.

3�4
2.18.

s 4 \ 5 � 6
Φ0 = ΦA

T �m)
flow M

A ? D >?6 . V x
41V��

Nx

²�7 $ V�� � Ç�²�N
* p�u

Φ0 = Φ
T

x
j��(4 �m� γ

�0E } 1 V
hull

Kt

² ÐB�B) 6
0 ≤ t ≤ T = inf{t > 0 ; γt ∈ ∂Nx}²+7 �B) È��UQ � >�� /b��Ð#L

3 Chordal SLE
[�\ 4 s Tf²�!:¼ �m) 6

wt M a�bhc dre�g T�3V�T �(�u* V � M�A ?#V L Á� � 6 Bt

�
B0 = 04����

1 x?y aWbhc dme?g T � 6
wt =

√
κBt, κ > 0

TU3CV L
κ
4f¯(²#Ö+Þ )

Kt

4��� � ² �+� Ç *��
� >Bj )-� V s T M�� V L

Ë�Ì
3.1. wt =

√
κBt

²mÔ�3WV+b df��  *
Loewner;�<�=

ġt(z) =
2

gt(z) − wt
(3.1)

g0(z) = z ∈ H. (3.2)

²?Ö!Þ ) }_~CK t V+b d'��  * X+Y Zf[ 4�8 {gt, t ≥
0}

1-D0�e.(t�� E
(2.9)

²Ö�Þ ) }C~ K t V
Loewner chain {Kt, t ≥ 0} M Í b�I �@J�� κ > 04

Chordal Stochastic Loewner evolution
1BDW�

Chordal Schramm-Loewner evolution
T �h� 6 �

O�²
SLEκ

T �-�2L
Kt

> . V �r� {γt, t ≥ 0}
4

hull
T �m)�� �K

t V �-�#�U��� � Eu� 5 *_� >�6 x 4 s T!>�G E�t)�� V L
Ë1�

3.2. SLEκ

����
1
5 �u� ²�Ö /�� �0K t V L

��
3.3.

»h¼W4
κ ≥ 0

²'Ô �!) 6 �r� {γt, t ≥ 0>
γt = lim

z(∈H)→0
g−1

t (z + wt)

T �!) }?~ÃK t 6
Loewner chain {Kt, t ≥ 0} M ���3CV L

a#b�c d!e:g 4���� � ¬?v:p_w	 �«_¬ +® w �FE
SLE

� È�w(4'w)( M+* ÐFs Tm> Ó:� V L
��

3.4. gt = {gt(z), t > 0, z ∈ H} M SLE
T�3

V L
(i)(
�� � ¬Bv?p�w

) α > 0
²'Ô �!) 6

g
(α)
t (z) = α−1/2gαt(α

1/2z)

T�3-V L(s 4-T';_6
{g(α)

t (z), t ≥ 0, z ∈ H}
�

α
²

Ö E�¡ È�:�¢(5 . V L
(ii)(
})£2¤ ��F :

) gt = gs,t ◦ gs

T * V�â:ã�ä�K t
D

gs,t : H \ gs(Ks) → H
> D J�¾ Ð \�]h3-V L<s

4
gs,t

²'Ô �u) 6
g∗s,t(z) = gs,t(z + ws) − ws

Tr}?~#3ØVCTr6
g∗s,t(z), t ≥ s, z ∈ H

�
Fs

Tv¤
� 5

g∗s,t

4�:	¢ �
t − s

² �f� Ö E'*��WL2¥ ²:6
g∗s,t

d
= gt−s.

5



���
. (i) g

(α)
0 (z) = z

� � E!�?L

ġ
(α)
t (z) = α−1/2 2α

gαt(α1/2z) − wαt

=
2

α−1/2gαt(α1/2z) − α−1/2wαt

=
2

g
(α)
t (z) − w

(α)
t

.

s�s 5:6
w

(α)
t = α−1/2wαt

� ¾ x�y a(b#c d�e?g LÖ�Þ ) 6
g
(α)
t

�
SLEκ

5 . V L
(ii) g∗s,s(z) = gs,s(z + ws) − ws = z

� � E!�
.

ġ∗s,t(z) =
2

gs,t(z + ws) − gs,t(gs(γs))

=
2

gs,t(z + ws) − wt

=
2

g∗s,t(z) − (wt − ws)
.

wt−ws

�
Fs

T�¤ � 5
wt−s

TmÈ+:2¢W5 . V L ÖfÞ
) 6

{g∗s,t(z), t ≥ s, z ∈ H}
�

{gt(z), t ≥ 0, z ∈ H}T�È�:�¢(5 . V L
3�4

3.5. | 4�}	£1¤ ��F ::w � 6 κ = 0
42t ¹ ²

© o 3CVCZ
2.9
²_7 �?)?� 6

gs,t = gt−s

T �%) � /
� Þ )��BD:L
3�4

3.6. wt =
√

κBt = x
T �m)

x
j��(4?aWbhc

d!e�g M Û �:) SLEκ M }�~ �%)�. 4�¦�r M Px

T
.<E!Ó 3 s T�²�3 t%& 6 Á	- 4�¼�§:5�«+¬ _® wW>*Ø/2D�Ð y
Ex[F (gt+s, t ≥ 0)|Fs] = Ex[F (gs,t+s ◦ gs, t ≥ 0)|Fs]

= Ex[F s(gs,t+s, t ≥ 0)|Fs]

= Ews
[F s(gt, t ≥ 0)]

>
Px-a.s.

5�� /Q�_ÐBL!D J � 6
F s(g) := F (g◦gs).1:D 6

s M stopping time σ
T �!)(,

wt

4 ¨ «�¬
�® wØÖ / È�w�5 . V L

�
2: independent increments

3.1 SLEκ in other domains

D M O�P:Q * R�SB6 z, w ∈ ∂D M�¨ * V 2
=-T�3

V L
F : D → H M F (z) = 0, F (w) = ∞

5 . VrX
Y Z�[ T�3-V L

F
� ¾:¼#Ç�5 �?*�� >�6

0 M 0, ∞
M ∞ Ä Z 3

H
4'Å?ÆWÇ £f¤ È É �

z 7→ rz, r > 0�!��*��B�0E 6 . 4 £�Ü�Ý 4 ç L gt M H
²+7 $ V

chordal SLEκ

T �!) 6
g∗t = F−1 ◦ gt ◦ F

M D
²+7 $ V

chordal SLEκ

T ����LW,W� 6
F
4

��ÓØ/ ²
F̂ = rF M T t'& 6

ĝ∗t (z) = F̂−1 ◦ gt ◦ F̂ (z)

= F−1[r−1gt(rF (z))]

d
= F−1[gt/r2(F (z))]

= g∗t/r2(z).

s?s 5�6�K6
3.4
4��� � ¬Bv:p�wØÖ / 6

gt(rz)
d
=

rgt/r2(z)
5 . V s T M Û �#D?L Ö�Þ ) 6 D

²�7 $
V

chordal SLEκ

4�}�~ � } ��© 4�k?l'p?q M�� �) ¾�¼#Ç#²_} 1 V L

3.2 Simpleness for κ ≤ 4
O17 �r� γt ⊂ H (γ0 = 0) M�A ?�6

T = inf{t > 0 ; γt ∈ R} < ∞
T�3-V L

γT > 0
5 . VWTbª#}�3FV s 4 �r� ²�Ô��3CV

{gt, t ∈ [0, T ]} M�A ?:V L t ↑ T
5?4�«�¬ M�A? ) ç V L gt

²hÖ�V
γ([0, t]), γt, γ([t, T ])

4 [ �1.
t�/+t

gt(γt) = wt ∈ R

gt(γ([0, t])) = [gt(0−), wt] ∪ [wt, gt(0+)] ⊂ R

gt(γ([t, T ])) = wt

T
gt(γT ) M Q��O�7 �r�

s�s 5�6
t ↑ T

TI3<V�T�6
gt(γ([t, T ]))

T�N�O#5�® 1
t�D RBS � ¾B=

wT = gT (γT )
²�¯	° � 6

gT (γ([0, T ])) = [gT (0−), wT ]

T * V L N±O | 4<= x ∈ [0, γT ] M MF¡F¯T�3�V
Loewner

;'<²=Ø4BÅ
gt(x)

�
gt(x) ∈

(gt(0+), gt(γT ))
T *�/ 6�k1c

t = T
5

wT

²+¾
³ 3-V L ¾;h6

z ∈ K(γ[0, T ]
T´NO(²® 1+t VRµ

6



�
3: Hitting to R

�
4: Hitting to itself

:
)
�   �0/

t = T
5

wT

²'¾ ³ 3CV L Ö_Þ ) 6�N
O | 4�Å�4�¶ g M¸·)¹ 3 t�& 6 gt(z) = wt

T * V
z² ÐB�B) 4�º»�> ��EUt V L

x > 0
T �!) 6

Yt(x) =
gt(x) − wt√

κTu7 � Tu6
Loewner equation

Ö / 6
dYt(x) = −dBt +

2

κYt(x)
dt

= dB̃t +
2

κYt(x)
dt

Y0(x) = x/
√

κ

Ö / 6
Yt(x)

� x�y > (1+4/κ)
4

Bessel ¼ < 2
T *

V L Ö�Þ ) 6
1+4/κ ≥ 2

4<Tm;'6 Ð�10/
κ ≤ 4

4<T
; � 6

Yt(x) 6= 0 ⇔ gt(x) 6= wt, ∀t ≥ 0, ∀x ∈ R\{0}5 . V s T!> Ó:�/ 6
T = ∞

T * V L
2 ö�½2ï δ è Bessel ¾Q¿!è�À�Á^Â SDE Ã

dXt = dBt +
δ − 1

2Xt

dt

ì´Ä�óÆÅ

κ > 4
4-T'; � 6

T < ∞
T * V ��� >

1
5 . V

�FE 6
t < T

4(Tf; �
Kt = γ([0, t])

5 .-/ 6
t = T5

γ([0, T ])
T´N�O(²�® 1_t VuRBS�>

KT

T * V L
3�4

3.7.
»h¼W4

κ ≥ 0
²'Ô �!) 6

lim
t→∞

γt = ∞, a.s.

T ��� ¼�§�5
transient

5 . V L
��

3.8.
Á)- > ���

1
5�� /b��Ð#L

(i) 0 ≤ κ ≤ 4
*-ER& 6

γ
� O�7 �r� 5�6 γ(0,∞) ⊂

H.

(ii) 4 < κ < 8
*-ER& 6

⋃

t>0

Kt = H.

D J � 6
γ[0,∞) ∩ H 6= H

5 . V L
(iii) κ ≥ 8

*-ER& 6 �r� γ
�

H M+Ç f ÐÃ� 3 L�Ð1Ã/ 6
γ[0,∞) = H.s 4+Q�È � Á)- 4

Bessel ¼ <C² ª 30VrQÈ �ØE42É�Q�5 . V L
���

3.9. Tx

�
x
j2�C4

δ(= 1 + 4/κ) xhy 4
Bessel ¼ < Xx

t

4
0 Ä 4�Ê	ËhkBl:5 . V L

(i) δ ≥ 2
4-T';_6

Tx = ∞, ∀x > 0.

(ii) δ = 2
4-T';_6

inft Xx
t = 0, ∀x > 0.

(iii) δ > 2
4-T';_6

Xx
t → ∞, ∀x > 0.

(iv) δ < 2
4-Tf;_6

Tx < ∞, ∀x > 0.

(v) 3/2 < δ < 2
4-T';_6

P (Tx = Ty) > 0, ∀x < y.

(vi) δ ≤ 3/2
4-Tf;_6

P (Tx < Ty) = 1, ∀x < y.

3.3 Locality property for κ = 6

Hull A
²fÔ �!) 6

ΦA : H \ A → H M ΦA(∞) =

∞, ΦA(0) = 0, Φ′
A(∞) = 1

T�â�ã�äK t#D X:Y Z
[ TU3-V L

SLEκ Kt

²'Ô �!)
TA = inf{t > 0 ; Kt ∩ A 6= ∅}

T�3CVWTu6 [�\ Ö / 6

P (TA < ∞)





< 1 κ ≤ 4

= 1 κ > 45 . V s Tr²�!�¼ � Ö �ºLvÌ1Í
Et,A = {TA > t}

4
| 5?4 γ

4_å�æ�9	:�¢ M�A ?�V L γ
²'Ô �!) 6

γ∗
s = ΦA(γs), 0 ≤ s ≤ t

T�3CV L

7



Ë#Ì
3.10. SLEκ

>
locality property M ,�Ð T� 6_»h¼W4

Hull A
²'Ô �!) 6

{γ∗
t , 0 < t < TA}

>
SLEκ

4
{γt, 0 < t < T ∗

A}
4:khl+phqÃT'È�:�¢<5

. V�T�; M ���ºL�D J � 6 T ∗
A

�
ΦA(∂A) Ä 4�Ê�ËkBl:5 . V L

314
3.11. | 4�}�~ M ΦA

5�Î�;+Ï �%) A ? ) ç VT26
A
²�ÊË�3CV 1 5�4�l:4

H N 4 SLE
T

H\A4
SLE

� k�l�p�q�3 t�& È�:1¢C² * V'6CT ����s
T M x�ÿ )_� V L ´�Ð1ÑW²RÒ � TU6 locality propertyT � 6

H \ A N 4 SLE path γ
>

A
²�Ê�Ë:3-V 1

5 �
A
4+Ó � 4�\�] M¸Ô � *�� 5 H

4
SLE

TrÈ
wC²��� ��s T M ¼�§ �!)�� V L
3�4

3.12. SLEκ

>
locality property M ,!Ð ² � 6� Eu� ²

κ > 4
> DE 5 . V L N	Õ�6 κ ≤ 4

4CTf;
�

γ
� N�O

R
²�Ê�Ë �r*�� >�6_»h¼W4

Hull A
²

��� ��k?l�5�ÊË�3<V ��� >+âh5 . V L Ö_Þ ) 6
γ∗��� ��kBl:5

R
²�Ê�Ë:3-V ��� >�âT *Ã/×Ö	Ø 5

. V L
Ë��

3.13. (chordal) SLEκ

�
κ = 6

4FT_;?²:�
/ 6

locality property M ,rÐ#L
���

. t < TA

²'Ô �!)
K∗

t = ΦA(Kt)

T%}�~ � 6
K∗

t

T
gt(A)

²'Ô1�B3CVrX:Y Z�[ M g∗t :

H \ K∗
t → H, Φt : H \ gt(A) → H

T�30V L
w∗

t =

Φt(wt)

H \ A or H \ Kt
gt−−−−→ H \ gt(A)

Φ0=ΦA

y
yΦt

H \ K∗
t −−−−→

g∗

t

H

γ∗[0, t]
Ö / } 1 V

g∗t
²'Ô?3-V

SLE
�

ġ∗t (z) =
ȧ1(K

∗
t )

g∗t (z) − w∗
t

M+ç D0� 6 w∗
t M }'f#V L(s�s 5 wt =

√
κBt

²�!
¼ �!) 6

Itô
4�Ù)=TQK6

2.16 M Û � VWT
dw∗

t = dΦt(wt)

= Φ̇t(wt)dt + Φ′
t(wt)dwt +

1

2
Φ′′

t (wt)κdt

= Φ′
t(wt)dwt +

κ − 6

2
Φ′′

t (wt)dt

M � V L Ö+Þ ) 6 κ = 6
4-T';�6

w∗
t = Φt(wt)

�
dw∗

t = Φ′
t(wt)dwt (3.3)

M_ç D0� � � «�¬  d���� ¬�T * V L

t =

∫ σt

0

Φ′
s(ws)

2ds (3.4)

T
σt M }�~ � 6

βt = w∗
σt

, ĝt = g∗σt

Tu7 � Tu6
(3.3)

Ö /

〈β〉t = 〈w∗〉σt
=

∫ σt

0

Φ′(ws)
2d〈w〉s = κt

5 . V �0E 6
β

d
= w.

1:D 6�K6
2.17

T
(3.4)

Ö /

˙̂gt = ġ∗σt
· σ̇t =

2Φ′
σt

(wσt
)2

g∗σt
− w∗

σt

· σ̇t =
2

ĝt − βtT *Ã/ 6 � Er� ²
ĝ0(z) = g∗0(z) = z

5 . V �ØE 6
ĝt

�
SLEκ

5 . V L
3�4

3.14. ΦA

4 �hÓ/ ²
Φ M � � Ç�²�N * X�YZ+[ TU3<V L?s 4<Tf;'6

x ∈ R
�FE jR��3<V

SLE6>
x
4�V1�

Nx

4�Ó � ²%Ú $FÎ 3<V 1 5 � 6
SLE6²:È�:�¢�T * V L

3.4 Restriction property for κ = 8/3

κ ≤ 4
4�t ¹ 4

SLEκ M�A ?�VWTu6 γ0 = 0
4�O

7 �m� γ(0,∞) ⊂ H M � �?3-V L Hull A
²'Ô �!)

ΦA : H \A → H
�

ΦA(0) = 0, Φ′
A(∞) = 1 M�ç D3?X?Y Z�[ T�3FV L

κ ≤ 4
4�t ¹

γ[0,∞) ∩ A = ∅>_âB4 �	� 5�ÛW;?V L:s 4 Ì2Í 4 | 5�6 γ∗ = ΦA ◦γ

M }�~?3-V L
Ë+Ì

3.15.
»�¼B4

Hull A
²!Ô ��) 6

γ[0,∞)∩A = ∅T �� å�æ#4 - 5�4
γ∗ = ΦA◦γ

4�:�¢W>
SLEκ

4
k�l'p�qFTrÈ+:1¢<² * V�Tr;�6

SLEκ

�
restriction

property M ,rÐ T ����L
3�4

3.16. (i) restriction property
�

γ[0,∞)
² ª

3CV , 4�5�6
locality property

�
γ[0, t], t > 0

² ª
3-V , 4:5 . V L
(ii) locality property

T ��` ²f6
κ > 4

5 �
P (TA <

∞) = 1
5 . V �0E

γ[0,∞) ∩ A = ∅
T ��� å�æ�9

:�¢ M�A ?�V D f?² � κ ≤ 4
5 . V DE > . V L

3�4
3.17.

U =Cj��04�^<`CaFb<c d+eWg
Bt

>
[0,∞)

5 |�Ü	Ý)Þ ²�ß 1 V(T � � å�æ M Ð�$�DC,4 M Xt

TI3CV#T�6
Re Xt

�
1 x�y ahb�c d!e:g 5�6

8



Im Xt

�
3 x?y Bessel ¼ <�T * V L(s 4-T';_6 ΦA

M H \ A M H
² Z 3?X?Y Z�[ T�3-VWTu6

P x(X [0,∞) ∩ A = ∅) = Φ′
A(x), x ∈ R \ A

²'X �%�BLW,C�^à�� ¾�YC²+6

P z(X [0,∞) ∩ A = ∅) =
Im ΦA(z)

Im z
, z ∈ H \ A

>�� /Q��ÐhLBs 4 s T � 6 Á	- 4#Ö �2*+á� 5+´:Ò
Ó:� Vzy

τR = inf{t > 0 ; Im Bt > R}
T�3CVWTu6

P (X [0,∞) ∩ A = ∅)

= lim
R→∞

P z(B[0, τR] ∩ (R ∪ A) = ∅)
P z(B[0, τR] ∩ R = ∅)

∼ Im ΦA(z)/R

y/R
=

Im ΦA(z)

y
z=iy→0→ Φ′

A(0)

Ë��
3.18. (chordal) SLEκ

�
κ = 8/3

40T�;?²
� / 6

restriction property M ,rÐ#L?1�D 6 κ = 8/34-T';
P (γ[0,∞) ∩ A = ∅) = Φ′

A(0)5/8.

���
. 1◦)

1�¡
C = {ΦA; A is a Hull}

� Z�[ 4 ¹
�(² ª(�u) Ü Ù T * V s Tr²�!�¼�3CV L N�Õ�6 A, B

M Hull
T�3-V�T

ΦB ◦ ΦA = ΦA∪Φ−1

A
(B)

5 . V L�1:D 6
SLEκ

>
restriction property M ,Ð T�3-VWT%6

P (γ[0,∞) ∩ (A ∪ Φ−1
A (B)) = ∅)

= P ((ΦA ◦ γ)[0,∞) ∩ B = ∅ | γ[0,∞) ∩ A = ∅)
× P (γ[0,∞) ∩ A = ∅)
= P (γ[0,∞) ∩ B = ∅) · P (γ[0,∞) ∩ A = ∅)
T *Ø/ 6

C 3 ΦA 7→ P (γ[0,∞) ∩ A = ∅) ∈ [0, 1]

��â ² ª 3-V Ü Ù [0, 1] Ä 42��È É T * V L�s 4 sT+Ö / 6 . V
a > 0

>+\�] �!) 6
P (γ[0,∞) ∩ A = ∅) = p(A)a (3.5)

T * V s T�²1!�¼#30V
(
N%Õ �

p(A) = Φ′
A(0)

T
* V

)
L

2◦)
` ²

(3.5)
>

p(A) = Φ′
A(0)

52� /��?Ð T23
VWT%6

P ((ΦAγ)[0,∞) ∩ B = ∅ and γ[0,∞) ∩ A = ∅)
= P (γ[0,∞) ∩ (A ∪ Φ−1

A (B)) = ∅)
= Φ′

A∪Φ−1

A
(B)

(0)a = (ΦB ◦ ΦA)′(0)a

= Φ′
B(ΦA(0))a · Φ′

A(0)a = Φ′
B(0)a · Φ′

A(0)a

= P (γ[0,∞) ∩ B = ∅) · P (γ[0,∞) ∩ A = ∅).
Ö'Þ ) 6

P ((ΦAγ)[0,∞)∩B = ∅ | γ[0,∞)∩A = ∅)�
P (γ[0,∞) ∩ B = ∅)

²�X �%�BL
3◦) Φ′

t(wt)
² Ð���)R� ÿ�V L

Itô
4CÙ�=-T×K26

2.17Ö /
dΦ′

t(wt)

= Φ̇′
t(wt)dt + Φ′′

t (wt)dwt +
κ

2
Φ′′′

t (wt)dt

= Φ′′
t (wt)dwt +

[
Φ′′

t (wt)
2

2Φ′
t(wt)

+ (
κ

2
− 4

3
)Φ′′′

t (wt)

]
dt.

K E ²�6
κ = 8/3

T �r) 6
Φ′

t(wt)
5/8
² Ðh��)

Itô4�Ù�= M Û � VWT

dΦ′
t(wt)

5/8 =
5Φ′′

t (wt)

8Φ′
t(wt)3/8

dwt

T * V L !�¼
3.17

Ö / 6
0 ≤ Φ′

t(wt) ≤ 1
5 . V �

E 6
Mt = Φ′

t(wt)
5/8
����� «�¬  d2��� ¬ L Ö�Þ

) 6
Mt∧TA

� «�¬  d���� ¬WJ �0E 6
P (TA = ∞) = lim

t→∞
E[Mt∧TA

] = E[M0]

= Φ′
0(0)5/8 = Φ′

A(0)5/8.

s?s 5�6

lim
t→TA

Mt = lim
t→TA

Φ′
t(wt)

5/8 =





1 TA = ∞
0 TA < ∞.

(3.6)

M Û �BD?L
3�4

3.19. (3.6)
² ÐB�B) yã!:¼

3.17
Ö /

Φ′
t(wt) = P wt(γ[0,∞) ∩ gt(A) = ∅)

5 . V �-E 6
TA = ∞

4�t ¹��
gt(A)

>
t → ∞

5
±W� P ² g ;+6

TA < ∞
42t ¹<� 6

t → TA

5
wtT

gt(A)
4�ä��#>

0
² * V_4:5

wt

j+��4
γ[0,∞)>

gt(A)
²'Ú $0Î 3-V ���W�

1
1:DB�

0
²�¯	°?3

V
(
4:J �-�

)
L

9



4 Conformal map

4.1 Examples of conformal map

Á�� 6fX�Y Z+[ TbÒ@? & 6�Å:Æ�Ç�È É Z+[ M ¼)§3-V s Tf²f3-V L
X

4.1.
O�pæå

D M .+t�£�ç ² Z 3?X?Y Z+[ � 6
w = f(z) = eiθ z − a

1 − āz
, θ ∈ R, a ∈ D

4�è(²���V L
X

4.2. |�Ü�ÝÞ H M .�t�£�ç ² Z 3?X?Y Z�[ � 6
w = f(z) =

az + b

cz + d
, a, b, c, d ∈ R, ad − bc > 0

4�è(²���V L
X

4.3. |�Ü�Ý	Þ H M O�pæå D
² Z 3:X?Y Z�[ �

w = f(z) =
z − i

z + i5 . 4 ` Z+[ �
z = f−1(w) = i

1 + w

1− w5�>@? EUt V L
X

4.4. H ∩ D M {z ∈ H ; Re z > 0}
² Z 3�X?Y

Z�[ �
w = f(z) =

1 + z

1 − z5 . 4 ` Z+[ �
z = f−1(w) =

w − 1

w + 15�>@? EUt V L
X

4.5. | 4�Z�T w = z2 M ¹ ��3 t'& 6 H ∩ D M
H
² Z 3?X?Y Z�[ �

w = f(z) =

(
1 + z

1 − z

)2

5 . 4 ` Z+[ �
z = f−1(w) =

√
w − 1√
w + 15�>@? EUt V L

X
4.6. {z ∈ C ; | Im z| < π/2} M H

² Z 3?X?Y
Z�[ �

w = f(z) = i exp(z)5 . 4 ` Z+[ �
z = f−1(w) = log

w

i5�>@? EUt V L

Á�- 5 � 6
hydrodynamic normalization

f(z) = z +
a1

z
+ O(|z|−2), z → ∞

M�� D 3 , 4 M�A ?�V L
X

4.7. H \ [0, ai] M H
² Z 3?X:Y Z�[

f
� 6

w = f(z) =
√

z2 + a2

5�6 . 4 ` Z�[ �
z = f−1(w) =

√
w2 − a2

5�>'? EUt V L
X

4.8. H \ Dr M H
² Z 3?X?Y Z�[

f
� 6

w = f(z) = z +
r2

z5�6 . 4 ` Z�[ �

z = f−1(w) =
w +

√
w2 − 4r2

25�>'? EUt V L
1�D È�w<²+6

H∩Dr M H
² Z 3?X?Y Z�[

f
� 6

w = f(z) = −
(

z +
r2

z

)

5�6 . 4 ` Z�[ �

z = f−1(w) =
−w +

√
w2 − 4r2

25�>'? EUt V L
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